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We investigate the quantum dynamics of Coulomb potential systems in thermal environments. We study
these systems within the framework of open quantum dynamics theory, focusing on preserving the rotational
symmetry of the entire system, including the heat bath. Thus, we employ a three-dimensional rotationally
invariant system-bath (3D-RISB) model to derive reduced hierarchical equations of motion for atomic orbitals
(AO-HEOM) that enable a non-perturbative and non-Markovian treatment of system-bath interactions at
finite temperatures in a numerically rigorous manner. The result was examined by calculating the linear
absorption spectrum of a system coupled to isotropic thermal environments.

I. INTRODUCTION

Coulomb potentials encompass a wide variety of physi-
cal systems characterized by interactions among charged
particles ! The potential is conventionally represented
as proportional to o< 1/r, where r denotes the radial dis-
tance from the center of charge, while a short-range cor-
rection term oc e="/? /™ is often included, where n is an
integer and p is the characteristic screening length. Hy-
drogen atoms are a well-known example, but the same
potential has been employed to describe problems in
condensed phases, such as the color center problem in
ionic crystals®® and interactions between ions in ionic
solvents. 4

Recent advances in CPU power and algorithmic de-
velopment have enabled the efficient dynamic simulation
of isolated Coulomb systems, despite the persistence of
certain mathematical challenges In contrast, simulating
quantum dynamics under the influence of thermal envi-
ronments (baths) remains a significant challenge. This
difficulty has been circumvented in the case of vacuum
radiation fields as a bath, where thermal excitations are
absent. Indeed, such scenarios represent one of the ear-
liest applications of open quantum systems theory. In
such cases, the system-bath (S-B) coupling is weak, and
the quantum effects of thermal fluctuations are negligi-
ble due to the much larger excitation energy compared
to the thermal energy. Under these conditions, several
assumptions become valid, including the rotating wave
approximation, the factorized initial condition, and the
Markovian approximation. These allow the qualitative
influence of the bath to be incorporated into the dynam-
ics of the system’s energy eigenstates, with relaxation
processes characterized by transition rates, typically ex-
pressed in terms of Einstein coefficients 1011

In condensed phases, where thermal excitations play
a crucial role, a non-Markovian treatment of fluctua-
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tion, which is a consequence of the quantum fluctuation-
dissipation theorem, is significant 1215 Over the past
three decades, it has been recognized that applying
the Markov approximation to spin-boson systems un-
der thermal conditions leads to unphysical anoma-
lies, such as equal populations of ground and excited
states irrespective of temperature 2820 These inconsis-
tencies can be resolved using the hierarchical equations
of motion (HEOM )42 and the quasi-adiabatic path-
integral (QUAPI) approach,21"23 hoth of which are non-
perturbative and non-Markovian frameworks that rigor-
ously and quantitatively account for the influence of ther-
mal environments. However, a more fundamental ques-
tion remains: What is the appropriate characterization
of heat baths that interact with Coulombic systems ex-
hibiting rotational symmetry?

To gain deeper insight into this issue, we introduce
the rotationally invariant system-bath (RISB) model,
originally developed by Gefen, Ben-Jacob, and Caldeira
to study current-biased tunnel junctions under dissi-
pative environments'** The RISB framework has since
been applied to explore quantum dynamics in two-
dimensional (2D) rotors,%>’ Aharonov—Bohm rings,“® and
three-dimensional (3D) rotors.#™28 The present study ex-
tends the RISB model to examine the dynamics of sys-
tems with atomic orbits that exhibit rotational symme-
try. As an application, we consider a hydrogen atom
coupled to a thermal environment modeled by the 3D-
RISB. Because quantum entanglement between the sys-
tem and the bath plays a critical role in determining the
dynamics, we use the Hierarchical Equations of Motion
for Atomic Orbitals (AO-HEOM) approach, which is nu-
merically “exact”. To validate our theoretical framework,
we compute the linear response spectrum of the Coulomb
system across a range of bath temperatures and coupling
strengths.

This paper is organized as follows. In Sec. II, we de-
scribe the 3D-RISB model for a Coulomb potential sys-
tem. The AO-HEOM for 3D-RISB are then presented.
A numerical demonstration is given in Sec. III. Section
1V is devoted to concluding remarks.


https://orcid.org/0009-0002-0439-2817
https://orcid.org/0000-0002-7913-054X
mailto:tanimura.yoshitaka.5w@kyoto-u.jp

II. HEOM FOR COULOMB POTENTIAL SYSTEM
A. The 3D-RISB model

It is crucial to emphasize that although the Ohmic
SDF has been assumed for the study of Markovian dy-
namics in the spin—boson systems, this model exhibits
anomalous dynamical behavior (an infrared anomaly) at
finite temperatures 1920 This arises because quantum
thermal noise is inherently non-Markovian in nature be-
cause its correlation time and amplitude must satisfy the
uncertainty principle 129 Even if S-B interactions are
weak, there are multiple interactions between the sys-
tem and the bath during the noise correlation time in
non-Markovian cases, requiring a non-perturbative treat-
ment. Consequently, the system and the bath become
entangled, resulting in system dynamics that differ sig-
nificantly from those described under the factorized as-
sumption. For example, while the Liouvillian of classical
and quantum harmonic systems has the same form, but
only the quantum system entangled with a heat bath in-
corporates h in its thermal equilibrium distribution 2?

Accordingly, systems exhibiting rotational symme-
try are expected to possess periodic entanglement.
Consequently, the total system—including the bath—
must preserve rotational symmetry. To accommodate
this requirement, 2D- and 3D-RISB models have been
developed 2227 Tn the classical limit, these models con-
verge to the classical Brownian rotor system, thereby
providing a unified framework that seamlessly bridges
quantum and classical regimes. It is important to note
that if the heat bath fails to preserve the same rotational
symmetry as the primary system, the resulting dynam-
ics deviate significantly from expected behavior. For in-
stance, when a quantum rotor is analyzed using the con-
ventional Caldeira—Leggett (CL) model, the characteris-
tic discretized rotational band structure fails to emerge 50

The 3D-RISB model is expressed in a Cartesian coor-
dinate system as

Hyo= Hg + Z Hf, g, (1)

a=a,y,z

where the primary system involved the Coulomb poten-
tial, which is defined by

HS: arr (2)

where p, is the momentum operator in the a = z,y,
and z direction and M is the mass of the system. The
Coulomb potential is expressed in terms of the radius
from the center of charge, denoted by r = /22 + y2 + 22
and the constant to describe the excitation energy A.
The primary system is independently coupled to three
heat baths in the z, y, and z directions (3D baths) ex-

pressed ag2228
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where m$', pf, ¢;* and w represent the mass, momentum,
coordinate, and frequency, respectively, of the jth bath
oscillator mode in the a direction.

We can regard these baths as arising from the local en-
vironments due to the surrounding atoms or molecules.
The system part of the system-bath interactions is, for
example, defined as (V,,V,,V,) = (£,9,2), and cf is
the system-bath coupling constant. We include the
counter terms that are introduced to maintain the trans-
lational symmetry of the system Hamiltonian3! The
harmonic bath in the « direction is characterized by
the spectral distribution function, defined as J%(w) =
Sorla(e)? /2mw]d(w — wi), and the inverse tempera-
ture, 5 = 1/kgT, where kg is the Boltzmann constant.

To adapt the HEOM formalism, we use the Drude spec-
tral density expressed asi#o

2
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where « = x,y, and z. It should be noted that J*(w)
does not have to be identical for different « directions.
In particular, they will differ when the surrounding en-
vironment is anisotropic. Such a situation can also be
achieved by applying a Stark electric field in a specific
direction 2 If necessary, we can also set anisotropic envi-
ronments, for example, in the zy direction by correlating
the bath modes in the oo = = and y direction 32

B. AO-HEOM

The method we use to solve the dynamics of the re-
duced density operator is the HEOM, which provides a
non-Markovian approach to numerically accurately solve
even in the strong S-B interaction case 219 The hierar-
chical structure was introduced to describe the entangle-
ment that arises from multiple interactions with the heat
bath 1412 In this paper, we adopt the [K, — 1/K,] Padé
approximation, where K, is an integer in the a direction,
to express the fluctuation and dissipation operators!23
The HEOM in terms of Padé approximated frequency
vy, where k = {0,1,---, Ko} with v = 74, are then
expressed as222?
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where {n,} = (n;,n,,n.) is a set of integers n, =
(ng,nf,ng, - ,n%_ ) to describe the hierarchy elements
and {na + el } with the index k, where eF is the kth unit
vector in the a direction. We mtroduced the hyper op-
erators AXB AB BA and A°B = AB+ BA. for any
operator A and B, and @ is defined as
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where 3, 1, and 7y, are inverse temperature, anisotropic
coupling strength, and bath parameter. In Eq. (5),
P{n,} are auxiliary operators with a hierarchical struc-
ture. The zeroth member of the hiracical elements
Pin.—0) represents original reduced density operator. As
(ngz,n,,n,) can take all combinations of non-negative in-
tegers, HEOM should be closed by “terminator” 13
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for Za:z,y,z ZkK:o (nﬁuk) > Awmax, Where Awpay 18
the largest transition frequency.

We now introduce spherical coordinates (r,6,$). We
consider the system part of the S-B interactions in the
linear coupling case (V,,V,,V.) = (Z,9,2). We then
have V, = rsin(f)cos(¢), V, = rsin(h)sin(¢), and
V,=r cos(¢). The eigenfunctions of the Coulomb poten-
tial system are expressed as the product of radial wave-
functions, R,;(r), and spherical harmonics, Y;,,, (6, ¢), as

wn,l,m(ra 97 ¢) = Rnl (r)}/lm (97 (b)u (9)

where n, [, and m are the principal, angular momentum,
and magnetic quantum numbers, respectively. We de-
scribe the eigenvector for this set of numbers as [{I'}) =
{n,l,m}). Then the HEOM elements are expresbed as
Pinay (I, T7;t).  Any operators such as Hg and V, are
expressed in terms of matrix elements as Hg(T',TV) =
(T|Hg|I") and V, (T, T7) = (T|V,|T).

(7)
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C. Linear absorption spectrum

We demonstrate our formalism by depicting linear ab-
sorption spectrum, defined as:2*

Iyro(w) =Im (;)/O dteml“Tr{Mafg( )uapeq}
(10)

where fi, = posin(f) cos(¢), fiy = posin(f)sin(¢), a
fi. = pocos(¢), are the dipole operators and G(t )

Green’s function in the absence of a laser interaction,
evaluated from Egs. (5), and peq is the equilibrium den-
sity operator. Hereafter, we set po = 1.0.

In the reduced equation of motion approach, the den-
sity matrix is replaced by a reduced one. In the HEOM
case, Py is replaced by the hierarchy member ﬁ?ia}(t)'

The Liouvillian in G(t) is replaced using Egs. (5)-(8).

We evaluate Egs. (10) in the following five steps 1412
(i) We first run the computational program to evaluate
Egs. (5)-(8) for sufficiently long times from the temporal
initial conditions to obtain a true thermal equilibrium
state, the full hierarchy members p{? | are then used
to set the correlated initial thermal equlhbrlum state
(ii) The system is excited by the first interaction ™ at
t = 0. (iii) The evolution of the perturbed elements is
then computed by running the program for the HEOM
up to time t. (iv) Finally, the respose functions defined
in Eq. (10) is calculated as the expectation value of f.
A fast Fourier transform yields the spectrum.

For reference, we also depict the absorption spectrum
without the bath. From Fermi’s golden rule, this is given
by

~BEm _ o—BEn
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where Z = > e PFn is the partition function and
po" = (mlfialn).

Throughout this paper, we use the basis given in Eq.
(9) for the Columb potential system Eq. (2). Then the
electronic transitions obey selection rules, allowing only
transitions with angular momentum and magnetic quan-
tum numbers | = £1, m = 0, +1. (see Table I). However,
the peak positions in the absorption spectrum are de-
termined solely by the difference in principal quantum
numbers n. The transition frequency w,, between state
n to n' is given by the Rydberg formula:

Feonm = R (1 - 1) (12)

n2 n'2

Here,R denotes the Rydberg constant, and its value
varies depending on the system under consideration in
our simulations. In our simulations, we set R = 1/2.

I1l. NUMERICAL DEMONSTRATIONS: LINEAR
ABSORPTION SPECTRUM

The Coulomb potential parameters are set to A = 1
and M = 1. The inverse noise correlation times are all
fixed to v, = 7y = 7. = 1. We adopted 55 energy
eigenstates, encompassing all eigenstates from principal
quantum number n = 1 to n = 5. The number of hierar-
chical layers for each heat bath was set to N, = 2 using
the Padé approximation of the [0/1] form.

We ran the AO-HEOM code using Python 3.13.5,
along with CuPy 13.4.1 to enable CUDA support,



n’
2 3 4 5 series
n
1 0.375|0.44444|0.46875| 0.48 | Lyman
2 0.06944(0.09375| 0.105 | Balmer
3 0.02430(0.03555 | Paschen
4 0.01125 | Brackett

TABLE 1. Frequencies and series of absorption transitions
from initial quantum state n to final states n’ (up to n’ = 5)
in a Coulomb potential system evaluated from Eq. (12) with
R=1/2.
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FIG. 1. Linear absorption spectra I..(w) in the z direction
for three different S-B coupling strengths: (a) weak (solid
curve with n = 0.001), (b) intermediate (dotted curve with
n = 0.005), and (b) strong (dashed curve with n = 0.01)
at inverse temperature 5 = 1.0. To compare with the AO-
HEOM results, we plotted the spectral peaks calculated from
the golden rule [Eq. (11)] scaled by a factor of 0.2. Among
these, the red lines correspond to the Lyman series, the blue
lines to the Balmer series, the green lines to the Paschen series,
and the pink lines to the Brackett series.

NumPy 2.2.5, and SciPy 1.15.3 for special functions
and numerical integration. To solve the time-dependent
HEOM equations, we used the fourth-order Runge-Kutta
method. For computing the transition matrix, we applied
SciPy’s quad function, which is based on the FORTRAN
QUADPACK library.

The computations were performed on a system
equipped with an Intel Core i9-13900KF CPU and an
NVIDIA GeForce RTX 4090 GPU, using CUDA Toolkit
version 11.8. Each simulation with 3000 time steps re-
quired approximately 2.4 GB of GPU memory and 20,000
seconds of computation time.

We consider the isotropic bath case, where the coupling
strengths are equal in all directions: n, = n, = n, = n.
The spectra in Fig. 1 were computed using Eq. (10) under

fixed temperature conditions 8 = 1.0. To highlight the
role of thermal fluctuations and dissipation in a Coulomb
potential system, we intentionally consider an unphysi-
cally high-temperature bath with strong S—-B coupling.
For instance, in hydrogen, 8 = 1.0 corresponds to ap-
proximately 3x 10°K. Note that the value of R is typically
an order of magnitude lower for color centers. For ionic
liquids, where the potential includes shielding effects, the
temperature scale is reduced by up to two orders of mag-
nitude.

In the weak coupling regime (solid curve in Fig. 1),
two distinct peaks are observed. According to Eq. (12)
and the selection rules (see also Table I), the peak near
hw = 0.08 corresponds to the 25—3P (Balmer-o) and
2S—4P (Balmer-3) transitions. Accordingly, the peak
near iw = 0.4 corresponds to the 1S—2P (Lyman-
«) transition. Additional transitions such as 1S—3P
(Lyman-g) and 1S—4P (Lyman-vy) should appear at
higher frequencies, but they appear broadened and in-
distinct under these conditions. The Balmer transition
peak is prominent because the population of the 2S state
is well populated at this temperature.

According to the Golden Rule calculations, the AO-
HEOM results are expected to show peaks from the
Paschen and Brackett series at frequencies below w = 0.5.
However, these long-period oscillations are suppressed by
dissipation and therefore do not appear. To verify this,
we repeated the calculation for n’ = 4 and compared the
results, but found no significant difference (See Appendix
B).

In cases (b) and (c), where the coupling strength to the
baths is increased, the two spectral peaks broaden and
eventually merge, rendering them indistinguishable. This
effect originates from S-B entanglement/1® which sup-
presses the discrete spectral features characteristic of the
Coulomb system. As the coupling strength increases, the
contribution from the Balmer series is suppressed, similar
to the Paschen and Brackett series, while the contribu-
tion from the Lyman series becomes greater. Such be-
havior lies beyond the scope of perturbative approaches
and cannot be captured under the commonly employed
factorization assumptions.

Figure 2 presents I,.(w) at (a) high (8 = 0.5) and (b)
low (8 = 1.5) temperatures, with a fixed S-B coupling
strength of n = 0.001. The result for the intermediate
temperature (8 = 1.0) is shown as the solid curve in
Fig. 1.

As the temperature increases (i.e., as [ decreases),
spectral peaks exhibit noticeable broadening due to
enhanced thermal fluctuations.  Additionally, slight
blue shifts in peak positions are observed in the high-
frequency region, reflecting increased population of ex-
cited states at elevated temperatures.

At B = 0.5, the excited population of the 2S state
increases, but the spectral peak corresponding to the
Balmer—a« transition is notably suppressed due to ther-
mal relaxation, whereas the intensities of the Balmer-3
and Balmer-vy peaks are enhanced. At lower tempera-
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FIG. 2. Linear absorption spectra I..(w) at (a) high
(8 = 0.5) and (b) low temperatures (8 = 0.5) cases, with
a fixed S-B coupling of n = 0.001. The result for the inter-
mediate temperature (8 = 1.0) is shown as the solid curve in
Fig. 1. To compare with the AO-HEOM results, we plotted
the spectral peaks calculated from the golden rule [Eq. (11)]
scaled by a factor of 0.2. Among these, the red lines corre-
spond to the Lyman series, the blue lines to the Balmer series,
the green lines to the Paschen series, and the pink lines to the
Brackett series.

tures, where thermal relaxation is less pronounced, the
Balmer-a transition remains the dominant contributor to
the emission spectrum.

IV. CONCLUSION

We rigorously investigated the quantum mechani-
cal effects of thermal fluctuations and dissipation in
a Coulomb potential system using a Hamiltonian that
incorporates the 3D-RISB model. Due to the uncer-
tainty principle relating energy fluctuations to correla-
tion times, quantum thermal noise must be treated as
a non-Markovian process. Accordingly, we adopted the

HEOM formalism, which provides a numerically “exact,”
non-perturbative, non-Markovian description of system
dynamics.

To validate this approach, we computed linear ab-
sorption spectra across a range of temperatures and
system-bath coupling strengths. Notably, we observed
temperature- and coupling-dependent modifications in
the spectral profiles of Lyman and Balmer transitions.
We found that in the presence of fluctuation and dis-
sipation, transitions from high principal quantum num-
bers -such as those observed in the Paschen and Brack-
ett series- are largely suppressed due to their origin in
long-period oscillations, and thus contribute negligibly.
Although this study only investigated isotropic ther-
mal environments, the HEOM framework can also ad-
dress correlated thermal noise components from different
directions2%32 | We also note that when employing the
Caldeira—Leggett model with a bath lacking rotational
symmetry, the results are classical behavior, with no dis-
cernible quantum transition features 220 In contrast, the
classical limit of our fully quantum framework yields re-
sults in agreement with the Caldeira—Leggett model and
Langevin dynamics.

Our theory is based on a kinetic equation describing
the energy exchange between the system and the envi-
ronment through thermal fluctuations and dissipation.
Our methodology is based on the HEOM formalism and
can also calculate higher-order nonlinear spectra, such as
two-dimensional spectrum 412 Moreover, it is also possi-
ble to include gauge fields*® By extending this theory to
molecules, we can study electron transfer and nonlinear
spectra at finite temperatures directly using molecular
orbital theory. We will continue such attempts in subse-
quent papers.
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Appendix A: Basis function of Coulomb potential system

The eigenfunction of Hamiltonian Eq.(2) is expressed
as a combination of associated Laguerre polynomials and
spherical functions.

m+|m|

Y™(0,0) = (—1) =T NP ™0 P M (cosf) (A1)

with the normalization coefficient

and P/ are associated Legendre polynomials. However,
we use the real form for numerical computation.

Yim (8, ) = V2N;" sin(|m|¢) P™ (cos6), m <0 (A3)

Yim (6, 8) = V2N cos(jm|¢) P (cos§). m >0 (Ad)

The radial part is

2MA)3 (n—1—1)!

B (r) = < 2n(n +1)!
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where L, "7 are associated Laguerre polynomials.

Appendix B: Suppression of excited-state transitions by
baths

In the high-temperature regime considered in this
study, Fermi’s golden rule |Eq. (11)] predicts that low-
frequency excited states should contribute to the absorp-
tion spectrum (see vertical markers in Figs. 1 and 2).
However, our results reveal that these contributions are
effectively suppressed in the presence of thermal baths.

To illustrate this effect, we computed the absorption
spectra for varying principal quantum numbers n = 2
to 5, corresponding to a total eigenstate count ranging
from 5 to 55. The inverse temperature and S—B coupling
strength were fixed at § = 1.0 and n = 0.01, respectively.
All spectra were normalized to their maximum peak in-
tensity for direct comparison.

As the basis set expands, the spectral profile converges,
with negligible shifts in peak position. At this tempera-
ture, a substantial number of excited states above n = 3
are thermally populated, and several peaks predicted by
the golden rule are expected to emerge. Nevertheless,
the spectral shape in the corresponding frequency region
exhibits minimal dependence on n. This insensitivity

1.0

0.0 0.5 1.0 1.5 2.0

FIG. 3. Linear absorption spectra I..(w) in the z direction
for principal quantum numbers ranging from n = 2 to 5. The
inverse temperature and the S-B coupling are fixed at § = 1.0
and n = 0.01. Each curve is normalized to its maximum peak
intensity.

arises because the low-frequency peaks associated with
long-period oscillations are quickly relaxed through in-
teractions with the thermal environment.

These findings suggest that, in simulations incorporat-
ing thermal baths, it is not necessary to include a large
number of excited states to accurately capture the spec-
tral features.
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