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ABSTRACT

We investigate the quantum dynamics of Coulomb potential systems in thermal baths. We study these systems within the framework of open
quantum dynamics theory, focusing on preserving the rotational symmetry of the entire system, including the baths. Thus, we employ a three-
dimensional rotationally invariant system-bath model to derive numerically “exact” hierarchical equations of motion for atomic orbitals
that enable a non-perturbative and non-Markovian treatment of system-bath interactions at finite temperatures. To assess the formalism,
we calculated the linear absorption spectrum of an atomic system under an isotropic thermal environment, with systematic variation of

system-bath coupling strength and temperature.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0299647

I. INTRODUCTION

Coulomb potentials encompass a wide variety of physical sys-
tems characterized by interactions among charged particles.'” The
potential typically follows an inverse radial dependence, o< 1/r,
where 7 is the distance from the charge center. To account for short-
range interactions, a correction term of the form oc e " /" is often
included, with p denoting the screening length and n denoting an
integer exponent. Hydrogen atoms are a well-known example, but
the same potential has also been applied to problems in condensed
phases, such as the color center problem in ionic crystals, where an
anion vacancy traps an electron, forming a point defect,” ° and to
interactions between ions in ionic solvents.””

Recent advances in CPU power and algorithmic development
have enabled the efficient dynamic simulation of isolated Coulomb
systems, despite the persistence of certain mathematical challenges.’
In contrast, simulating quantum dynamics under the influence of
thermal environments (baths) remains a significant challenge. This
difficulty has been circumvented in the case of vacuum radiation
fields as a bath, where thermal excitations are absent. Indeed, such
scenarios represent one of the earliest applications of open quantum
dynamics theory. In such cases, the system-bath (S-B) coupling is

weak, and the quantum effects of thermal fluctuations are negligible
due to the much larger excitation energy compared to the ther-
mal energy. Under these conditions, several assumptions become
valid, including the rotating wave approximation (RWA), the fac-
torized assumption (FA), and the Markovian approximation. These
allow the qualitative influence of the bath to be incorporated into
the dynamics of the energy eigenstates of the system, with relax-
ation processes characterized by transition rates, typically expressed
in terms of Einstein coefficients.'”'' Ideally, natural radiation damp-
ing in atomic systems is governed by the full Hamiltonian describing
Coulomb interactions with a surrounding bath. Yet, under pertur-
bative and Markovian assumptions, a simplified S-B model can
accurately capture the essential features of the relaxation process.

In condensed phases, where thermal excitations play a cru-
cial role, a non-Markovian treatment of fluctuation, which is a
consequence of the quantum fluctuation-dissipation theorem, is
significant.'”"” Over the past three decades, it has been recog-
nized that applying the Markov assumption to spin-Boson systems
with the Ohmic spectral distribution function (SDF) under thermal
conditions leads to unphysical anomalies—notably, equal popula-
tions of ground and excited states regardless of temperature.'® ™’
These results indicate inherent limitations in the thermal treatment,
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provided by the Lindblad-master,”’ ** the Markovian-Redfield,”
and the quantum Fokker-Planck equations.””*” Such inconsisten-
cies can be resolved using the numerically “exact” hierarchical
equations of motion (HEOMs)'*"” and the quasi-adiabatic path-
integral (QUAPI) approach,l‘\" U both of which are non-perturbative
and non-Markovian frameworks that rigorously and quantitatively
account for the influence of thermal environment.

However, a more fundamental question remains: What is
the appropriate characterization of heat baths that interact with
Coulombic systems exhibiting rotational symmetry? To gain deeper
insight into this issue, here we introduce the three-dimensional rota-
tionally invariant system-bath (3D-RISB) model. This framework,
developed to investigate quantum rotors’' " and Aharonov-Bohm
(AB) rings,;“";’" extends a two-dimensional (2D) predecessor orig-
inally proposed for current-biased tunnel junctions.”® The present
study extends the RISB model to examine the dynamics of systems
with atomic orbits that exhibit rotational symmetry.

Notably, even when employing the 3D-RISB model, the
quantum Fokker—Planck equation”””’ —applicable only at elevated
temperatures—proves inadequate in reproducing key quantum
effects, as evidenced by the AB ring analysis.””’” While the 3D-RISB
model entails significant computational cost, the HEOM formalism,
which robustly handles low-temperature dynamics, remains indis-
pensable for addressing the class of quantum transport problems
explored in this study. The capability of HEOM to treat non-
perturbative S-B coupling also offers the advantage of enabling
research into a wide range of problems, including cavity quantum
electrodynamics (cavity QED), where atoms or nanomaterials are
coupled to intense electromagnetic fields within small cavities.”

Recent developments in the HEOM formalisms include
QHFPE (quantum hierarchical Fokker—Planck equations), 1748 MB-
HEOM (HEOM for multiple baths),”’ and U(1)-HEOM [HEOM
with U(1)-gauge fields],”” with corresponding numerical imple-
mentations made available. In this study, we introduce a new
variant—HEOM for atomic orbitals (AO-HEOM)—which is struc-
turally and conceptually distinct from existing HEOM, characterized
by its incorporation of three spatially distributed, independent ther-
mal baths. The AO-HEOM code developed herein, which fully uti-
lizes the graphics processing unit (GPU),"”” will be made publicly
available in a separate work. To validate our theoretical framework,
we compute the linear absorption spectrum of the Coulomb system
across a range of bath temperatures and coupling strengths.

This paper is organized as follows: In Sec. II, we highlight
the intrinsic difficulty of modeling a Coulomb system in a thermal
environment within standard open-quantum dynamics frameworks.
This motivates the introduction of the 3D-RISB model and the
subsequent development of the AO-HEOM formalism. A numer-
ical demonstration is given in Sec. III. Section IV is devoted to
concluding remarks.

Il. OPEN QUANTUM DYNAMICS THEORY
FOR COULOMB POTENTIAL SYSTEM

A. Anomaly of Markovian equations
and the emergent role of bathentanglement

Itis crucial to emphasize that although the Ohmic SDF has been
assumed for the study of Markovian dynamics in the spin-boson
system, this model exhibits anomalous dynamical behavior (an
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infrared anomaly) at finite temperatures.'” *’ This arises because
quantum thermal noise is inherently non-Markovian in nature
because its correlation time and amplitude must satisfy the uncer-
tainty principle.'””’ Even if S-B interactions are weak, there
are multiple interactions between the system and the bath dur-
ing the noise correlation time in non-Markovian cases, requir-
ing a non-perturbative treatment. Consequently, the coherence
between the system and bath becomes entangled—a phenomenon
we refer to as “bathentanglement” to distinguish it from other
forms of entanglement.'” This leads to system dynamics that deviate
markedly from those predicted under the factorized assumption. A
complementary definition of bathentanglement is dpy, () = p,,(t)
—p,(t)py(t), where p, () is the full S-B density operator, p, (t)
= trp{p,.,(t)} is the reduced system part, and p,(t) denotes the bath
state in the absence of a S-B interaction. Note that for quantum sys-
tems formulated in phase space—such as the Brownian harmonic
system—bathentanglement vanishes in the high-temperature limit
due to the classical nature of the environment, as indicated by the
analytical solution of the equilibrium distribution for the quan-
tum harmonic oscillator.*’ In 2D spectroscopy, the change in peak
profiles due to vibrational dephasing is a representative effect of
bathentanglement.”’

Neglecting this effect leads to the positivity problem, wherein
the diagonal elements of the density operator become negative. Con-
sequently, both the Lindblad-master equation (LME)*' " and the
Markovian-Redfield equation (MRE)* yield unphysical predictions,
especially in the low-temperature regime where their foundational
assumptions—such as the RWA and the FA condition—fail."”*’
Although the time-convolutionless (TCL) Redfield (or Shibata)
equationu"“ captures non-Markovian noise, its factorized treatment
inevitably disrupts bathentanglement, resulting in the violation of
the positivity condition.*’

The quantum Fokker-Planck equation (QFPE),”*”” remains
valid in the high-temperature regime, where classical mechan-
ics prevails, even under the Markov approximation. However,
at low temperatures, it fails to preserve positivity due to
its omission of bathentanglement—S-B correlations stemming
from non-Markovian behavior encoded in Matsubara frequency
components.”” Thus, while the Liouvillian remains unchanged
between classical and quantum harmonic systems, the bathen-
tanglement introduces # into its thermal equilibrium distribu-
tion, reflecting quantum coherence effects.”” These analyses were
conducted for the spin-boson model'® or the Caldeira-Leggett
(CL) model”® However, as we will discuss below, extending
these models to include multiple baths suffers from the same
limitations.

B. Rotation symmetry breaking in the CL model

When the bath is modeled as a 3D electro-magnetic field,
the total Hamiltonian naturally preserves translational and rota-
tional invariance. In contrast, the standard harmonic oscillator bath
used to incorporate thermal effects lacks this symmetry by con-
struction: While the CL model—classically equivalent to Langevin
dynamics—is commonly used to describe rotational relaxation, it
fails to reproduce discrete rotational bands in the quantum regime,
even under weak S-B coupling in both 2D and 3D cases.”’ " This
failure stems from the periodicity of the rotational coordinates: a
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change from 6 to 0+ 27 of the system coordinate does not cor-
respond to a change from x; to x; + 0x; in the bath coordinates,
leading to the destruction of bathentanglement. Thus, conventional
approaches—including the QFPE’>” and RME’"** or even the
analytically exact solution’"”* derived from the CL model—fail to
reproduce discretized transition peaks characteristic of a rotationally
invariant system.”' " These computational results are nearly indis-
tinguishable from their classical counterparts, indicating that the
loss of rotational bathentanglement renders the dynamics effectively
semi-classical.

This problem worsens further for atomic systems with radial
degrees of freedom, where electron motion in the Coulomb field
reverts to a pre-Bohr classical description: angular momentum
loss due to friction pulls the electron toward the potential cen-
ter. Such behavior reflects the breakdown of bathentanglement.
Approaches based on the semi-classical bath—e.g., QFPE*>” and its
over-damped limit, the Zusman equation*”’ —likewise fail to yield
discrete spectra.

C. The 3D-RISB model

Systems exhibiting rotational symmetry are expected to
possess periodical quantum coherence. Consequently, the total
system—including the bath—must preserve rotational symmetry.
To accommodate this requirement, 2D-RISB and 3D-RISB models
have been developed.““;4 In the classical limit, these models con-
verge to the classical Brownian rotor system, thereby providing a
unified framework that seamlessly bridges quantum and classical
regimes.

The 3D-RISB model is expressed in a Cartesian coordinate
system as

Hio = Hs + Z Hisp, (1)

a=xy,z

where the primary system involves the Coulomb potential, which is
defined by
He- S oo Be

A=X,),2

(2

2m,  4meor’

where p, is the momentum operator in the « = x,y, and z direc-
tions and m, is the mass of the system. The Coulomb potential is
expressed in terms of the radius from the center of charge, denoted
by r=/x* +y* + 2%, and Z, is the number of positive charges, e is
the elementary charge, and ¢ is vacuum permittivity. In this work,
we consider the case Z, = 1. The primary system is independently
coupled to three heat baths in the x, y, and z directions (3D baths)
expressed as”’ *°

3?1 GACERY
A i 2 A i o
Hip =7, { 2n]1;" + Emj‘(“’j‘) (Qj‘ - m;"](wj‘)z) }, 3)

J

where mf, p7, 47, and w] represent the mass, momentum, coordi-

nate, and frequency, respectively, of the jth bath oscillator mode in
the « direction.

These baths can be interpreted as effective environments origi-
nating from local interactions with surrounding molecules, electro-
magnetic fields, or phonon environment. The system part of the S-B
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interactions is, for example, defined as (Vi, V,, V2) = (%,7,2), and
¢y is the S-B coupling constant. We include the counter terms that
are introduced to maintain the translational symmetry of the system
Hamiltonian.’® The harmonic bath in the « direction is character-
ized by the SDF, defined as J*(w) = ¥ [A(c})*/2mf wf]18(w — wf),
and the inverse temperature, 3 = 1/kg T, where kg is the Boltzmann
constant.

To adapt the HEOM formalism, we use the Drude SDF
expressed as' '’

2
I (w) = M Yo @)

>
T y§+w2

where a = x, y, and z. It should be noted that J*(w) does not have to
be identical for different « directions. In particular, they will differ
when the surrounding environment is anisotropic. Such a situation
may also be achieved by applying a Stark electric field oriented along
a specific axis.”* Alternatively, directional coupling in the xy plane,
for example, can be induced by correlating bath modes along the
a = x and y directions, thereby introducing anisotropy.’”

D. AO-HEOM

Preserving bathentanglement—a quintessentially quantum
phenomenon—requires low-temperature environments that are
inherently non-Markovian. As illustrated in Sec. II A, invok-
ing the Markovian assumption in such contexts can significantly
compromise the quantum integrity of the system. Indeed, as evi-
denced by the analysis of the AB ring system,’””” even the non-
Markovian QHFPE fails to reproduce key quantum features, such
as the AB persistent current, once the system enters the high-
temperature regime where bath entanglement is lost.” Therefore,
the exploration of low-temperature dynamics using HEOM for-
malism remains indispensable for addressing the various prob-
lems examined in this study. Note that, although the HEOM rig-
orously captures quantum effects, systems formulated in phase
space—such as the present model—exhibit only classical features at
high temperatures, reflecting the classical nature of the bath in this
regime.”

The HEOM provides a non-Markovian and non-perturbative
approach to accurately simulate dynamics."”"> The hierarchical
structure was introduced to describe the bathentanglement that
arises from multiple interactions with the heat bath.""'" In this
paper, we adopt the [Ky — 1/Kq] Padé approximation, where Ky
is an integer in the a direction, to express the fluctuation and
dissipation operators.”® The HEOMs in terms of Padé approxi-
mated frequency vg, where k = {0,1,...,Kq} with v§ = y,, are then

33,34
expressed as

d, i pox = (e |
Pma= |G+ 2 > (M) [Py

a=x,y,z k=0

i K, w A i Ky .
“h 2 2 MO ey~ 2. D Vabinaep
a=x,y,z k=0 a=x,y,z k=0
5)

where {n,} = (nx,ny,n;) is a set of integers n, = (ngy,ny,n3,...,
ng ) to describe the hierarchy elements and {n. + e} with the
index k, in which e is the kth unit vector in the « direction. We
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introduced the hyperoperators A*B=AB-BA and A°B=AB
+ BA, for any operator A and B, and Oy is defined as

A O ayou Ka 2 %x X aya A X xS [e]
@0:%(1+Z znkyaz)va_%(HsVa) (6)

k=1 Ya = Vg

and

2 o
o 2MVe x
@“ _ HaYa k x, 7
k+0 ﬂ yﬁ _ sz ( )

where 77, and y, are anisotropic coupling strength and inverse noise
correlation time. In Eq. (5), pfn,) are auxiliary operators with a
hierarchical structure. The zeroth member of the hierarchical ele-
ments Py, —oy represents the original reduced density operator. As
(nx,my,n;) can take all combinations of non-negative integers, the
HEOM should be closed by a “terminator,”"’

& i &, A a
ORD IR A0 TR R S SR TILC Y T
B

a=x,y,z k=0 a=x,,z k=0

®)

for th:x,y,z ZkK:O (nf;vk) >> AWmax, where Awmax is the largest transi-
tion frequency.

We now introduce spherical coordinates (7,6, ¢). The system
part of the S-B interactions in the linear coupling case is expressed
as (Vi, Vp, V2) = (r sin (0) cos (¢), 7 sin (0) sin ($), 7 cos (¢)). This
formulation may also effectively capture atomic interactions with
electromagnetic fields in blackbody environments. Nanomaterials
coupled to strong fields in microcavities have recently emerged as
key platforms in cavity QED.” *° The AO-HEOM formalism is
capable of treating such systems in a non-perturbative manner, even
accounting for gauge fields.”>"’

The eigenfunctions of the Coulomb potential system are
expressed as the product of radial wavefunctions, R,(r), and
spherical harmonics, Y}, (6, 9), as

Vit (7,0, 9) = R (1) Y1 (6, ¢), )

where n, I, and m are the principal, angular momentum, and mag-
netic quantum numbers, respectively. We describe the eigenvector
for this set of numbers as [{I'}) = |{n,], m}). Then, the HEOM ele-
ments are expressed as P, 3 (I, ;). Any operators such as Hgand
Vj, are expressed in terms of matrix elements as Hs (I, I') = (I'|Hg|I”)
and V,(T,T) = (T|Va|T").

E. Linear absorption spectrum

We demonstrate our formalism by depicting linear absorption
spectrum, defined as™

L (@) :Im(%) fo  dte Tr {1y (DS peg ) (10)

where a = x, y, and z; fix = po sin (0) cos (¢), 1y = po sin (0) sin (¢),
and I, = po cos (¢) are the dipole operators; G(t) is Green’s func-
tion in the absence of a laser interaction, evaluated from Eq. (5); and
Peq is the equilibrium density operator. Hereafter, we set i, = 1.0.
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In the reduced equation of motion approach, the density matrix
is replaced by a reduced one. In the HEOM case, p,, is replaced by
the hierarchy member f)e{iu} (t). The Liouvillian in §(t) is replaced
using Egs. (5)-(8).

We evaluate Eq. (10) in the following four steps:' 19 (1) We first
run the computational program to evaluate Egs. (5)-(8) for suffi-
ciently long times from the temporal initial conditions to obtain a
true thermal equilibrium state. The full hierarchy members /A)?i.“} are
then used to set the correlated initial thermal equilibrium state. (ii)
The system is excited by the first interaction ™ at ¢ = 0. (iii) The
evolution of the perturbed elements is then computed by running
the program for the HEOM up to time ¢. (iv) Finally, the response
functions defined in Eq. (10) is calculated as the expectation value of
j1. A fast Fourier transform yields the spectrum.

For reference, we also depict the absorption spectrum without
the bath. From Fermi’s golden rule, this is given by

n'n nn' e_ﬂE"’ - e_ﬁEn
I/ (w) = Z toy tha #S(Ftw +E, —E,), (11)
n,n,

where Z = ¥, e P is the partition function and ‘uZt’” = (n'|fta|n).

Throughout this paper, we use the basis given in Eq. (9) for the
Coulomb potential system equation (2). Then, the electronic tran-
sitions obey selection rules, allowing only transitions with angular
momentum and magnetic quantum numbers Al = £1, Am = 0, £1.
However, the peak positions in the absorption spectrum are deter-
mined solely by the difference in principal quantum numbers n. The
transition frequency w,, between the initial state n and the final
state ' is given by the Rydberg formula,

1 1
W, = R(? - 7,2) (12)

n

Here, R = ¢'m, /167 e}li* is the Rydberg constant. We adopt atomic
units (a.u.), defined by 1/4mey = 1, e = 1, and m, = 1, under which
the Rydberg constant becomes R = 1/2 (a.u.) = 13.6 (eV). The optical
transitions considered in this calculation are summarized in Table 1.
In the following, B, y,, #,, and w are converted into atomic units
for consistency. In other systems—such as color centers or ionic
liquids—the Coulomb interaction is significantly weaker. As a result,
the effective Rydberg constant in these models is one to two orders
of magnitude lower than that of the hydrogen atom.

TABLE |. Frequencies w,» and absorption transition series from the initial state n
to the final states n” (within n” = 5) in a Coulomb potential system, evaluated using
Eq. (12) with R = 1/2 (a.u.).

4
\l
n 2 3 4 5

Series
1 0.375 0.444 44 0.468 75 0.48 Lyman
2 0.069 44 0.09375 0.105 Balmer
3 0.024 30 0.03555 Paschen
4 0.01125 Brackett
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I1l. NUMERICAL DEMONSTRATIONS: LINEAR
ABSORPTION SPECTRUM

We adopted 55 energy eigenstates, encompassing all eigenstates
from principal quantum number # = 1 (1S) to n = 5 (5g). The num-
ber of hierarchical layers for each heat bath was set to Ny = 2 using
the Padé approximation of the [0/1] form.

We ran the AO-HEOM code using Python 3.13.5, along
with CuPy 13.4.1 to enable CUDA support, NumPy 2.2.5, and
SciPy 1.15.3 for special functions and numerical integration. To
time-integrate the HEOM, we used the fourth-order Runge-Kutta
method. For computing the transition matrix, we applied SciPy’s
quad function, which is based on the FORTRAN QUADPACK
library.

The computations were performed on a system equipped with
an Intel Core i9-13900KF CPU and an NVIDIA GeForce RTX 4090
GPU, using CUDA Toolkit version 11.8. Each simulation with 3000
time steps required ~2.4 GB of GPU memory and 20 000 s of com-
putation time. The AO-HEOM source code developed herein will be
made publicly available in a separate work.

We consider the isotropic bath case, in which the inverse noise
correlation times are uniformly set to y, =y, = y, = 1, and the cou-
pling strengths are varied identically in all directions as 17, = 1, = 7,
= 1. The spectra were computed using Eq. (10) at inverse temper-
atures 8 = (a) 1.0, (b) 2.0, and (c) 5.0. To highlight the role of
thermal fluctuations and dissipation in a Coulomb potential sys-
tem, we intentionally consider an unphysically high-temperature
bath with relatively strong S-B coupling. For instance, in hydrogen,
B = 1.0 corresponds to ~3 x 10° (K). Note that the value of R is typi-
cally an order of magnitude lower for color centers. For ionic liquids,
where the potential includes shielding effects, the temperature scale
is reduced by up to two orders of magnitude. Therefore, for exam-
ple, a low-temperature case such as 8 = 5 or lower can be realized
experimentally.

A. Strong S-B coupling cases

Figures 1(a)-1(c) present the calculated results for relatively
strong S-B coupling: (i) weak (solid curve, # = 0.001), (ii) inter-
mediate (dashed curve, n = 0.005), and (iii) strong (dotted curve,
1 =0.01).

The effect of the bath manifests in the fluctuation and dissipa-
tion related by the fluctuation-dissipation theorem, with only the
fluctuation exhibiting temperature dependence.'*"” Thus, the effect
of temperature alters not only the initial equilibrium distribution
but also the correlation time and amplitude of fluctuations. This
manifests as temperature dependence of the line profiles.

First, we discuss the high-temperature case in Fig. 1(a). At
this temperature, thermal excitation populates high-energy states,
leading to absorption peaks spanning a broad range of excitation
transitions. (See the distribution of colored vertical lines derived
from the golden rule.) The eigenstates of an atom are discrete,
whereas the bath energy states are continuous. In the presence of
S-B interaction, the atomic energy levels become effectively contin-
uous due to “bathentanglement,” leading to broadened peaks from
the mixing of atomic excited states. Temperature-dependent bath
fluctuations further contribute to spectral broadening. In 2D spec-
troscopy, the effect of bathentanglement is observed as an echo
peak.'”

ARTICLE pubs.aip.org/aipl/jcp
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FIG. 1. Linear absorption spectra Iz (w) along the z direction for three temperature
regimes: (a) high (8 = 1.0), (b) intermediate (8 = 2.0), and (c) low (S = 5.0).
Each panel shows results for three S-B coupling strengths: (i) weak (solid curve,
n = 0.001), (ii) intermediate (dashed curve, n = 0.005), and (ii) strong (dotted
curve, n =0.01). To provide a reference, the spectral intensity, evaluated via
Fermi’s golden rule [factors in Eq. (11)], was computed for each value of 3 and
plotted after scaling by (a) 15, (b) 30, and (c) 100, to highlight the peak positions
and relative intensities of each series. Among these, the red lines correspond to
the Lyman series, the blue lines correspond to the Balmer series, the green lines
correspond to the Paschen series, and the purple lines to correspond the Brackett
series.

Alongside the broadening of the peaks, these results also exhibit
a notable fading of the Paschen and Brackett series peaks (green and
purple lines) in the low-frequency domain. This tendency becomes
stronger as the S-B coupling increases, and in the strong cou-
pling regime (dotted curve), only a single broadened peak, centered
approximately in the Lyman region, is observed. As the temperature
and thermal coupling strength increase, the fluctuation amplitude
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grows. Consequently, transitions from large n to n’ are strongly
influenced due to the small transition frequency w,,,,.

To verify this point, we compared outcomes by increasing
and decreasing the maximum principal quantum numbers n’ in
Appendix B. These results indicate that under strong S-B interaction
at high temperatures, transitions from large n to n’ exhibit semi-
classical behavior, as they satisfy the condition fhw,,, < 1. Such a
loss of quantum properties has been observed in quantum rotors
and AB rings. Thus, regardless of whether the 3D-RISB or CL model
is employed, only featureless semi-classical spectra are expected to
emerge when either the QFPE or the high-temperature limit of the
QHFPE is used, as exemplified by the AB ring case.”””’

Figures 1(b) and 1(c) show the case where the temperature is
lowered. In Fig. 1(c), when the SB interaction is weak, the Paschen
peak series appears following the Balmer series: The peak near
w = 0.08 arises from the 2S — 3P (Balmer-«) and 2S — 4P (Balmer-
B) transitions, whereas the peak near w = 0.04 arises from the 3S
— 4P (Paschen-a) transition. Accordingly, the peak near w = 0.4
corresponds to the 1S — 2P (Lyman-«) transition. Additional tran-
sitions, such as 1S — 3P (Lyman-p) and 1S — 4P (Lyman-y), should
appear at higher frequencies, but they are broadened and indistinct
under the present physical conditions. The Balmer transition peak is
prominent because the 28 state is well populated at this temperature.
As in the case of Fig. 1(a), the Brackett series does not appear even at
the low temperature case in Fig. 1(c). This fact suggests that apply-
ing thermal baths can reduce the number of spectral transitions that
need to be considered, thereby lowering computational costs.

B. Weak S-B coupling cases

Figure 2 presents the results obtained by reducing the S-B
coupling strength in the weakest case of Fig. 1 by a factor of
2 to 10. Because the S-B coupling is perturbative, the peaks of
each series are more clearly observed. Note that our calculations
do not employ the RWA and the FA, enabling an accurate treat-
ment of thermal excitation. However, when applying the TCL-
Redfield equation derived for the 3D-RISB model—non-Markovian
yet using FA’>”’—positivity violations emerge beyond the case in
Figs. 2(a)-2(i).”” Thus, even in this weak coupling case, the pertur-
bative approach, such as TCL-Redfield, does not offer a meaningful
alternative.

At high temperatures [Fig. 2(a)], reduced S-B coupling weak-
ens fluctuation effects, sharpening the Lyman and Balmer peaks. The
Paschen series also becomes visible due to enhanced low-frequency
contributions. As the temperature lowers [Figs. 2(b) and 2(c)], fewer
thermally excited states are populated, leading to diminished peak
intensities for large n’. Yet, with fluctuations also suppressed, low-
vibration transitions stand out more clearly—evident in the Brackett
peak observed in Figs. 2(c)-2(i).

Thus, lowering both the temperature and # sharpens the spec-
tral peaks in Table I, affirming that the AO-HEOM framework
aligns with physical intuition. While these results evoke the natu-
ral radiation damping theory,'”'" however, our approach extends
beyond such treatments by non-perturbatively incorporating ther-
mally structured environments. This enables the emergence of phe-
nomena inaccessible to conventional models, such as the thermal
suppression of high-n’ transitions and the coherent merging of
peaks across spectral series under strong coupling.
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FIG. 2. Linear absorption spectra /,;(w) along the z direction. The calculation
conditions are the same as in Figs. 1(a)-1(c), except that the SB bond strength is
weakened as (i) # = 0.0001 (solid curve), (i) # = 0.0003 (dashed curve), and (iii)
n = 0.005 (dotted curve). To provide a reference, the spectral intensity, evaluated
via Fermi's golden rule [factors in Eq. (11)], was computed for each value of 8 and
plotted after scaling by (a) 50, (b) 80, and (c) 100. Color-coded spectral lines: red
for Lyman, blue for Balmer, green for Paschen, and purple for Brackett.

IV. CONCLUSION

We rigorously investigated the quantum mechanical effects of
thermal fluctuations and dissipation in a Coulomb potential system
using a Hamiltonian that incorporates the 3D-RISB model. Due to
the uncertainty principle relating energy fluctuations to correlation
times, quantum thermal noise must be treated as a non-Markovian
process. Accordingly, we adopted the HEOM formalism, which
provides a numerically “exact,” non-perturbative, non-Markovian
description of system dynamics.

To validate this approach, we computed linear absorption spec-
tra across a range of temperatures and S-B coupling strengths.
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When the S-B coupling is strong, Lyman and Balmer transitions
dominate, and broadened peaks due to fluctuations are observed.
As the temperature decreases or the S-B interaction weakens,
Paschen and Brackett peaks, which are transitions from highly
excited states, appear. This is because fluctuations due to temper-
ature and S-B strength suppressed transitions with low excitation
energy. It should be noted once again that when applying the CL
model using a non-rotationally symmetric bath, the results exhibit
classical behavior, and no quantum transition characteristics are
observed.”"”

Built on a kinetic equation governing energy exchange through
thermal fluctuations and dissipation, our theory—grounded in the
HEOM formalism—readily extends to the computation of higher-
order nonlinear spectra, including 2D spectra'*'” and those arising
under strong laser-field interactions.””*’ Moreover, it is also possible
to include gauge fields,”*”” which would be useful for studying cavity
QED. 12-46

It should also be noted that AO-HEOM is applicable not only
to systems with analytically determined eigenstates, such as o< —1/r
+ A/r* with the centrifugal term A/r*°" " or oc A/r* + w?r* describ-
ing rotational-vibrational (with frequency w) motion,”** but also
to molecular systems using molecular orbitals obtained numerically.
Future challenges include extending this approach to multi-electron
systems defined in Fock space. We will continue such attempts in
subsequent papers.

The AO-HEOM source code developed herein, which fully uti-
lizes the graphics processing unit (GPU), will be made publicly
available in a separate work.
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APPENDIX A: BASIS FUNCTION OF COULOMB
POTENTIAL SYSTEM

The eigenfunction of Hamiltonian equation (2) in atomic units
is expressed as a combination of associated Laguerre polynomials
and spherical functions,

Y N/ 'm¢P|m‘(cos 0), (A1)
where the normalization coefficient
—m)!
NP = 2141 (I-m)! (A2)
4 (I+m)!

and P;" are associated Legendre polynomials. Here, we adopt the
following expressions:

Yin (6,¢) = V2NJ" sin (jm|¢)P," (cos ) (m<0)  (A3)
and

Yin(6,¢) = V2N cos (Im|¢)P[" (cos ) (m>0).  (A4)
The radial part is expressed as

27, n=1-1) _z . u(2Zyr 27yt
Ry(r) = \J =2 K )eZP/( p)L,(,ZIIJrlB( P)

2n(n +I)! n n
(A5)

where L( ) are associated Laguerre polynomials.

APPENDIX B: SUPPRESSION
OF HIGH EXCITATION BY BATHS

When the temperature of the thermal baths is high and the S-B
coupling is strong, the contribution of spectral transitions from large
n to n’ is suppressed. This phenomenon is interpreted as a mani-
festation of strong thermal fluctuations suppressing low-frequency
quantum transitions.

To illustrate this effect, in Fig. 3, we computed the absorp-
tion spectra for varying principal quantum numbers n’ =2 to 5,
corresponding to a total eigenstate count ranging from 5 to 55.
The inverse temperature and S-B coupling strength were fixed at

1.0

0.8

(VRN NUUS Y S

0.64

Iz (o)

04l fi

2.0

FIG. 3. Linear absorption spectra /-,(w) in the z direction for principal quantum
numbers of the final state ranging from n” = 2 to 5. The inverse temperature and
the S-B coupling are fixed at 5 = 1.0 and # = 0.01. Each curve is normalized to
its maximum peak intensity.
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B =1.0 and 5 = 0.01, respectively. All spectra were normalized to
their maximum peak intensity for direct comparison.

As the basis set expands, the spectral profile stabilizes, with
only minor shifts in peak positions. At elevated temperatures, many
excited states above n = 3 become thermally accessible, and several
transitions predicted by Fermi’s golden rule are expected to appear.
Yet, the overall spectral shape in this frequency range remains largely
insensitive to n’. This behavior results from the suppression of low-
frequency transition processes induced by strong fluctuations. Dis-
crete energy levels with small energy separations become effectively
continuous and shift due to these fluctuations, leading to the atten-
uation of spectral peaks associated with them. The low-frequency
regime, characterized by continuous resonance frequencies, satisfies
the condition fhw,, <« 1, allowing a semi-classical interpretation
reminiscent of pre-Bohr dynamics—where frictional forces reduce
angular momentum and draw the particle toward the potential cen-
ter. In this regime, no distinct peaks appear in the low-frequency
region.
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