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ABSTRACT
We consider a proton transfer (PT) system described by a proton transfer reaction (PTR) coordinate and a rate promoting vibrational (RPV)
coordinate interacting with a non-Markovian heat bath. While dynamics of PT processes has been widely discussed using two-dimensional
potential energy surfaces, the role of the heat bath, in particular, in a realistic form of the system–bath interaction has not been well explored.
Previous studies are largely based on a one-dimensional model and linear-linear system–bath interaction. In the present study, we introduce
an exponential-linear (EL) system–bath interaction, which is derived from the analysis of a PTR–RPV system in a realistic situation. This
interaction mainly causes vibrational dephasing in the PTR mode and population relaxation in the RPV mode. Numerical simulations were
carried out using the hierarchical equations of motion approach. We analyze the role of the heat bath interaction in the chemical reaction rate
as a function of the system–bath coupling strength at different temperatures and for different values of the bath correlation time. A prominent
feature of the present result is that while the reaction rate predicted from classical and quantum Kramers theory increases as the temperature
increases, the present EL interaction model exhibits opposite temperature dependence. The Kramers turn-over profile of the reaction rate
as a function of the system–bath coupling is also suppressed in the present EL model, turning into a plateau-like curve for larger system–
bath interaction strength. Such features arise from the interplay of the vibrational dephasing process in the PTR mode and the population
relaxation process in the RPV mode.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0010580., s

I. INTRODUCTION

Proton transfer (PT) processes play an essential role in many
types of biological and functional molecular materials and determine
the efficiency of the mechanisms for utilizing chemical and solar
energies.1–7 One of the central questions in the PT problem is how
thermal effects, most typically fluctuation and dissipation that arise
from a molecular environment (a heat bath), influence the efficiency
of the PT reaction.

This problem has been a subject of open quantum dynam-
ics theory because the PT involves a deep tunneling process that
requires full quantum mechanical description of the system and
because the PT system undergoes irreversible dynamics through

interactions with an environment, for example, a solvent, a pro-
tein scaffold, or a nanostructured material, in a non-Markovian and
non-perturbative manner.

Several theoretical approaches have been developed to account
for quantum effects of chemical reactions,8–12 but the capability
to treat deep tunneling problems from such approaches is lim-
ited. Moreover, many investigations have been limited to systems
defined in a one-dimensional configuration space linearly coupled
with the Markovian heat bath.13–20 In realistic situations, the poten-
tial energy surface (PES) of the PT system is defined at least in a
two-dimensional configuration space, which consists of a proton
transfer reaction (PTR) mode and a rate promoting vibrational
(RPV) mode that comprises mostly a stretching vibration of the
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hydrogen-bridged moieties. Furthermore, the system–bath interac-
tion can be highly non-linear, which causes a strong vibrational
dephasing effect on the system dynamics.

While the importance of the RPV modes has been discussed
intensively,21–23 the majority of treatments have ignored quan-
tum mechanically entangled environmental effects, assuming static
potential or employing adiabatic approximation under external per-
turbation.24–28 In a realistic situation, however, proton transfer pro-
cesses are controlled by transition distance and energy barrier height
as a function of the RPV coordinate that is further coupled to
the environmental degrees of freedom. The key aspect is that the
system–bath interaction in the PT process is non-Markovian and
has to be treated non-perturbatively at full quantum mechanical
levels, while most of the existing theories cannot treat this effect
accurately.4,29–33

Meanwhile, from the investigation of exciton transfer processes
in photosynthetic antenna systems, it has been realized that the non-
Markovian and non-perturbative system–bath interaction in quan-
tum regime plays a central role in determining the efficiency of
the exciton transition rate.34–37 Similar to the exciton transfer prob-
lems, it is expected that the quantum nature of the system–bath
interaction is also essential in determining the efficiency of the PT
reaction.

In this paper, we give an extension of PT theory focusing on the
role of a realistic system–bath interaction to help in further devel-
opment of the investigation in this area. We consider a PT system,
which is described as a two-dimensional potential coupled to the
environment at finite temperature. More specifically, we consider
an exponential form of the system–bath interaction that includes
a RPV–bath coupling term to describe the thermal effect of the
RPV mode. Employing the exact hierarchical equations of motion
(HEOM) theory, we numerically simulate the PT process for differ-
ent system–bath coupling strengths and noise correlation time and
at different temperatures.

The organization of this paper is as follows. In Sec. II, we
present a model system for the proton transfer process. Then, we
show how the chemical reaction rate can be calculated from the
HEOM on the basis of the linear response theory. In Sec. III, we
present the numerical results and discussion, and the conclusion is
given in Sec. IV.

II. THEORY
A. The system–bath Hamiltonian

We consider a proton transfer (PT) system described by PTR
and rate promoting vibrational (RPV) coordinate modes. While we
can treat more than three-dimensional configuration space using the
energy eigenstate representations of the system, for the sake of con-
ciseness, here we consider the two-dimensional case as a minimal
model for the PT process. In our model, the potential energy sur-
face (PES) is modulated by an environment (bath) representing the
other non-RPV modes, which might represent any type of solvation
or protein modes.

The system Hamiltonian is then expressed in the form

ĤS({x̂j}) =
p̂2

2m
+

P̂2

2M
+ U(q̂, R̂;{x̂j}). (1)

Here, q̂, p̂, and m represent the coordinate, momentum, and mass of
the PTR coordinate, R̂, P̂, and M represent those of the RPV mode,
and {x̂j} are the coordinates of the bath modes. In the above form,
HS includes the modulation of the system parameters induced by the
bath coordinates.

The potential U(q̂, R̂;{x̂j}) is written as

U(q̂, R̂;{x̂j}) =D0(1 − e−α({x̂j})(R̂/2−q̂−qe))
2

+ D0(1 − e−α({x̂j})(R̂/2+q̂−qe))
2

+
1
2
Dk(R̂ − Re)

2,

(2)

where D0 is the dissociation energy, qe is the equilibrium distance
of the proton, α({xj}) is the curvature of Morse potential, which
depends on the bath degrees of freedom {xj} (see below), Dk is the
force constant for the RPV mode, and Re is the equilibrium dis-
tance between the donor and the acceptor without the presence of
the proton.

This form of the two-dimensional potential of a hydrogen-
bridged system has been successfully used in the past to model
hydrogen bond dynamics and spectroscopy.38–40 The unique feature
of the present model is that the effect of the environment is included
via the dependence of the anharmonicity parameter α on the bath
coordinates. The rationale behind this choice is that, in the above
potential energy, both the height of the barrier for the proton tun-
neling and the vibrational frequency of the H-bond depend linearly
on the α parameter. Furthermore, as we will shortly demonstrate,
this type of coupling enables us to include a linear coupling between
the RPV mode and the bath.

The α parameter of the potential is considered to be linearly
dependent on the coordinates {xj} as α({xj}) = α0 + α(1)∑j gjx̂j,
where α0 and α(1) are the constants that represent the curvature of
the system-potential and the strength of the coupling between the
system and the environment. Finally, by expanding the PES in the
power series around {xj} = 0, we obtain

U(q̂, R̂;{xj}) = U0(q̂, R̂) + V(q̂, R̂)∑
j
gjx̂j, (3)

where U0(q̂, R̂) ≡ U(q̂, R̂;{x̂j = 0}) is the hydrogen bridge potential
without the bath interaction (see Fig. 1) and the interaction potential
V(q̂, R̂) is expressed as

FIG. 1. Two-dimensional potential energy surface U0(q̂, R̂). The parameters of
the model are reported in Table I. Contour lines are drawn every 500 cm−1.
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V(q̂, R̂) =V0(R̂ − 2qe) − V0e−α0(R̂/2−qe)

× [(R̂ − 2qe) cosh(α0q̂) − 2q̂ sinh(α0q̂)], (4)

where V0 = α(1) D0. Following the standard approach of the theory
of open quantum systems, we assume that the bath modes are rep-
resented by a set of harmonic oscillators, with the jth bath oscillator
possessing the frequency ωj, mass mj, position coordinate x̂j, and
momentum p̂j. The total Hamiltonian is then expressed as

Ĥtot = ĤS +∑
j

⎡
⎢
⎢
⎢
⎢
⎣

p̂2
j

2mj
+

1
2
mjω2

j
⎛

⎝
x̂j −

gjV̂(q̂, R̂)
mjω2

j

⎞

⎠

2⎤
⎥
⎥
⎥
⎥
⎦

, (5)

where ĤS is the system Hamiltonian for the potential U0(q̂, R̂)
and we included the counter term in the system–bath interac-
tion.41–43 Hereafter, we refer to V̂(q̂, R̂)∑j gjx̂j as the exponential-
linear (EL) interaction due to the form of the operator V̂ . The
EL interaction mainly modulates the barrier height of the proton
potential, which can be used to investigate the non-polarizable sol-
vent effect of a realistic PTR process.44,45 The heat bath is char-
acterized by the spectral distribution function (SDF), defined by
J(ω) ≡ ∑ h̵g2

j δ(ω − ωj)/2mjωj, and the inverse temperature,
β ≡ 1/kBT, where kB is the Boltzmann constant. By adjusting the
form of the SDF, the properties of the local environment, for exam-
ple, solvates and protein molecules, can be modeled. Typically, the
SDF is estimated from linear and nonlinear infrared and Raman
spectra, both experimentally46–48 and numerically.49–53

The main features of the EL interaction can be illustrated by
expanding V(q̂, R̂) in the Taylor series with respect to q̂ and R̂ as

V̂(q̂, R̂) = V̂(2,0)q̂2 + V̂(0,1)R̂ + V̂(2,1)q̂2R̂ +⋯, (6)

where V̂(k,l)
= ∂k+lV̂/∂q̂k∂R̂l

∣q̂=R̂=0. It should be noted that, due to
the symmetry of the potential along the proton coordinate, V(q̂, R̂)
is an even function of the proton coordinate q̂. Thus, the leading
order of the EL model for the PTR mode is the square-linear (SL)
interaction, expressed as q̂2

∑j gjxj, while that for the RPV mode is
the linear-linear (LL) interaction, expressed as R̂∑j gjxj. The dis-
tinct feature of the present model arises from this SL interaction in
the PTR mode, while most of the system–bath models employed in
the former investigations were assumed to have the LL system–bath
interaction.

Although the SL interaction has been used to analyze the effects
of vibrational dephasing in linear spectroscopy54–57 as well as in
ultrafast nonlinear spectroscopy,58,59 the relevance of such an inter-
action has not been properly addressed in the PTR problem. We
notice that our model also includes a linear coupling of the RPV
mode, which has been found to be quite significant in molecular
dynamics simulation of hydrogen atom transfer.60

In order to calculate the reaction rate, we employ the eigenstate
representation for both ĤS and V̂(q̂, R̂) (see Appendix A).

B. The reduced hierarchical equations
of motion formalism

In the framework of the system–bath Hamiltonian, the charac-
teristic feature of the environment is determined by the choice of the
SDF. A typically employed SDF for a molecular environment is the

Drude SDF,41–43,61–67 the Brownian SDF,68,69 the Ohmic SDF,70 and
their combinations.50,71,73

Here, we consider the Drude SDF defined by

J(ω) =
h̵ζ
π

γ2ω
γ2 + ω2 , (7)

where the parameter γ represents the width of the spectral distribu-
tion of the collective bath modes and is the reciprocal of the noise
correlation time induced by the heat bath, τc = 1/γ. The parameter
ζ is the system–bath coupling strength, which represents the magni-
tude of fluctuations and dissipations. The heat bath effect is char-
acterized by the noise correlation function, C(t) ≡ ⟨X̂k(t)X̂(0)⟩,
which can be further expressed as a linear combination of expo-
nential functions and a delta function, C(t) = ∑k(c

′

k + ic′′k )γke
−γk ∣t∣

+ 2cδ ⋅ δt .61–64 Then, using the path integral method, reduced hierar-
chical equations of motion (HEOM) can be derived as61–67

∂

∂t
ρ̂n⃗(t) = − [

i
h̵
L̂S +

K

∑
k=1

nkγk + cδΦ̂
2
]ρ̂n⃗(t)

− Φ̂
K

∑
k=1

ρ̂n⃗+⃗ek(t) −
K

∑
k=1

nkΘ̂kρ̂n⃗−e⃗k(t), (8)

where we introduce the operators L̂Sρ̂ ≡ [ĤS, ρ̂], Φ̂ρ̂ ≡ (i/h̵)[V̂ , ρ̂],
Ψ̂ρ̂ ≡ (1/h̵){V̂ , ρ̂}, and Θ̂k ≡ c′kΦ̂ − c′′k Ψ̂. The vector e⃗k is the
unit vector along the kth direction. The HEOM consist of an
infinite number of equations. These equations can be truncated
at finite order when ∑knk first exceeds a properly chosen large
value N.63

C. Flux–flux correlation function: Chemical
reaction rate

A chemical reaction process is typically characterized by a rate
constant defined by the flux–flux correlation (FFC) function.2,74,75,77

In this paper, we consider the time dependent rate constant, which
is defined in terms of the canonical correlation function as75

k(t) =
1
β ∫

β

0
dλTr{ρ̂eq

tote
λĤtot ˙̂θRe−λĤtot ˙̂θR(t)}

≡ ∫

t

0
dt⟨˙̂θR; ˙̂θR(t)⟩, (9)

where θ̂R is the projection operator introduced to evaluate the pop-
ulation of the reactant and ˙̂θR = [θ̂R, Ĥtot]/ih̵. Typically, θ̂R is chosen
to be the Heaviside step function of the proton coordinate q.75 By
using Kubo’s identity, Eq. (9) can be recast as

k(t) =
i
h̵ ∫

t

0
dtTr{˙̂θRĜ(t)θ̂×R ρ̂eq

tot}, (10)

where Ĝ(t) is the Liouville space time propagator, which is eval-
uated from Eq. (8), and ρ̂eq

tot(t) is the equilibrium density oper-
ator of the total system, which can be prepared by integrating
Eq. (8) over sufficiently long time from the factorized initial state,
ρ̂tot(−∞) = ρ̂(0)⊗ρ̂eq

B . In the HEOM formalism, the correlated (un-
factorized) thermal equilibrium state can be set by using this steady
state solution of the hierarchal elements.65,66,76

The right-hand side of Eq. (10) can be read as follows. At
t = 0, the system in the thermal equilibrium state is excited
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by the first interaction θ̂×R and propagated over the time t by
Ĝ(t). The first-order response function is then calculated from the
expectation value of ˙̂θR. This is the numerical simulation for lin-
ear response measurement.42,77 The rate constant is evaluated as
kcnt = k(+∞).

III. RESULTS AND DISCUSSION
The system parameters adopted in this work are summarized

in Table I and are representative of typical hydrogen-bridged sys-
tems. The system Hamiltonian is expressed in the energy eigenstate
representation. Each eigenstate is labeled |m, n⟩, where m and n rep-
resent an eigen-number of the PTR and RPV modes, respectively.
This labeling is certainly meaningful for low lying vibrational states,
while it can be problematic for higher energy excited states where
the two modes can mix significantly. Furthermore, it enables us to
clearly distinguish different paths of the proton transfer process. The
procedure for labeling is defined in Appendix A. In order to numer-
ically solve the HEOM, we employ the fourth-order Runge–Kutta
method with a time step of δt = 0.01/ω0, where ω0 = 110 cm−1 is
the lowest excitation energy of the system (see Appendix A). The
depth and length of the hierarchy are chosen to be N = 20–50 and
K = 0–1 with respect to different γ, and the lowest 12 eigenstates
are utilized to describe the system. The accuracy of the calculation
is maintained by increasing the values of N and K until numerical
convergence.

A. Effective coupling strength and flux–flux
correlation function

First, we note that when the inverse noise correlation time, γ,
becomes large, the effective coupling strength increases, even if ζ is
fixed, because the bath can interact with the system multiple times
when the correlation time is short.42 For the Drude SDF, Eq. (7), the
effective coupling strength is expressed as ζ′ = ζγ2

/(γ2 + ω2
0). In the

following, we employ ζ′ to identify the pure non-Markovian effects
and the pure non-perturbative effects separately.

Figure 3 illustrates the time evolution of the FFC function, k(t),
in (i) real time and (ii) Fourier space for the (a) weak, (b) inter-
mediate, and (c) strong system–bath coupling cases for the fixed
temperature T = 300 K (βh̵ω0 = 0.53) and the inverse noise cor-
relation time γ = ω0. In the present deep tunneling case, the time
evolution of the FFC is highly oscillatory, as the system dynamics
is characterized by the various excitation energies, in comparison

TABLE I. System parameters.

Mass M 100 amu
m 1 amu

RPV mode Dk 303 435 cm−1 Å−2

Re 3.0 Å

Double well Morse D 33 715 cm−1

re 1.0 Å
α0 2.0 Å

with the semi-classical case described by a Brownian model with
the LL interaction. In order to investigate the role of the transitions
among the system states, we show the Fourier transformation of the
signal in Fig. 3(ii). At T = 300 K (ω300K ≈ 200 cm−1), the system
is initially in the low energy states, yet high frequency transition
peaks in Fig. 3(ii) are observed, due to the excitations induced by the
operator θR.

Using Table II, we can identify all the transition peaks appear-
ing in Figs. 3(ii–a)–3(ii–c). The peak labeled “A” corresponds to the
transitions in the direct proton transfer (DPT) processes (|0, n⟩ → |1,
n⟩ for n = 1, 2, . . .), and the peak labeled “C” corresponds to the tran-
sitions in the excited proton transfer (EPT) processes (|0, 0⟩ → |2, 0⟩
and |1, 0⟩→ |2, 0⟩). Because the non-perturbative system–bath inter-
action can create a mixture of the PT and RPV vibrations, we observe
the peaks that correspond to the PT-RPV transitions labeled “B1”(|1,
n⟩ → |0, n + 1⟩) and “B2”(|0, n⟩ → |1, n + 1⟩). A schematic view
of these three transition processes is presented in Fig. 2. It should
be noted that these excitations decay toward the equilibrium state
and the height and area of these transition peaks do not relate to
the reaction rate that is determined near the equilibrium state. How-
ever, these profiles are helpful to investigate the dynamical aspect of
the reaction processes.

In comparison with the results obtained from a Brownian
model with the LL system–bath coupling,30,41,42,78,79 the present EL
coupling case exhibits highly oscillatory FFCs that are observed as
the sharp peaks in Fig. 3(ii–c), even in the strong system–bath cou-
pling case. This distinguished feature is due to the lack of the LL
component, q ∑jg jxj, for the PT mode in the EL system–bath cou-
pling. Indeed, it has been shown that the SL interaction, q2

∑jg jxj,
contributes to the vibrational dephasing (or frequency fluctuation)
rather than the population relaxation.59,80–84 Because the effect of
the vibrational dephasing becomes larger for larger frequency modes
(see Fig. 2), the peak profiles of the high frequency EPT modes
(“C”) are broadened, as illustrated in Fig. 3(ii–c), while the pro-
files of the low frequency DPT modes (“A”) do not change even in
the large system–bath coupling case. This indicates that the low fre-
quency modes decay slower than the high frequency modes, as can
be observed in Fig. 3(i).

TABLE II. Eigen energy for the wave function |m, n⟩ for the PTR and RPV eigenstates,
m and n.

No. |m, n⟩ Eigen energy, ω0

1 |0, 0⟩ 0.00
2 |1, 0⟩ 1.00
3 |0, 1⟩ 3.61
4 |1, 1⟩ 4.81
5 |0, 2⟩ 7.26
6 |1, 2⟩ 8.63
7 |2, 0⟩ 10.52
8 |0, 3⟩ 10.94
9 |1, 3⟩ 12.44
10 |0, 4⟩ 14.53
11 |2, 1⟩ 14.79
12 |1, 4⟩ 16.25
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FIG. 2. The energy eigenstates |m, n⟩ and the PES
are schematically depicted in (a) the q direction for fixed
R = 2.9 and (b) the R direction for fixed q = 0.35. The solid
violet curve represents the unperturbed PES described by
U0(q̂, R̂), while the dotted and dashed curves represent
the PES under the positive and negative bath perturbations.
The EL system–bath interaction causes frequency modu-
lation in the q direction and the shift of potential in the R
direction. Thus, we observe vibrational dephasing in the
PTR mode, while we observe population relaxation in the
RPV mode. The direct proton transfer (DPT), PT-RPV, and
excited proton transfer (EPT) transitions are illustrated by
the red, blue, and green arrows, respectively.

FIG. 3. The time evolutions of the flux–flux correlation (FFC) function, k(t), are presented in the (i) real time and (ii) Fourier space for the (a) weak (ζ′ = 0.1 × 10−2ω0), (b)
intermediate (ζ′ = 0.2 × 10−2ω0), and (c) strong (ζ′ = 0.5 × 10−2ω0) system–bath coupling cases, respectively. Here, we set T = 300 K and γ = ω0.
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B. Temperature effects: Role of fluctuations

Next, we consider the temperature dependence of the rate con-
stant kcnt for a fixed inverse noise correlation time γ = ω0. In Fig. 4,
we compare the rate constant as a function of coupling strength at
different temperatures T: (a) 200 K (βh̵ω0 = 0.78), (b) 300 K, and (c)
400 K (βh̵ω0 = 0.40). The thermal excitation energy in this temper-
ature regime is around 130–270 cm−1. Thus, the DPT modes whose
excitation energy is approximately ω = 110–150 cm−1 are thermally
well activated and provide the main contribution to the reaction rate.
In order to illustrate this point, we separately plot the contribution
from the DPT, PT-RPV, and EPT processes, which correspond to
the peaks labeled “A,” “B1” and “B2,” and “C” in Fig. 3(ii), respec-
tively (see Appendix B). Because the EL system–bath interaction
creates transitions among the system states in a complex manner,
DPT, EPT, and PT-RPV processes are highly entangled, as illustrated
in the peaks in Fig. 3(ii). The EPT and PT-RPV contributions are
relatively small regardless of the coupling strength due to the large
excitation energies (ω = 500–1000 cm−1).

In the classical and quantum rate theory (Kramers theory)
developed on the basis of the LL Brownian model, the turn-over
feature from the energy controlled regime to the diffusion regime
has been observed.1–4,30,41,42,79 In the present case, while the reaction
rate increases as ζ′ increases in the small coupling strength region,

we cannot observe the clear turn-over feature for large ζ′. This dif-
ference is due to the EL system–bath interaction. As discussed in
Sec. II A, the major effects of the EL interaction with the PT mode are
not population relaxation but vibrational dephasing. Thus, even for
large ζ′, the energy relaxation of the system states is slow, while non-
dissipative vibrational modulation (or fluctuation) becomes larger.
As a result, the reaction rate exhibits a plateau-like behavior for large
ζ′, while the rate predicted from the LL Brownian model decreases,
which has been explained by the quantum version of the Kramers
turn-over theory.41,42

The distinct difference between the LL Brownian case and the
present case is observed in the high temperature case. In the frame-
work of the LL Brownian theory, the reaction rate becomes larger
for higher temperatures because the thermal activation process of
the system enhances the reaction rate. In the present case, how-
ever, the reaction rate becomes smaller for higher temperatures.
This is because the DPT process, which plays a dominant role
in the PT reaction process, is suppressed due to the large vibra-
tional dephasing effects arising from the thermal fluctuation, which
depends on the temperature. For the EPT and PT-RPV processes,
the excitation energies are much larger than the thermal excita-
tion energy, and their contributions are small and do not change
regardless of the temperature. In particular, when T → 0 K, the
excitation of the RPV mode will be suppressed, and the 2D system

FIG. 4. The rate constants kcnt are plotted as a function of the effective coupling strength ζ′ at different temperatures T : (a) 200 K, (b) 300 K, and (c) 400 K. The contributions
from the direct proton transfer (DPT), excited proton transfer (EPT), and PT-RPV processes are also depicted in the same colored curves as Fig. 3(ii). The inverse correlation
time is γ = ω0. The abscissa has been scaled by a factor 0.01ω0 only to improve the readability of the figure.
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FIG. 5. Rate constant kcnt as a function of ζ′ for different inverse correlation time: (a) γ = 0.5ω0, (b) 2.0ω0, and 4.0ω0, at the fixed temperature T = 300 K. The case for
γ = 1.0ω0 at T = 300 K is presented in Fig. 4(b). The contributions from the DPT, EPT, and PT-RPV processes are also depicted as the colored curves.

will be similar to the traditional 1D case (coupled to a heat bath
at 0 K).

C. Non-Markovian and Markovian thermal effects
Finally, we consider the effect of the bath correlation time

on the rate constant to investigate the role of non-Markovian and
Markovian dynamics in the EL system–bath interaction. In Fig. 5,
we present the rate constant as a function of ζ′ for different γ. The
case γ = ω0 is presented in Fig. 4(b). For the slow modulation case in
Fig. 5(a), the reaction rate does not depend on the coupling strength
except for the region with a very small ζ′. This is due to the slow
bath modulation in the EL coupling case, in which the system evolves
with time under the perturbed static potential.

For the intermediate modulation cases in Figs. 4(b) and 5(b),
the rate increases with ζ′ in the very weak coupling region. This is
because the thermal activation process involved in the RPV–bath
interaction, whose leading order agrees with the LL interaction (i.e.,
R∑jg jxj), takes place. This can be verified by changing the num-
ber of RPV states, n, involved in the calculation (see Appendix C).
For a large ζ′, vibrational dephasing, arising from the SL compo-
nent of the EL interaction in the q direction, plays a dominant
role instead of that from the LL component of the RPV mode in
the R direction. Thus, we observe the turn-over feature for small
ζ′ as the quantum Kramers theory predicted, while the plateau-
like feature of the reaction rate for large ζ′ is observed due to the

vibrational dephasing in the PTR mode. Regardless of γ, the con-
tribution from the PT-RPV and EPT processes does not change
because the vibrational dephasing plays a minor role in the relax-
ation process.

In the case of very fast modulation (the Markovian limit or
the motional narrow limit) in Fig. 5(c), the maximum peak of the
turn-over feature becomes more prominent due to the contribution
from the higher RPV states in the relatively small coupling region.
Regardless of the values of γ, the final value of the plateau-like fea-
ture is almost the same. This indicates that the vibrational dephasing
effect arising from the SL component is determined by ζ′, instead
of ζ or γ.

IV. CONCLUSION
In this paper, we introduced a model described by a two-

dimensional potential surface with a realistic EL system–bath inter-
action for the investigation of the proton transfer reaction rate. The
distinct feature of the present mode arises from the EL interaction
that is characterized by the SL system–bath interaction for the PTR
mode and the LL system–bath interaction for the RPV mode. The
LL interaction contributes to the population relaxation, while the
SL interaction contributes to the vibrational dephasing. The inter-
play between the PTR mode and the RPV mode through the EL
interaction exhibits distinctive features of the reaction process: in
comparison with previous studies based on the Brownian LL model,
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the turn-over feature of the reaction rate as a function of the system–
bath coupling is suppressed because the vibrational dephasing does
not contribute to the population relaxation so much. Most promi-
nently, the reaction rate decreases when the temperature increases,
which is the opposite to the prediction from the Kramers theory.
While the lack of a linear coupling between the proton coordinate
and the bath degrees of freedom might seem a strong assumption, we
point out that, in our two-dimensional model, a significant poten-
tial U(q, R) explicitly includes the dependence of the equilibrium
position of the proton coordinate on the RPV coordinate, which is
certainly a fundamental aspect to take into account to describe any
proton transfer process.

Although the present investigations are limited to a specific
model, we believe that the applicability of our findings to the
exponential-linear system–bath coupling is wider as it includes
most of the fundamental types of system–bath interactions. Proton-
Coupled Electron Transfer (PCET) and Electron-Driven Proton
Transfer (EDPT) mechanisms are also expected to show the types
of system–bath interactions described here. Moreover, we can easily
extend the present model to employ different system–bath coupling
in the framework of the HEOM theory.
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APPENDIX A: ENERGY EIGENSTATE
REPRESENTATION OF THE PT SYSTEM

In this paper, we describe the system Hamiltonian and inter-
action function in terms of system eigenstates, calculated from the
Schrödinger equation,

[−
1
2
{(

1
m

+
1
M
)
∂2

∂x2 +
2
M

∂2

∂R2 +
2
M

∂2

∂x∂R
} + U(q̂, R̂)]Φ = EΦ.

(A1)
The parameters we used are listed in Table I, based on the data of
Ref. 38.

The quantum numbers m and n labeling the eigenstates of the
system are determined from the number of nodes along the q and
R directions, respectively. The eigen energies for the wave functions
|m, n⟩ are presented in Table II. The states |0, n⟩ and |1, n⟩ are the
typical symmetric and asymmetric tunneling states, which are sim-
ilar to those of the one-dimensional case. The state |2, n⟩ and those
that are mentioned above are the delocalized proton excited states.
The energy of the first eigenstate |0, 0⟩ is set to be zero. The charac-
teristic frequency ω0 is chosen to be the energy difference between
states |0, 0⟩ and |1, 0⟩, which is near 110 cm−1, and is used as the unit
during the calculation.

APPENDIX B: PROJECTION OPERATOR
We consider the projection operator for the population of the

acceptor state for the nth eigenstate of the RPV mode θ̂(n)R . The other

FIG. 6. Rate constant kcnt for different RPV states described by n. The results for four, seven, and twelve eigenstates (the same condition in Fig. 5) are depicted in dashed,
dotted, and solid curves. The temperature is fixed as T = 300 K.
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projection operator for the donor state is given by θ̂(n)L = 1 − θ̂(n)R .
The operator θ̂(n)R is defined by

θ̂(n)R = ĥ(x) (ϑ̂n + ϑ̂E), (B1)

where ĥ(x) is the step function and ϑ̂n and ϑ̂E are the projection
operators for |m, n⟩ defined by

ϑ̂n
′

∣m,n⟩ = {
∣m,n⟩ if m = 0 or 1, n′ = n
0 if m = 0 or 1, n′ ≠ n

(B2)

and

ϑ̂E ∣m,n⟩ = {
0 if m = 0 or 1
∣m,n⟩ if m ≧ 2

. (B3)

Using θ̂(n)L and θ̂(n)R , we can separately evaluate the contribution
from the donor and acceptor states for different n. Then, we can
identify the contribution from DPT processes (|0, n⟩ → |1, n⟩ for
n = 1, 2, . . .), PT-RPV processes (|1, n⟩ → |0, n + 1⟩ and |0, n⟩ → |1,
n + 1⟩), and EPT processes (|0, 0⟩ → |2, 0⟩ and |1, 0⟩ → |2, 0⟩).

APPENDIX C: ROLE OF THE RPV STATES
In order to investigate the role of the RPV states n, we calcu-

late the reaction rate changing the number of system eigenstates.
Figure 6 shows the calculated results of the reaction rate for the cases
of the four (n = 1), seven (n = 2), and twelve (n = 4) eigenstates.
When n is small, the result exhibits a similar profile as in Fig. 5(a).
The rate calculated with four eigenstates is significantly smaller
because the contribution from the EPT process is not involved. This
RPV–bath LL interaction is prominent in the small ζ′ region that
leads the turn-over feature, as quantum Kramers theory predicted.
In the large ζ′ region, the vibrational dephasing, which is described
by the SL interaction in the PTR mode, becomes dominant, and thus,
the reaction rate shows the plateau-like feature.
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