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ABSTRACT

Building upon our previous implementation for the hydrogen atom [Y. Zhang and Y. Tanimura, J. Chem. Phys. 163, 184108 (2025)], we
have developed source code for atomic orbital-hierarchical equations of motion (AO-HEOM), a quantum mechanical framework based on
HEOM formulated within an AO basis. This method enables numerically “exact” simulations of atomic systems coupled to three independent
thermal baths, under both isotropic and anisotropic conditions, while preserving rotational symmetry. AO-HEOM rigorously accounts for
system-bath entanglement, which is critical for describing the quantum nature of environmental interactions. Incorporating spatial bath
degrees of freedom significantly increases the computational cost in the HEOM formalism because of the proliferation of electronic states at
high temperatures and the inclusion of Matsubara frequency terms at low temperatures. To address this challenge, we developed a graphics
processing unit-accelerated implementation. As a demonstration, we computed the emission spectra of He I and He II atoms. The source
code is broadly applicable to atomic systems and enables detailed analysis of electronic transitions in thermal environments.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0312209

I. INTRODUCTION incorporate the influence of the thermal environment. Notably,
the hierarchical equations of motion (HEOM)'"*' and the quasi-
adiabatic path-integral (QUAPI) approach”” ** are nonperturbative
and non-Markovian methods that have proven particularly effective.

Although computationally expensive, these methodologies

Open quantum dynamics theory, originating from Bloch’s
foundational work,' has evolved through the study of simple systems
such as spins,” two-level atoms,”" and Brownian oscillators.”®

$G:16:2) 920z Arenuer 60

Advances in experimental techniques, such as single-atom
spectroscopy, ~ single-molecule spectroscopy,'’ and ultrafast non-
linear spectroscopy,'' have made simulation techniques for quan-
tum phenomena in complex systems, including nanodevices and
photosynthetic systems, increasingly important. The key to treat-
ing such systems lies in the quantum coherence (entanglement)
between the system of interest and its thermal bath (“bath
entanglement”).'”"” For instance, even in simple spin-boson and
Brownian models, the Markovian assumption, factorization approx-
imation, and rotating wave approximation fail to hold when quan-
tum thermal effects are properly accounted for, ' particularly
because of the inclusion of bath entanglement.'”

In response to these limitations, several theoretical frame-
works have been developed to rigorously and quantitatively

have been established and applied to experimentally relevant com-
plex systems characterized by multiple energy levels and multiple
thermal baths, such as excitonic” and electron-conducting sys-
tems”® modeled by multiple two-level subsystems, single molec-
ular junctions,” *’ and nonadiabatic transition systems involving
multidimensional and multilevel potential energy surfaces.”’ Cur-
rent trends are focused on developing computational methods to
apply established models to more complex systems and to simulate
them, 3146

Although the systems studied have evolved in complexity and
nuance, the representation of heat baths has seen little conceptual
advancement since the pioneering framework introduced by Bloch.
They continue to be idealized as spatially featureless reservoirs,
defined only by temperature and a spectral distribution function
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(SDF) that encapsulates noise correlation and system-bath coupling
strength. This abstraction becomes particularly restrictive in con-
texts in which the spatial symmetry of the system plays a decisive
role in its dynamics.

For instance, while the relaxation dynamics of a classical rigid-
body rotor can be described by coupling its rotational degrees
of freedom to a harmonic bath, applying the same scheme to a
quantum rotor fails to yield discrete rotational levels because the
symmetry of the total system is not preserved.””"® Specifically, if
the bath does not share the symmetry of the rotor, the entan-
glement between the system and bath is disrupted as the rotor
evolves.

To preserve bath entanglement under rotational transfor-
mations, both the system and bath Hamiltonians must possess
rotational symmetry. We have thus introduced a framework that
embeds bath effects directly into a system of interest via the
rotationally invariant system-bath (RISB) model.*” This approach,
implemented within the HEOM formalism, enables the study
of quantum rigid-rotor dynamics in both two-dimensional (2D)
and three-dimensional (3D) settings,”””" as well as charge trans-

"> These investigations

port in Aharonov-Bohm ring systems.”””’
have primarily focused on motion within spatially constrained
geometries.

More recently, we extended this approach to a spherically sym-
metric atomic system, treating an electron confined by a Coulomb
potential as a more fundamental case.” The results revealed phe-
nomena beyond the reach of conventional models based on energy
eigenstates and standard thermal baths. In particular, electronic
transitions involving higher angular momentum states under-
went enhanced thermal relaxation, thereby suppressing Paschen
and Brackett transitions, whereas Lyman and Balmer transitions
remained discernible in the absorption spectrum.”

This paper presents the source code for atomic
orbital-hierarchical equations of motion (AO-HEOM), a quantum
mechanical framework based on HEOM formulated within an
atomic orbital (AO) basis. The code enables numerically “exact”
simulations of atomic systems coupled to 3D environments while
preserving rotational symmetry. The inclusion of full spatial
degrees of freedom introduces significant computational chal-
lenges, stemming from the proliferation of electronic states at
elevated temperatures and the expansion of temperature-dependent
HEOM terms at low temperatures. To address these demands,
we developed software optimized for Graphics Processing Units
(GPUs). Although primarily designed for atomic systems, the
program is readily applicable to molecular electronic orbitals and
intramolecular vibrational dynamics involving multiple interacting
modes.

This paper is organized as follows. Section II introduces the
3D-RISB model for atomic electronic states and presents the AO-
HEOM framework. The atomic electronic states employed in the
simulations are briefly described. Section III outlines the structure
of the source code. A numerical demonstration for He I and II is
provided in Sec. I'V. Finally, Sec. V concludes with a summary and
outlook.

SOFTWARE pubs.aip.org/aipl/jcp

1. FORMULATION
A. The RISB model

An environment of a system described in atomic orbitals that
have to satisfy rotational invariance can be modeled using a 3D-RISB
model.””* We consider the total system expressed as

Hior = Hs + Z Hip 1
«

where the primary system represents a nonrelativistic atomic
Hamiltonian. For a system of N electrons, this is expressed as

B, Zé N e
2me

N

H:z(

i=1

2

i + >
Amept; = Aneo|ri — 1

where r; denotes the position vector of the ith electron, Z is the
atomic charge, e is the elementary charge, m. is the electron mass, 7
is the Planck constant, and ¢ is the vacuum permittivity. The Lapla-
cian operator V7 acts on the spatial coordinates of electron i. The
Hamiltonian comprises the electronic kinetic energy, the attractive
Coulomb interaction between electrons and nuclei, and the repulsive
Coulomb interaction among electrons.

The primary system is coupled to a-independent baths. The
system-bath (S-B) interaction and bath Hamiltonian are then
expressed as

o (137)2 1 « a2 A C,[ixV“ :
HI+B*ZJ: { 21’]’1? + zml (wJ) (qj m?(w?)Z) > (3)
where m}", p}", qj‘, and a)f represent the mass, momentum, coordi-
nate, and frequency, respectively, of the jth bath oscillator mode in
the « direction. The system part of the S-B interaction is described
as V. In systems with rotational symmetry, the index « runs over x,
y, and z, and the operators (Vx, v, V}) are, in a simple case, identi-
fied with the position operators (£, §, Z) as in the 3D-RISB model for
a quantum rotor.””"””

We include the counterterms that are introduced to main-
tain the translational symmetry of the system Hamiltonian."”
The harmonic bath in the « direction is characterized by
the spectral distribution function (SDF), defined as J*(w)
= Y [A(c)? 2miwf]8(w - wf), and the inverse temperature,
B = 1/ksT, where kg is the Boltzmann constant.

B. Atomic electronic states for 3D-RISB model

The Hamiltonian introduced above underlies many electronic
structure theories, such as Hartree-Fock (HF) and density func-
tional theory. When applying the HEOM formalism, the atomic
orbitals derived from these methods can be adopted as eigenstates
for constructing the system Hamiltonian.

To obtain the input Hs and V, matrices from quantum chem-
istry, we employ Psi4, an open-source quantum chemistry library
written in Python.”® As a prototypical example, we outline the pro-
cedure for computing atomic electronic structures using helium and
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provide a concise summary of the quantum-chemical framework
presented in Appendices A and B, as follows:

o Specify the atomic basis set and the HF method to be
employed.

o Perform the HF calculation to determine the orbitals.

e Postprocess the Hamiltonian using the HF orbitals to obtain
post-HF orbitals.

e Evaluate Hg and V, in the post-HF orbital basis and provide
the matrix elements.

The methodology for constructing electronic orbitals in HEOM
is presented in greater detail in molecular orbital (MO) investi-
gations (MO-HEOM), in which the influence of intramolecular
vibrations is taken into account.”

C. AO-HEOM

The method we use to solve the dynamics of the reduced
density operator is the HEOM, which provides a non-Markovian
approach to numerically accurate solutions even in the strong S-B
interaction case.'”'>'"*'

To adapt the standard HEOM formalism, we use the Drude
SDF expressed as'”"”

2
OB @
T Ypt+w

where a = x, y, and z. It should be noted that J*(w) does not have to
be identical for different « directions. In particular, they will differ
when the surrounding environment is anisotropic. Such a situation
can also be achieved by applying a Stark electric field in a specific
direction.”' If necessary, we can also set anisotropic environments,
for example, in the xy direction by correlating the bath modes in the
a = x and y directions.”®

The hierarchical structure was introduced to describe the
entanglement that arises from multiple interactions with the heat
bath.'>"” In this paper, we adopt the [Ky — 1/K4] Padé approxi-
mation, where K, is an integer in the « direction, to express the
fluctuation and dissipation operators.”” The HEOM in terms of Padé
approximated frequency vg, where k= {0,1,...,Kqs} with v§ = ya,
are then expressed as’"”'

CF 3 ) e

a=x,),Z k=0

—g DI I

a=x,9,Z k=0

d,

-z Z Z aP{n ek} (5)

tx =x.),Z k=0

where {n,} = (ny,n,,n;) is a set of integers n, = (ng,n{,ny,
.., ng,) to describe the hierarchy elements and {n, + ek} with the

index k, where e],; is the kth unit vector in the «a direction. We intro-
duced the hyperoperators A*B = AB— BA and A°B = AB + BA for
any operators A and B, and G)Z is defined as

SOFTWARE pubs.aip.org/aipl/jcp

B oy
and
2 o
2 N
Of = - 1o Ik, ?)
B ya_vk

where f, ., and y, are the inverse temperature, anisotropic cou-
pling strength, and bath parameter, respectively. In Eq. (5), pyy, are

auxiliary operators with a hierarchical structure. The zeroth member
of the hierarchical elements, p ¢, o}, represents the original reduced
density operator. As (nx,ny,nz) can take all combinations of non-
negative integers, the HEOM must be closed by introducing various
forms of “terminators.”'”'”®" Here, we employ the form described

in Ref. 21,
Ko
2 2 (b =5 Z > Oy (8
a=x,),Z k=0 zx X2 k=0

for Za:xyy)z Zszo (n];vk) >> AWmax, Where Awmax is the largest transi-
tion frequency.

D. Emission spectra

Our previous studies examined the absorption spectrum of
hydrogen atoms as a representative case, owing to their relatively low
excitation energies, which give rise to numerous spectral lines even
at low temperatures.” In this paper, we focus on emission spectra,
which are widely used in atomic spectroscopy and play a crucial role
in identifying and characterizing the atomic constituents of stars,
where thermal excitation effects become significant.

The dipole operators of the atomic system are expressed in
polar coordinates as fix = o sin () cos (¢), {1, = po sin () sin (¢),
and ji; = po cos (6). The emission spectrum considered in this study
is defined as follows:'”

16™ (o) = Re/ooo dte T {i GO ()}, )

where G(t) is the Green’s function in the absence of a laser inter-
action, evaluated from Eq. (5), and p® is the equilibrium density
operator. In the reduced equation of motion approach, the den-
sity matrix is replaced by a reduced one. In the HEOM case, p*1 is
replaced by the hierarchy member p Aeq (t) The Liouvillian in G(¢)
is replaced using Egs. (5)-(8). The dlpole operator is divided into
absorption and emission components as i, = fif + {4, where

= > e Im)(n| (10)
E,>E,
and
o = ) Ha [m){n| (11)
E,,<E,

with the atomic energy eigenstates of energies E, and E,, expressed
as |n) and |m), respectively. The transition dipole component is
defined as py" = (m | fla | n). It should be noted that we disregard the
uy" elements when E,, = E,, since no electronic transition occurs in
this case.
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To compute the emission spectrum in Eq. (9), we solve the
HEOM starting from the initial equilibrium state at ¢ = 0, given by
pt,. The solution at time ¢ is denoted by p’(t), and we then
compute the expectation value: tr{fi;p'(¢)}. The emission spec-
trum is finally obtained by performing the Fourier transform of this
quantity.

For reference, we also present the emission spectrum in the
absence of S-B coupling. According to Fermi’s golden rule, the

emission intensity is given by

—PE,
em mn nme
00 (@) = Y w8~ (Ey—En)),  (12)

E,>E,,

where Z=3%,eP is the partition function. This expression
describes spontaneous emission from thermally populated excited
states and serves as a reference for evaluating bath-induced spectral
modifications.

I1l. AO-HEOM: SOFTWARE AND REQUIREMENTS

AO-HEOM is a Python program with GPU acceleration for
simulating excited-state electron dynamics in 3D baths, developed to
compute absorption and emission spectra by incorporating the time
evolution of the reduced density operator. To perform simulations,
users must specify the system Hamiltonian Hs and the system com-
ponent of the system-bath interaction Vj, as described in Sec. IT B
and Appendices A and B.

Execution requires an NVIDIA GPU and the CUDA Toolkit.
Our benchmark system employed an Intel Core i9-13900KF CPU,
an NVIDIA GeForce RTX 4090 GPU, and CUDA Toolkit version
11.8. We used Python 3.13.5 on Windows 11, with CuPy 13.4.1 for
CUDA support, NumPy 2.2.5, and SciPy 1.15.3 for special func-
tions and numerical integration. To obtain a matrix representation
of the Hamiltonian and the system part of the S-B interaction, we
employ the SciPy quad function, which is based on the FORTRAN
QUADPACK library.

Time evolution of the HEOM was performed using the fourth-
order Runge-Kutta method. Although the code structure is simple,
it efficiently manages large queues via external libraries.

Details of the AO-HEOM algorithm are provided in the
accompanying README . pdf file.

SOFTWARE pubs.aip.org/aipl/jcp

This code is applicable to any system formulated within the 3D-
RISB framework, provided that the system Hamiltonian and S-B
interaction operators are expressed in matrix form with respect to
an arbitrary basis. Consequently, it can be employed for atomic
systems, the 3D rotor, and molecular systems in the absence
of nuclear vibrations. Although our demonstrations for hydro-
gen and helium employ isotropic baths owing to their spherical
symmetry, the AO-HEOM code is capable of describing spatial
anisotropy in relaxation.”’ To achieve a more sophisticated repre-
sentation, the number of baths may be increased as needed and, if
required, SDFs can be specified to account for correlations among
baths.”

IV. NUMERICAL DEMONSTRATION: HE | AND Il

We apply the present method to the computation of the emis-
sion spectra of He I and He II, thereby demonstrating its capability
to treat atoms with distinct excited states and spectral characteris-
tics. He II, a hydrogen-like ion formed by the ionization of neutral
helium (He I), possesses energy levels that scale with the square of
the nuclear charge. Consequently, its effective Rydberg constant is
four times larger than that of hydrogen, whose absorption spec-
trum was examined in our previous study.”* For multi-electron
systems such as He I, exact analytical solutions are unavailable; how-
ever, various quantum chemistry software packages can be employed
to perform numerical calculations. Transition frequencies obtained
from the quantum chemistry calculations explained in Appendices A
and B are presented in Table I.

After expressing Hs and V, (¢ =x,y,2z) in matrix form, the
AO-HEOM program is initiated. Although the AO-HEOM can
accommodate arbitrary forms of V,, we here assume Vi = fia,
corresponding to the standard electromagnetic interaction.

Since He atoms possess spherical symmetry, we consider an
isotropic bath scenario in which the coupling strengths are uni-
form across all spatial directions: 7, =7, =7, =#. The inverse
noise correlation times are all fixed to y,_ = ¥y =7, = 1. The spec-
tra presented in Fig. 1 were obtained using Eq. (9). The number
of hierarchical layers for each heat bath was set to Ny =2 for
7 =0.01 and N, = 1 for n = 0.001 using the Padé approximation of
the [2/3] form for He I and the [4/5] form for He II, for both =3
and 5.

TABLE I. The transition frequencies of He | between the singlet states I'” and T were calculated using the quantum chemistry
results presented in Table || (in atomic units). Values without a star mark indicate forbidden transitions. The calculated and
experimental results®' are in close agreement: 0.7837 vs 0.7797 for 1s2p — 1s1s, 0.0267 vs 0.0221 for 1s2p — 1s2s, and
0.0737 vs 0.0626 for 1s3s — 1s2p. Due to basis-set limitations, the deviation of the calculated transition frequencies from

the observed values becomes larger for higher excitations.

r/
N 1s2s 1s2p

1s3s 1s3d 1s3p
Isls 0.7570 0.7837% 0.8573 0.9964 1.0757*
1s2s 0.0267" 0.1003 0.2395 0.3187%
1s2p 0.0737* 0.2128* 0.2920
1s3s 0.1391 0.2186*
1s3d 0.0792*
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FIG. 1. Emission spectra /-,(w) in the z direction for He | (red curves) and He |l
(blue curves) at different S-B coupling strengths: (i) weak (solid curve, 7 = 0.001)
and (i) moderate (dashed curve, 5 = 0.01). Panel (a) corresponds to high tem-
perature (S = 3.0), while panel (b) corresponds to low temperature (5 = 5.0).
Each spectrum is normalized to its maximum value, while the results obtained
from Fermi’s golden rule for He | and He Il are scaled to 0.5 so as not to disrupt
the AO-HEOM results. For comparison with the AO-HEOM results, spectral peaks
calculated from the golden rule [Eq. (12)] are shown for He | and He Il as black
vertical lines.

Using a PC with an NVIDIA GeForce RTX 4090 GPU, each
simulation comprising 10° time steps consumed about 1.2 GB of
GPU memory and took roughly 300 s to complete.

Figure 1 presents the emission spectra of He I (red curves) and
He II (blue curves) at (a) high (8 =3) and (b) low temperatures
(B = 5) for weak (solid) and moderately weak (dashes) S-B coupling
strengths, respectively. For He systems, these inverse temperatures
correspond to (a) 100 000 K and (b) 60 000 K.

Note that both He I and He II have higher excitation ener-
gies than hydrogen. At these temperatures, energy states above the
3°D (1s3d) level of He I and the excited energy states of He I with
n > 4 are scarcely populated. Therefore, their contributions to the
emission spectrum can be neglected.

The major peaks of He I (red curves) correspond to the tran-
sitions 1s2p — 1s2s (0.0267) and 1s3d — 1s2p (0.2128), while the
minor peaks arise from 1s3s — 1s2p (0.0737), 1s3p — 1s2s (0.3187),
1s2p — 1sls (0.7837), and 1s3p — 1sls (1.0757). The numbers in
parentheses denote the transition frequencies listed in Table 1. As
evident from the table, the features near 0.21 and 0.07 consist of two
closely spaced peaks.

Unlike the hydrogen atom, electron-electron repulsion lifts the
degeneracy of states with the same principal quantum number, while

SOFTWARE pubs.aip.org/aipl/jcp

only transitions between states of different parity occur. Neverthe-
less, the overall features of the emission spectrum calculated by
Fermi’s golden rule remain largely unchanged: transitions to the s
state exhibit the highest peaks within each series (e.g., transitions
to 1s3s and 1s2s are stronger than those to 1s3d and 1s2p), and
series with lower transition frequencies generally show higher peaks
than those with higher frequencies (e.g., 1s3p — 1s2s is stronger than
1s3p — Isls).

For convenience, we adopt the same series nomenclature as
used for the hydrogen atom to describe single-electron transitions in
He 1. Accordingly, the peaks 1s2p — 1s1s (0.7837) and 1s3p — Isls
(1.0757) correspond to the Lyman series. The Paschen series appears
at 1s3p — 1s3s (0.2186) and 1s3p — 1s3d (0.0792) in the last two
rows. The remaining peaks, including the highest one, 1s2p — 1s2s
(0.0267), belong to the Balmer series.

The eigenstates of He II are the same as those of hydrogen, as
shown in Ref. 54, except with Z = 2; hence, they will not be repeated.
The spectral peaks (blue) observed in He II correspond to the Lyman
and Balmer series of the hydrogen atom. Since He II has a Rydberg
constant four times larger than that of the hydrogen atom, no other
peaks have been observed.

As expected, the emission peaks broaden with increasing S-B
coupling strength, especially in the low-frequency regime. As the
temperature increases (i.e., as 8 decreases), spectral peaks exhibit
further broadening due to enhanced thermal fluctuations. Addi-
tionally, slight blue shifts in peak positions are observed in the
high-frequency region, reflecting an increased population of excited
states at elevated temperatures.

In absorption spectra, atoms are promoted to higher energy lev-
els by laser irradiation from the thermal equilibrium state,”* whereas
in emission spectra, transitions originate only from thermally popu-
lated lower levels. Consequently, the overall absolute intensity (i.e.,
the normalization coefficient) is affected in the opposite manner by
increasing temperature. Apart from this distinction, the influence of
the thermal bath on the spectral profile remains essentially similar.

The present findings are expected to facilitate detailed analyses
of atomic thermal environments based on stellar emission spectra.

V. CONCLUSION

To date, open quantum dynamics theory has lacked a rigorous
and general framework for describing quantum thermal interactions
in spatially extended systems, including atomic electronic states.
The source code provided herein was developed to bridge this
gap, empowering researchers across disciplines—including atomic
spectroscopy and quantum chemistry—to investigate quantum ther-
modynamic effects governed by fluctuations and dissipation, even
in the absence of specialized expertise in open quantum dynamics
theory.

Disregarding computational cost, once the density operator
representing the excited state is obtained, along with the quantum
Liouville operator governing its time evolution and the S-B inter-
action operators, a fully dynamical description becomes feasible,
even under time-dependent external fields. This formalism natu-
rally accommodates the computation of nonlinear optical responses,
including multidimensional spectra, ”'* and permits the introduc-
tion of external fields as vector potentials,””* thereby expanding the
range of physical phenomena that can be addressed.
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The methodology is readily extensible to molecular systems
described by molecular orbitals (MO-HEOM).”” Whether one
adopts atomic or molecular orbital representations, the central chal-
lenge remains the accurate description of electron excited-state
dynamics. While the application of AO-HEOM increases compu-
tational cost, it provides substantial physical benefits: the thermal
bath efficiently relaxes highly excited states and steers the wave
packet toward thermal equilibrium, thereby shaping and stabilizing
its structure with a reduced basis set. These effects go beyond mere
temperature correction. The density matrix formalism of HEOM is
also anticipated to integrate seamlessly with functional approaches
such as time-dependent density functional theory (TDDFT), thereby
facilitating the development of hybrid methods.

We anticipate that this framework will stimulate further
developments and applications across a broad spectrum of fields,
advancing the quantum mechanical treatment of thermodynamic
phenomena in complex systems.

SUPPLEMENTARY MATERIAL

The supplementary material provides the AO-HEOM software
along with demonstration codes illustrating the calculation of
the emission spectra of He I and He II atoms. Comprehensive
instructions can be found in the ReadMe . tex file.
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APPENDIX A: ELECTRONIC EIGENSTATES OF ATOMS

1. One-electron wavefunctions

Within the single-determinant approximation, the total elec-
tronic wavefunction is represented by a Slater determinant

SOFTWARE pubs.aip.org/aipl/jcp

constructed from one-electron orbitals. These orbitals are obtained
as solutions of the Hartree-Fock (HF) equations, derived from the
variational principle.

In the limit of a complete basis, HF yields the optimal single-
determinant description of the exact wavefunction. Because the
Hilbert space is infinite-dimensional, practical implementations rely
on finite Gaussian basis sets to approximate atomic orbitals (AOs),
originally modeled by Slater-type orbitals (STOs).

2. Multi-electron wavefunctions

For an N-electron system, the Fock operator possesses infinitely
many orthonormal eigenfunctions. In practice, a finite basis of
dimension 2K > N provides only 2K orbitals. The corresponding
orbital energies systematically overestimate the exact values, and the
resulting HF wavefunction is not an eigenfunction of the true Hamil-
tonian. Nevertheless, this construction provides the foundation for
correlation treatments.

The Hamiltonian matrix elements between determinants can
be expressed in second quantization as
o

(ab|Olcd) = 8ac(b|O1|d) + 8;;(alO1]c) + (ab|Os|cd), (A1)

where O; and O, denote one- and two-electron operators, respec-
tively. In the linear combination of atomic orbitals (LCAO) rep-
resentation, an orbital is expressed as |a) = 3, Cidly;), where |x;)
denotes atomic basis functions and Cj, are the LCAO coefficients
obtained from the HF procedure. The one-electron and two-electron
matrix elements are

(@lO1]c) = 3 CuCiclilOnlj), (A2)
ij

(al-7|(52|a_i) = Z C,-aCj;,CkCC,,—j(ij@z\kl). (A3)
ijkl

The LCAO approximation expresses molecular or atomic orbitals
as linear combinations of localized atomic orbitals, thereby bridging
atomic and molecular descriptions.

Correlation effects are often incorporated by Configuration
Interaction (CI), which constructs approximate many-electron
wavefunctions from a truncated set of Slater determinants. Full
Configuration Interaction (FCI), by contrast, includes all possible
determinants within the chosen orbital basis, yielding the exact
solution of the nonrelativistic Schrodinger equation in that finite
basis. Thus, CI provides a balance between efficiency and accuracy,
while FCI serves as the benchmark for numerical exactness. For
two-electron systems such as helium, FCI can be carried out straight-
forwardly, and the results coincide with the true eigenvalues within
the chosen basis. For larger atoms and molecules, truncated CI is
often adopted for computational feasibility.

Beyond CI, the Equation-of-Motion Coupled-Cluster Singles
and Doubles (EOM-CCSD) method,®* % coupled-cluster linear
response (CC-LR),*7" and symmetry-adapted-cluster configura-
tion interaction (SAC-CI)’'”” are excited-state extensions of the
coupled-cluster (CC) method’” by applying excitation operators Ry,
to the correlated ground state |®¢). Unlike CI, which diagonalizes
the Hamiltonian in a truncated determinant space, EOM-CCSD
employs the exponential ansatz e’ (with T containing single and
double excitations) to incorporate dynamic correlation efficiently.
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This yields accurate excitation energies and transition proper-
ties while maintaining size consistency and systematic improve-
ment. In practice, EOM-CCSD is widely regarded as a reliable
balance between accuracy and computational cost for small- to
medium-sized systems. In the dual representation,

|REOM—CCSD> _ eTRn|q)()> (A4)
and
(LyOMOP| = (@o|Lue ™" (A5)

The Hamiltonian can be expanded to a diagonal form, although
coordinate operators X, Y,Z remain non-Hermitian. For two-
electron systems, EOM-CCSD is equivalent to FCI in energy cal-
culations when excited states are fully computed using the David-
son method, and truncated expansions are acceptable as long as
convergence is achieved.

3. Extension to systems with three or more electrons

For atoms and molecules containing three or more electrons,
additional challenges arise. First, the Pauli principle requires careful
construction of spin-adapted determinants to ensure correct overall
symmetries. Second, electron correlation effects, which are absent in
HF, become increasingly important.

In such cases, truncated CI, FCI, or EOM-CCSD can be
employed, with the choice depending on the balance between accu-
racy and computational feasibility. While HF remains the essen-
tial starting point, reliable electronic-structure descriptions of sys-
tems with N > 3 electrons invariably demand correlation treatments
beyond the mean-field level.

Comparisons of full and truncated CI with the EOM-CC
method have been reported in numerous earlier studies,”’* in
which the frozen-core approximation is commonly employed.

APPENDIX B: HE | EIGENSTATES FOR AO-HEOM

Now we illustrate how to incorporate AO information into AO-
HEOM calculations, using He I as an example to enable spectral
analysis of atomic systems. We adopt atomic units (a.u.), defined by
1/4neo = 1,e=1,and m, = 1.

For two-electron systems, EOM-CCSD yields energies equiv-
alent to FCI when excited states are fully computed using the
Davidson method. Truncated expansions are acceptable as long
as convergence is achieved. We employ the d-aug-cc-pvtz basis
for near-exact calculations. The lowest twelve energies and their
multiplicities are listed in Table II.

Because the two electrons have different spins, the antisymmet-
ric and symmetric spin states a(1)B(2) F «(2)(1) can be gener-
ated, corresponding, respectively, to the singlet and one of the triplet
states. These arise from the combination of the spin state with either
a symmetric or antisymmetric spatial state.

For two-electron spatial states composed of the same one-
electron spatial function [e.g., 1s(1)1s(2) + 1s(2)1s(1)], the anti-
symmetric state vanishes, leaving only the singlet state. In contrast,
for states built from different one-electron spatial functions [e.g.,
1s(1)2p(2) = 1s(2)2p(1)], the singlet and triplet states have close
but distinct energies —2.1286 and -2.1169, in accordance with
Hund’s rule.

SOFTWARE pubs.aip.org/aipl/jcp

TABLE II. Energies and multiplicities calculated by FCI with the d-aug-cc-pVTZ basis
set. Numbers in parentheses denote multiplicities. Singlet (s) and triplet (t) are
determined from Hund’s rule.

1s1s(s) ~2.900 608 13(1)
152s(t) ~2.17361871(1)
1525(s) ~2.143609 4(1)

152p(t) ~2.128 566 84(3)
152p(s) ~2.11693766(3)
153s(t) ~2.06143955(1)
153s(s) ~2.04326107(1)
1s3d(t) ~1.90481868(5)
153d(s) ~1.904 144 8(5)

13p(t) ~1.872369 46(3)
1s3p(s) ~1.82495151(3)
1s4s(t) ~1.63490595(1)
1s4s(s) -1.46353179(1)
1s4d(t) ~0.827 103 44(5)
1s4d(s) ~0.82115737(5)
2525(s) ~0.77383794(1)

With smaller basis sets (e.g., cc-pVDZ), the discrepancies
become more pronounced. For example, the energies —0.3847 and
—0.0140 are obtained, which nevertheless help distinguish states with
identical spatial functions such as |1s1s(s)).

The transition frequencies calculated using Table IT are shown
in Table I. Earlier HEOM studies on hydrogen revealed that S-B
coupling compresses high-energy transitions in Coulomb systems.
Therefore, spectral calculations at finite temperature are directed
toward the low-energy region.

HF, CCSD, and EOM-CCSD calculations are performed
sequentially. Within Psi4, invoking EOM-CCSD automatically exe-
cutes all preceding steps. Although EOM-CCSD is widely recognized
as a reliable approach to excited-state calculations, its application
requires particular care, since the non-Hermitian structure of the
formalism can complicate interpretation, especially with respect to
spectral properties and the orthogonality of the resulting states.

To generate AO-HEOM input files, we employed Psi4,”*
although comparable tasks can be accomplished with other quan-
tum chemistry packages. The input specifies nuclear coordinates,
charge, multiplicity, basis set, and output settings, with return_wfn
set to True in order to obtain HF properties for subsequent post-
processing in CI codes. For EOM-CCSD calculations, the method
is designated as eom-ccsd, the reference chosen as RHF for singlet
states, and the parameter roots_per_irrep adjusted to facilitate
convergence.

The construction of the Hamiltonian and coordinate
operators in the two-electron wavefunction space (essen-
tially the CI framework) requires both one- and two-electron
integrals. As indicated in Eqgs. (Al)-(A3), the function
psi4.core.MintsHelper.ao_eri extracts two-electron integrals
in the AO basis, while psi4.core.wfn.Ca provides AO coeffi-
cients for each HF orbital. One-electron integrals are obtained from
psi4.core.wfn.H and psi4.core.MintsHelper.ao_dipole,
yielding the core Hamiltonian matrix and the dipole matrix in the
chosen basis-set representation. Efficient evaluation of Einstein
summations is achieved using numpy . einsum.
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Once the Hamiltonian has been assembled, we apply
numpy . linalg.eigh to compute its eigenvalues and eigenvectors.
The use of numpy.linalg.eig may introduce instabilities, likely
because numerical errors in quantum chemistry render the Hamil-
tonian matrix not perfectly Hermitian. To emphasize the low-energy
sector, both the Hamiltonian and the coordinate operators are
diagonalized by aligning their eigenvectors into a unitary transfor-
mation. The resulting states are then ordered from lowest to highest
energy.

Finally, we extract the submatrices corresponding to the sin-
glet and other low-energy states and store them as .npy files.
These files serve as the input for AO-HEOM. In emission spectrum
calculations, special care must be taken in the treatment of degenera-
cies. Numerical data with minute discrepancies should be manually
adjusted to exact equality to ensure physically consistent results.
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