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We investigate a three-dimensional subsystem under the time-dependent U(1) gauge field coupled to rotation-
ally invariant environments. To capture the dynamic behavior of the subsystem under thermal excitations
and dissipations, it is imperative to treat the bath in a non-Markovian and nonperturbative manner. This is
because quantum noise is constrained by the uncertainty principle, which dictates the relationship between
the noise correlation time and the amplitude of the energy fluctuation. To this end, we derive the hierar-
chical equations of motion (HEOM) incorporating the gauge field, enabling a rigorous investigation of the
dynamics of the reduced subsystem. Transforming the HEOM into the Wigner representation yields quan-
tum hierarchical Fokker–Planck equations [U(1)-QHFPE] under U(1) symmetry. These equations incorporate
vector fields into the damping operators while preserving both gauge invariance and rotational symmetry. To
demonstrate the practical use of the formalism, the effects of a heat bath in the Aharonov–Bohm (A–B) ring
were examined. Our study involves simulating the equilibrium distribution, linear absorption spectra, and
A-–B currents within a thermal environment. In a rotationally invariant system-bath (RISB) model, when
the bath is non-Markovian and at low temperatures, the existence of a persistent current is predicted even
under dissipative conditions. The validity of the Caldeira–Leggett model was also examined.

I. INTRODUCTION

Macroscopic quantum phenomena, such as Bose-
Einstein condensation1 and macroscopic tunneling,2–6

which arise from quantum interference between macro-
scopic states, have been a fundamental subject in quan-
tum physics. Decoherence and relaxation are the key
to exploring quantum properties, as they determine the
lifetime of quantum nature: When they are strong, the
system behaves classically.7–11 The study of decoher-
ence in Superconducting Quantum Interference Devices
(SQUIDs)12–14 is motivated not only by its practical
implications, such as advancing quantum superconduc-
tive technologies and nanoscale devices,15–26 but also by
philosophical inquiries, such as a topic in the quantum
measurement problem.6,27

To explore the decoherence of SQUIDs within the
framework of quantum mechanics, a harmonic heat bath
is often employed. The electromagnetic effects are
treated as a U(1) gauge field, consisting of three vec-
tor potentials and one scalar potential. While exten-
sive theoretical studies of SQUID systems have been
conducted, most of these are restricted to equilibrium
conditions.2–4,28–30 This creates a significant gap in un-
derstanding, as dynamical analyses—critical for device
design—remain underexplored, even through numerical
simulations.

In addition, while the Caldeira–Leggett (C–L)
model2–6 has been widely used to study macroscopic
quantum effects; however, its validity has not been rig-
orously established. For example, although the SQUID
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system exhibits rotational symmetry, the bath model in
the C–L framework lacks this property. This inconsis-
tency implies that the bath coordinate interacting with
the system at an angle θ differs from the bath coordinate
interacting at θ + 2π.31

The lack of rotational symmetry in the heat bath
presents significant challenges in describing even sim-
ple phenomena, such as the rotational spectral bands
of molecules. When the C–L model is applied to study
the damped free rotor, the rotational bands observed in
linear absorption spectra—resulting from transitions be-
tween quantized angular momentum states—cannot be
reproduced, regardless of the strength of the system-
bath (S-B) interaction.31–33 To overcome this limitation,
it is necessary to introduce rotationally invariant system
bath modes (RISB) introduced by Gefen, Ben-Jacob, and
Caldeira.34 The quantum dynamics in a two-dimensional
(2D)33 and three-dimensional (3D) rotors35,36 have been
explored.

This paper thoroughly examines the dynamics of a
macroscopic quantum state subjected to electromagnetic
fields within a dissipative environment. We consider a
subsystem subject to the gauge field interacting with
3D rotationally invariant baths. We then derive the re-
duced equations of motion for the subsystem by trac-
ing over the bath degrees of freedom. Due to the con-
straints of quantum noise imposed by the uncertainty
principle, which establishes a relationship between noise
correlation time and energy fluctuation amplitude, the S-
B interaction must be treated in a non-perturbative and
non-Markovian framework, acknowledging the quantum
entanglement between the system and the bath.7,8

In this paper, we extend the hierarchical equations of
motion (HEOM) formalism to develop the U(1)-HEOM,
which maintains the U(1) symmetry of the gauge field,
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including its interaction with the heat bath. These equa-
tions are further expressed in phase space as quantum hi-
erarchical Fokker-Planck equations [U(1)-QHFPE], mak-
ing them well-suited for numerical simulations.

There is a growing interest in systems that exhibit
quantum effects sensitive to gauge fields.37–40 Studies
of cavity-QED systems often rely on quantum opti-
cal master equations under Markovian and factorized
assumptions.41,42 In contrast, the U(1)-HEOM and U(1)-
QHFPE address these problems under realistic condi-
tions, offering a rigorous framework to analyze gauge
field effects on topological phase systems, including low-
temperature thermal excitation and dissipation where
quantum effects dominate.Potential applications include
systems that exhibit the quantum Hall effect (QHE),43,44

the Berry phase,45 and the Uhlmann phase.46–48 This
framework also enables discussions on thermal effects in
Haldane systems,49 Dirac materials, and Chern insulat-
ing systems.50–53

Here, we demonstrate the capabilities of our formalism
by simulating the persistent current in the Aharonov–
Bohm (A–B) ring,15–26 as an example of the A–B
effect.54–56 The A–B rings, which are regarded as a su-
perconductive device15–18 or nano device,19–25 been stud-
ied in various ways, such as connecting multiple rings,21

embedding quantum dots,57–62 and increasing the num-
ber of terminals,63 and tunneling junctions.64 Although
the fundamental properties of quantum effects in gauge
fields have been well-established experimentally and the-
oretically across various systems, much remains to be ex-
plored regarding the dissipation and thermal effects in-
duced by phonons, which influence coherence lifetimes.65

In metal and semiconductor nanorings, gate resistance
is often a significant factor, whereas in molecular nanor-
ings, the focus shifts to resistance within the conductor
itself.66–70 Compared to phonon-based models, the RISB
model provides greater flexibility in describing molecular
rings, as it accounts for both rotational symmetry and
anisotropy.71,72

The structure of this paper is as follows. Section II out-
lines the U(1)-HEOM approach, developed from a three-
dimensional system-bath model incorporating a gauge
field. Utilizing the discretized Wigner transformation
under periodic boundary conditions, the U(1)-QHFPE is
derived. In Sec. III, we apply our formalism to the A–B
ring system, detailing the U(1)-QHFPE and computing
the equilibrium distribution, linear response spectrum,
and A–B persistent current. Finally, Sec. IV provides
the concluding remarks.

II. THEORY

A. Model Hamiltonian

Consider a 3D system with a gauge field that interacts
with heat baths. The total Hamiltonian is expressed as

ĤRISB
tot (t)= ĤS(t) + ĤRISB

I+B , (1)

where

ĤS(t) =
1

2mS
[p̂− qA(x̂; t)]

2
+ Uϕ(x̂; t) (2)

is the Hamiltonian of the system (subsystem) with the
mass mS described by the momentum p̂ and the coordi-
nate x̂. The system with charge q interacts with vector
potential and scalar potentials expressed as A(x̂; t) and
ϕ(x̂; t); we treat the scalar potential as the part of the
potential Uϕ(x̂; t). In the three-dimensional (3D) RISB
model, the particle system is independently coupled to
three heat baths in the α = x, y, and z directions through
the functions of V̂α. The bath system is then expressed
as35

ĤRISB
I+B

=

x,y,z∑
α

∑
k

 (p̂αk )
2

2mα
k

+
mα

k (ω
α
k )

2

2

(
q̂αk − cαk V̂α

mα
k (ω

α
k )

2

)2
 ,

(3)

where mα
k , p̂

α
k , q̂

α
k and ωα

k are the mass, momentum,
position, and frequency variables of the kth bath os-
cillator mode in the α direction, and cαk is the S-
B coupling constant in the α direction. If neces-
sary, we can set anisotropic environments, for exam-
ple in the xy direction by correlating the bath modes
in the α = x and y direction.73 We have introduced
the counter terms

∑
k(c

α
k )

2V̂ 2
α /2m

α
k (ω

α
k )

2 to maintain
the translational symmetry of the Hamiltonian in the
α directions.7–11 In the 2D angular coordinate repre-
sentations (r, θ), V̂α are expressed as V̂x = r cos(θ)

and V̂y = r sin(θ),33 whereas in the 3D angular co-
ordinate representations (r, θ, ϕ), they are expressed as

V̂x = r sin(θ) cos(ϕ), V̂y = r sin(θ) sin(ϕ), and V̂z =
r cos(θ),35,36 respectively.
The heat bath is characterized by the spectral

distribution function (SDF) defined as Jα(ω) =∑
k[ℏ(cαk )2/2mα

kω
α
k ]δ(ω − ωα

k ), and the inverse tempera-
ture, β ≡ 1/kBT , where kB is the Boltzmann constant. It
should be noted that Jα(ω) for different α need not be the
same, when the surrounding environment is anisotropic.
For the collective coordinate of the bath mode in the

α direction expressed as X̂α ≡
∑

k c
α
k x̂

α
k , the subsystem

is considered to be driven by the external force X̂α(t)

through the interaction −Vα(x̂)X̂α, where X̂α(t) is the

Heisenberg representation of X̂α for the bath Hamil-
tonian Ĥα

B =
∑

j

(
(p̂αj )

2/2mα
j +mα

j (ω
α
j )

2(x̂αj )
2/2
)
.7,74

Since the bath is harmonic, it has a Gaussian nature
whose thermal equilibrium state is described by the
Boltzmann distribution exp[−βHα

B ].
7 Thus, the charac-

ter of X̂α(t) is specified by its two-time correlation func-
tions, such as the canonical and symmetrized correla-
tion functions defined as Ψα(t) = β⟨X̂α; X̂α(t)⟩B and

Cα(t) = ⟨X̂α(t)X̂α(0) + X̂α(0)X̂α(t)⟩B/2, where ⟨· · · ⟩B
represents the thermal average of the bath degrees of
freedom. The function Cα(t) is analogous to the clas-
sical correlation function of Xα(t). The effect of a
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heat bath consists of fluctuation Cα(t) and dissipation
Ψα(t), which satisfies the fluctuation-dissipation relation;
Cα[ω] = ℏω coth(βℏω/2)Ψα[ω]/2.

7,74 In terms of Jα(ω),
they are expressed as

Ψα(t) =
2

ℏ

∫ ∞
0

dω
Jα(ω)

ω
cos (ωt), (4)

and

Cα(t) =

∫ ∞
0

dωJα(ω) coth

(
βℏω
2

)
cos (ω t). (5)

This is also equivalent to the kernel function, Lα(t) =
iLα

1 (t) + Lα
2 (t), appearing in the Feynman-Vernon in-

fluence functional [i.e. −∂Ψα(t)/∂t = 2Lα
1 (t)/ℏ and

Cα(t) = Lα
2 (t)].

75,76

We assume that Jα(ω) has an Ohmic form with a
Lorentzian cut-off (Drude SDF) expressed as7,8

Jα(ω) =
ℏηα
π

γ2αω

γ2α + ω2
, (6)

where the constant γα represents the width of the spec-
tral distribution of the collective bath modes and is the
reciprocal of the correlation time of the bath-induced
noise in the α direction. The parameter ηα is the system-
bath (S-B) coupling strength, which represents the mag-
nitude of damping. This spectral distribution approaches
the Ohmic distribution, Jα(ω) ≈ ℏηαω/π, for large γα.

For the Drude SDF, using the Padé frequency decom-
position, the kernel function Lα(t) is approximated as

Lα(t) ≃ i
ℏηαγ2α

2
e−γα|t|

+
γα
β

1 +

Kα∑
j=1

2η̄αj γ
2
α

γ2α − (ναj )
2

 e−γα|t|

+

Kα∑
j=1

[
−2ηαγ

2
α

β

η̄αj ν
α
j

γ2α − (ναj )
2
e−νj |t|

]
, (7)

where ναj and η̄αj are the jth Padé frequency and coeffi-
cient and Kα is the number of the Padé elements in the
α direction.77

B. The U(1)-HEOM

For the Hamiltonian Eqs. (1)-(3), the HEOM are ex-
pressed as7,8,36,76

∂ρ̂{nα}(t)

∂t
= −

 i
ℏ
Ĥ×S (t) +

x,y,z∑
α

Kα∑
j=0

nαj ν
α
j

ρ̂{nα}(t)

+

x,y,z∑
α

Kα∑
j=0

Φ̂αρ̂{nα+ej
α}(t)

+

x,y,z∑
α

Kα∑
j=0

nαj Θ̂
α
j ρ̂{nα−ej

α}(t), (8)

where {nα} ≡ (nx,ny,nz) is a set of integers nα =
(n0α, n

1
α, n

2
α, · · · , nKα

α ) to describe the hierarchy elements
and {nα ± ejα}, where the index j ∈ {0, 1, · · · ,Kα}, rep-
resents, for example, {nα ± ejy} = ({nx}, n0y, · · · , njy ±
1, · · · , {nz}) for α = y. In Eq. (8), we set ν0α = γα. We

employed the hyper operators defined as Ô×f̂ ≡ Ôf̂−f̂Ô
and Ô◦f̂ ≡ Ôf̂ + f̂Ô for any operator Ô and f̂ . The re-
laxation operators are then expressed as Φ̂α ≡ −iV̂ ×α /ℏ,

Θ̂α
0 (t) ≡

− i

ℏ

γαηα
β

1 +

Kα∑
j=1

2η̄αj γ
2
α

γ2α − (ναj )
2

 V̂ ×α +
iℏηαγα

2
ˆ̇V ◦α (t)

 ,
(9)

and

Θ̂α
j ≡ i

ℏ
γ2αηαη̄

α
j

β

2ναj
γ2α − (ναj )

2
V̂ ×α . (10)

We set ρ̂{nα−ej
α}(t) = 0 when nα = (· · · , njα = 0, · · · ).

Note that ˆ̇Vα(t) ≡ i[ĤS(t), V̂α]/ℏ in Eq. (9) appears
because we made the integration by parts to elimi-
nate the counter term of the total Hamiltonian utiliz-
ing the Heisenberg equation of motion, i.e.− iℏȮH(t) =
[HS(t),OH(t)], as in the case of the quantum Fokker–
Planck equation.7–11

The Markov approximation is achieved by taking two
limits: (i) the short noise correlation limit (γα ≫ ω0),
where ω0 is the characteristic frequency of the sys-
tem, and (ii) the high temperature limit (βℏγα/2 ≪
1).7–9,74,78 We then obtain the quantum Master equation
(QME) as7–9

∂ρ̂0(t)

∂t
= − i

ℏ
Ĥ×S (t)ρ̂0(t)

−
x,y,z∑
α

ηα
ℏ2
V̂ ×α

[
1

β
V̂ ×α +

i

2
ˆ̇V ◦α (t)

]
ρ̂0(t). (11)

Note that to satisfy conditions (i) and (ii), the bath tem-
perature must be extremely high (βℏ ≪ 1/γα ≈ 0).
Therefore, the Markov limit is unphysical when bath
temperatures are low, unless the rotating wave assump-
tion (RWA) and factorization assumption (FA) can be
applied.79–81 Therefore, except for the free rotor,31–33 the
above equation cannot describe many important quan-
tum effects, where the system and bath are entangled
and non-RWA terms play an important role. In the clas-
sical limit ℏ → 0, this issue does not occur.
A particle moving in an electromagnetic field is ex-

pected to satisfy the unitary group symmetry [U(1)] with
gauge invariance. This requirement is essential even
when the particles are in a heat bath, and the reduced
equations of motion that are derived from the gauge-
invariant Hamiltonian Eqs. (1)-(3). Thus, the HEOM,
Eqs. (8)-(10), must satisfy gauge invariance for A(x; t)
and −ϕ(x; t).
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To demonstrate this point, we consider the gauge
transformation A′(x; t) = A(x; t) + ∇χ(x, t) and
ϕ′(x; t) = ϕ(x; t) − ∂tχ(x, t), where χ(x, t) is a differ-
entiable arbitrary gauge field with the state |Ψ(t)⟩ is

transformed as |Ψ′(t)⟩ = Û(x̂, t)|Ψ(t)⟩, where Û(x̂, t) ≡
eiqχ(x̂,t)/ℏ is the Unitary operator, which satisfies

∂α′U(x̂, t) = iq (∂α′χ(x̂, t))U(x̂, t), (12)

where the index α′ = 0 is time component, α′ = 1 − 3
are those for the space components, and

∂

∂t
U(x̂, t)|Ψ(t)⟩ = U(x̂, t)

∂

∂t
|Ψ(t)⟩

+ iq
∂χ(x̂, t)

∂t
U(x̂, t)|Ψ(t)⟩. (13)

The gauge invariance of the U(1)-HEOM for the above
transformation is presented in Appendix A.

C. The U(1)-QHFPE

The HEOM in the Wigner space is ideal for studying
quantum transport systems, because it allows the treat-
ment of continuous systems, utilizing open boundary
conditions82 and periodic boundary conditions.11,83,84

When the physical length of the subsystem is longer
than its quantum coherence, the rotational system can
be handled using the periodic boundary conditions of the
Wigner function. Nevertheless, particular consideration
is necessary when the physical dimensions of the subsys-
tem are more diminutive than the coherence, as is the
case with the nanoscale system.

We thus start from the periodic system with the length
Lα and introduce the discretized Wigner transforma-
tion with periodic boundary conditions (DWT-PBC). For
density operator ρ{nα} (x,x

′; t) this is defined as

W{nα}(pn, r)=

x,y,z∏
α

[
1

2πℏ

∫ Lα

−Lα

dξαe
− ipαnξα

ℏ

]

×ρ{nα}

(
r +

ξ

2
, r − ξ

2

)
, (14)

where ξα ∈ [−Lα, Lα] and Lα is the system size in the
α direction. The discretized momentum is represented
as pn = (pxn, p

y
n, p

z
n), where each grid point is defined as

pαn ≡ nα∆pα with ∆pα ≡ πℏ/Lα for an integer nα. Note
that the integral region Lα with respect to ξα is twice the
period, due to the factor of 1/2 applied to ξ. Accordingly,
the inverse Wigner transformation is defined as

ρ{nα} (x,x
′) =

x,y,z∏
α

[
∆pα

∞∑
α=−∞

e
ipαnξα

ℏ

]
W{nα}(pn, r)

(15)

with x ≡ r + ξ/2 and x′ ≡ r − ξ/2. The normalization
condition of the DWF is defined as

x,y,z∏
α

[∫ Lα
2

−Lα
2

drα

∞∑
nα=−∞

∆pα

]
W{0}(pn, r) = 1, (16)

where W{0}(pn, r) is the auxiliary WDF with nx =
0,ny = 0, and nz = 0.
When Lα is larger than the coherent length of the sub-

system, we can take the continuous space limit that sat-
isfies the Riemann integral as

lim
Lα→∞

∞∑
nα=−∞

∆pα =

∫ +∞

−∞
dpα. (17)

As a result, the integral region in the Wigner transforma-
tion is modified from the discrete momentum space pn

to the continuous momentum space p. Consequently, the
Wigner transformation adheres to its standard definition
expressed as7–11,85,86

W{nα}(p, r)≡
x,y,z∏
α

(
1

2πℏ

∫ ∞
−∞

dξαe
− ipαξα

ℏ

)
× ρ{nα}

(
r +

ξ

2
, r − ξ

2

)
. (18)

In this case, Eq. (8) are rewritten as

∂W{nα}(p, r)

∂t
= −

L̂qm(t) +

x,y,z∑
α

Kα∑
j=0

njαν
α
j


×W{nα}(p, r)

+

x,y,z∑
α

Kα∑
j=0

Φ̃αW{nα+ej
α}(p, r)

+

x,y,z∑
α

Kα∑
j=0

njαΘ̃
α
j (t)W{nα−ej

α}(p, r).

(19)

Here, the quantum Liouvillian with gauge field for
ĤS(t) = HS(p̂, x̂; t) in Eq. (2) is expressed in integral
form by extending Frensley’s formalism as87

−L̂qm(t)W{nα}(p, r) = − i

ℏ

x,y,z∏
α

(
1

(2πℏ)2

∫ ∞
−∞

dp′αdr
′
α

)
× TS(p, r,p

′, r′; t)W{nα}(p
′, r′),

(20)

where the integral kernel is defined as

TS(p, r,p
′, r′; t)

≡
x,y,z∏
α

(∫ ∞
−∞

dξαdζα

)
e−

i(p−p′)·ξ
ℏ e

i(r+r′)·ζ
ℏ

×
{
H→S

(
p′ +

ζ

2
, r +

ξ

2
; t

)
−H←S

(
p′ − ζ

2
, r − ξ

2
; t

)}
.

(21)

Here, H→S and H←S represent the system Hamiltonian,
with the momentum operators positioned to the right
and left of the density operator, respectively. In arrang-
ing them, it is essential to account for the commutation
relation between the position and momentum operators.
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The auxiliary operators are expressed as Φ̃α = ∂/∂pα,

Θ̃α
0 (t)≡

ηαγα
mS

[(
pα − qÂα(t)

)

+
mS

β

1 +

Kα∑
j=1

2η̄αj γ
2
α

γ2α − (ναj )
2

 ∂

∂pα

]
, (22)

and

Θ̃α
j = −ηαγ

2
α

β

2η̄αj ν
α
j

γ2α − (ναj )
2

∂

∂pα
(j = 1, · · · ,Kα). (23)

Here, we introduce the operator defined as

Âα(t)W (p, r) =
1

2(2πℏ)3

∫
dp′
∫
dξe

iξ·(p′−p)
ℏ

×
{
Aα

(
r +

ξ

2
, t

)
+Aα

(
r − ξ

2
, t

)}
W (p′, r) .

(24)

The U(1)-QHFPE satisfies gauge invariance as in the
case of U(1)-HEOM presented in Eqs. (8)-(10). For the
damping operator in Eq. (22), this is obvious because it

involves the kinetic momentum p− qÂ(t) instead of the
canonical momentum p.

In the Markovian limit, we have the U(1) quantum
Fokker-Planck equation (U(1)-QFPE) expressed as

∂W (p, r)

∂t
= −L̂qm(t)W (p, r)

+

x,y,z∑
α

ηα
mS

∂

∂pα

{[
pα − qÂα(t)

]
+
mS

β

∂

∂pα

}
W (p, r).

(25)

This expression is valid in high-temperature semi-
classical conditions. The above equation is equivalent to
the Caldeira–Leggett quantum Fokker–Planck equation
(C–L QFPE) when qAα = 0 and qUϕ = 0.7,9–11,85,86

Because the high-temperature limit βℏ ≪ 1/γ ≈ 0 is
equivalent to the semiclassical limit, ℏ → 0, the quantum
Liouvillian is approximated as

−L̂cl(t) =

x,y,z∑
α

[
− [pα − qÂα(t)]

mS

∂

∂rα
+
∂Uϕ(r, t)

∂rα

∂

∂pα

]
.

(26)

III. NUMERICAL DEMONSTRATION: A–B RING
SYSTEM

The A–B effect is a phenomenon that arises from the
presence of an electromagnetic gauge field with U(1) sym-
metry in a quantum system.54–56 To observe this effect,
we consider a simple model known as the A–B ring.15–26

This system is described by the Hamiltonian Eq. (2) with
the potential U(x̂; t) = 0. As problems of the A–B ring,

B
q

FIG. 1. Schematic of an A–B ring system. We consider the
single flow case, in which a single charge rotates in one direc-
tion along the ring. The magnetic field is confined only inside
the ring and is set to zero outside, as shown in Table I.

B⃗ A⃗

Inside (r < r0) B0ẑ
B0
2
rθ̂

Outside (r ≥ r0) 0
B0r

2
0

2r
θ̂ = Φ

2πr
θ̂

TABLE I. Magnetic fields and vector potentials set up in the
A–B ring of radius r0. Here, the magnetic field inside the
ring is constant at magnitude B0 and the magnetic flux is
Φ = πr20B0, while the field outside the ring is set to zero.
Outside of it, the magnetic field is completely shielded, but
the vector field is not negligible.

here we consider a single charge rotating around the ring,
and there is a vertical magnetic field perfectly shielded
at the center of the ring.19–26 (See Fig. 1). The magnetic
and vector fields are set as shown in Table I.

The total Hamiltonian of the A–B ring is then ex-
pressed as

ĤRISB
tot =

(p̂θ − qr0A)
2

2IS

+

x,y∑
α

∑
k

[
(p̂αk )

2

2mα
k

+
mα

j ω
α
k

2

(
q̂αk − cαk V̂α

mα
k (ω

α
k )

2

)]
,

(27)

where p̂θ is the angular momentum, IS ≡ mSr
2
0 is the

moment of inertia, and V̂x = r0 cos θ̂ and V̂y = r0 sin θ̂.

Note that the Wigner transformation for the 2D polar
coordinate system is not uniquely defined,88,89 but here
we adopt the DWT-PBC, as specified in Eq. (14), to
conduct numerical simulations.

For Drude environment Eq. (6), we consider the
isotropic bath Jx(ω) = Jy(ω) = J(ω). Thus, U(1)-
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QHFPE for A–B ring are expressed as

∂W{nα}(pn, θ)

∂t
= −

[
L̂AB
qm +

x,y∑
α

K∑
k=0

nαkν
α
k

]
×W{nα}(pn, θ)

+

x,y∑
α

K∑
k=0

Φ̃AB
α W{nα+ek

α}(pn, θ)

+

x,y∑
α

K∑
k=0

nαk Θ̃
AB
α,kW{nα−ek

α}(pn, θ),

(28)

where W{nα}(pn, θ) is an auxiliary WDF for the dis-
cretized momentum pn and the quantum Liouvillian for
the A–B ring system is defined as

−LAB
qmW (pn, θ) = − (pn − qr0A)

IS

∂W (pn, θ)

∂θ

−1

ℏ

∞∑
k=1

[
u
(c)
k sin(kθ)− u

(s)
k cos(kθ)

]
×
[
W (pn+k, θ)−W (pn−k, θ)

]
, (29)

where u
(c)
k and u

(s)
k represent the Fourier coefficients of

the k-th cosine and sine functions, respectively.

We define Φ̃AB
α = r0fα(θ)δ/δpn, where δ/δpn is defined

as δ/δpnf(pn) = (f(pn+1)− f(pn−1))/ℏ for an arbitrary
function f(pn) of pn. The other operators appearing in
Eq. (28) are defined as

Θ̃AB
α,0W (pn, θ) =

ηr0γ

β

1 +

K∑
j=1

2η̄jγ
2

γ2 − ν2j

 fα(θ)
δW (pn, θ)

δpn

− ηγ2r0
2

gα(θ) [W (pn+1, θ, ) +W (pn−1, θ, )] ,

(30)

and

Θ̃AB
α,j = −ηr0γ

2

β

2η̄jνj
γ2 − ν2j

fα(θ)
δ

δpn
(j = 1, · · · ,K),

(31)

where we set (fx(θ), gx(θ)) = (− sin θ, cos θ) and
(fy(θ), gy(θ)) = (cos θ, sin θ). Unlike the QHFPE in
Eq. (C2), we incorporate the counter term into the sys-
tem Hamiltonian in the QHFPE in Eq. (28) to conduct
the reduction regarding the radial degree of freedom. (see
Appendix B for derivation).

In the Markovian limit, the above equations reduce to

∂W (pn, θ)

∂t
= −LAB

qmW (pn, θ)

+
ηr20
βℏ2

[W (pn+2, θ)− 2W (pn, θ) +W (pn−2, θ)]

+
η

2mSℏ

[
(pn+2 − qr0A)W (pn+2, θ)

− (pn−2 − qr0A)W (pn−2, θ)
]
. (32)

To illustrate the importance of rotational symmetry of
the total Hamiltonians, we discuss the C–L model as
a reference system. The Hamiltonian of the Caldeira-
Legget model85 for the A–B ring is expressed as

ĤCL
tot =

(
p̂θ − qr0A

)2
2IS

+
∑
k

 p̂2k
2mk

+
mkω

2
k

2

(
q̂k − ckr0θ̂

mkω2
j

)2
 . (33)

In the C–L model, the S-B interaction is linear in

r0θ̂
∑
ckq̂k. Thus, the influence of bthe ath on the system

angle θ increases linearly with θ + 2π, thereby break-
ing rotational symmetry.31–33 Consequently, the DWT-
PBC expressed in Eq. (14) cannot be utilized. In-
stead, we use the standard Wigner function expressed as
WCL(p, θ) with the transformation defined in Eq. (18).
The system is then modeled with periodic boundary
conditions, similar to the classical rotor, ensuring that
WCL(p, θ) = WCL(p, θ + 2π). Such treatment is justi-
fied when the ring size is large, rather than by electronic
coherence.11,83,84 In fact, as the ring size Lθ increases,
the DWT-PBC approaches the normal Wigner transfor-
mation, as shown in Eq. (17).
We then consider the Drude SDF defined as J(ω) =

(ℏη/π)(γ2ω/γ2 + ω2). The reduced equations of motion
for C–L model with a gauge field are presented in Ap-
pendix C. The hierarchical elements in the C–L model is

expressed as W
(n)
CL (p, θ). We refer to these equations as

the C–L U(1)-QHFPE, which also satisfy gauge invari-
ance.
In the Markovian limit, the C–L U(1)-QHFPE simpli-

fies to the C–L U(1)-QFPE expressed as

∂WCL(p, θ)

∂t
= −p− qr0A

IS

∂

∂θ
WCL(p, θ)

+
η

mS

∂

∂p

[
(p− qr0A) +

IS
β

∂

∂p

]
WCL(p, θ).

(34)

Previously, the differences between the C–L and RISB
models were examined by solving the quantum mas-
ter equation based on the eigenfunctions of angular
momentum.33 In this study, we verify this by directly
solving the U(1)-QHFPE. Then, add the gauge field to
the results and investigate the effect.
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In general, the majority of quantum effects tend to
vanish in Markov limits, requiring high-temperature ap-
proximations. However, it has been shown that quan-
tum effects due to periodic boundaries are observed when
there is no potential, as in the case of a free particle.33,35

Below, we discuss the differences between C–L and the
RISB model by solving the equilibrium distribution and
absorption spectrum under the Markov limit. Then, we
solve the U(1)-QHFPE, which can be studied at any tem-
perature, to simulate the persistent current of the AB
ring.

A. Equilibrium distributions: Markovian case

First, we investigate the characteristics of the DWT-
PBC. To this end, we solve Eqs. (32) and (34), which are
obtained under the Markov approximation. Note that a
comparative analysis between the C–L and RISB mod-
els for a damped free rotor system, which is described as
Eqs. (32) and (34) with A = 0 reveal noteworthy insight:
The quantum nature of the system emerges from dis-
cretized energy states with the frequency ω0 = ℏ/2IS re-
sulting from the periodic boundary condition.33,35 In this
high-temperature limit ℏω0 ≪ 1/β, where the dynamics
is semiclassical by nature, ℏ remains only in the RISB
model and thereby satisfying the fundamental require-
ment for quantization,33,35,36 while the C–L QFPE coin-
cides with the classical one (i.e. ℏ does not appear).31,32

To perform numerical calculation, we set ℏ = 1, q =
−1, mS = 0.5, and r0 = 1, and thus we have ω0 = 1.0.
The magnetic flux is expressed as the unit of flux quanta,
Φ̄ = Φ/Φ0, where Φ0 = h/q. We consider two cases with
(a) Φ̄ = 0 and (b) Φ̄ = 1. The grid size of the WDF
in the momentum directions are set to |pn|/ℏ ≤ 31/2
in the RISB case and Np = 128 in the C–L case with
the grid size dp = 0.25, whereas in the coordinate direc-
tions, the grid size is set to Nθ = 64 in both cases, with
the range θ ∈ [0, 2π). A second-order central difference
scheme was adopted as the expression for the deriva-
tives of coordinates and momentum. For the numeri-
cal time integration, the implicit method, which solves
the partial differential equation accurately and simulta-
neously, was used with the periodic boundary condition
W (pn, θ) =W (pn, θ + 2π).
In Fig. 2, we present the equilibrium distribution in

the momentum space obtained from Eqs.(32) and (34)
for different magnetic fluxes. The distribution function

is defined as follows: P eq
CL(p) =

∫ 2π

0
WCL(p, θ)dθ for the

C–L model, and P eq
RISB(pn) = 1

2

∫ 2π

0
W (pn, θ)dθ for the

RISB model. In the C–L case, P eq
CL(p) exhibits the Gaus-

sian profiles centered at p = qrA. This can be readily
discerned from the steady-state solution of Eq. (34) ex-
pressed as

P eq
CL(p) = N exp

[
− β

2IS
(p− qr0A)

2

]
, (35)

(a) (b)Φ = 0¯

P
eq

(p
)

p p

Φ = 1¯

 0

 0.1

 0.2

 0.3

-10.0 0.0 10.0 -10.0 0.0 10.0

FIG. 2. The equilibrium distribution in the momentum space
for the single charge flow obtained from the RISB model [Eq.
(32)] (blue bars) and the C–L model [Eq. (34)] (red curves).
Here we set η = 0.01, β = 0.2 for magnetic flux (a) Φ̄ = 0 and
(b) Φ̄ = 1 for Φ̄ ≡ Φ/Φ0. In the case of the RISB model, un-
like the C–L model, which exhibits a continuous distribution,
it shows a discontinuous distribution that exists only at inte-
ger values. However, in both cases, the distribution follows a
Gaussian profile centered at Φ̄.

where N is the normalization constant. In the case of
RISB, the energy state is discrete due to the DWT-PBC.
However, the outline profile is also a Gaussian centered
at p = qr0A.
Note that the Markov approximation requires a high-

temperature limit for the bath, resulting in a very wide
Gaussian distribution in both C–L and RISB cases. This
effectively suppresses the A–B shift at high temperatures.
We should also mention that the observed shift in both
C–L and RISB cases can be attributable to the gauge
invariance of their equations of motion, and the shifts
themselves are not necessarily quantum effects: The C–
L QFPE has the same form even in the classical limit,
showing that a shift exists even in the classical case.

B. Linear response: Markovian case

In the absence of the gauge field, the linear absorp-
tion spectrum of 2D and 3D damped free rotors has been
investigated through the use of the Markovian QME, em-
ploying eigenstate representation.33,35 Here, we calculate
the linear response spectrum of the A–B ring system for
laser excitation in accordance with the DWT-PBC for-
malism. Although there is no permanent dipole in the
A–B ring, the transient dipole allows for measurement
of the spectrum, as in the case of the 2D damped free
rotor.31–33 The linear repose (rotational) spectrum is ex-
pressed as

σ(ω) = Im

{∫ ∞
0

dt eiωtR(1)(t)

}
, (36)

where the first-order response function is defined as

R(1)(t) = i⟨[cos θ̂(t), cos θ̂(0)]⟩/ℏ. In the Markovian case,
we can rewrite the response function as7,35

R(1)(t) =
i

ℏ
Tr
{
cos θ̂Ĝ(t)(cos θ̂)×W eq

}
, (37)
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0.0

0.05

0.1

0.0

0.05

0.1

1.0 3.0 5.0 7.0 9.0 11.0 13.0 15.0

σ 
(ω

)

(a)

(b)

(c)

η = 0.01

η = 0.1

η = 1.0

0.0

0.1

0.2

0.3

0.4

0.5

ω/ω0

FIG. 3. Rotational spectrum without magnetic flux (i.e.Φ̄ =
0) are shown for the RISB (blue curves) and C–L (red curves)
cases under fixed β = 0.2, with (a) η = 0.01, (b) 0.1, and (c)
1.0 for fixed β = 0.2.

where Ĝ(t) is Green’s function in the absence of a laser
interaction, and W eq is the equilibrium distribution.

In the C–L case, W eq
CL is obtained as the steady-

state solution of Eq.(34). After laser excitation, the

state of the system becomes cos θ̂×W eq. Using that as
the initial condition, integrate Eq (34) to t to obtain

W ′CL(t) = Ĝ(t)(cos θ̂)×W eq
CL. Then R(1)(t) is evaluated

as the expectation value ⟨cos θ̂(t)⟩ = Tr{cos θ̂W ′CL(t)}
for the perturbed distribution W ′CL(t).

7,33

In the RISB case, Eq.(37) is expressed in the DWT-
PBC formulation as

R(1)(t) =
1

2

+∞∑
n,l=−∞

∫ 2π

0

dθdθ′ cos θ G(θ, pn; θ′, pl; t)

×
[
sin θ′

(
W eq(pl+1, θ

′)−W eq(pl−1, θ
′)
)]
, (38)

where G(θ, pn; θ′, pl; t) is the Green’s function in the
DWT-PBC representation. The evaluation ofW eq(pn, θ)
and G(θ, pn; θ′, pl; t) are now performed by numerical in-
tegration of Eq. (32). In Eq. (38), when we aply the
first pulse to the system, we compute W ′(θ, pn; t = 0) =
sin θ(δ/.δpn)W (pn, θ). Then, we compute the time evo-
lution for the WDF, W ′(pn, θ) using Eq. (32).
To verify the accuracy of the description of the Wigner

function based on the DWR-PBC, we first considered the
case where the magnetic flux is zero. In Fig. 3 we depict
rotational spectrum for different S-B coupling strengths.

σ 
(ω

)

(a)

(b)

(c)

(d)

(e)

Φ = 0.1¯

Φ = 0.2¯

Φ = 0.3¯

Φ = 0.4¯

Φ = 0.5¯

0.0

0.2

0.4

0.0

0.2

0.4

0.0

0.2

0.4

0.0

0.2

0.4

0.0

0.2

0.4

1.0 3.0 5.0 7.0 9.0 11.0 13.0 15.0
ω/ω0

FIG. 4. Rotational spectrum under the influence of the vector
potential. Each spectrum is obtained with η = 0.01 and β =
0.2 at various magnetic fluxes: (a) Φ̄ = 0.1, (b) 0.2, (c) 0.3,
(d) 0.4, and (e) 0.5. The case for Φ̄ = 0 is presented in Fig.
3 (a).

These results are consistent with the absorption spec-
trum of a damped free rotor obtained previously,33,35

demonstrating the validity of our U(1)-QHFP formula-
tion. In this case, rotational bands correspond to the
transitions between different angular momentum states.
They are observed in the RISB model in the case of weak
S-B coupling,33,35 while a single featureless broadened
peak is observed in the C–L model due to the lack of
rotational symmetry.31,32 As the S-B coupling strength
increases, the quantum coherence of the RISB model is
suppressed, and the results approach those of C–L model.
We now discuss the effects of magnetic flux. Figure 4

depicts rotational spectrum for various values of the flux
strengths: (a) Φ̄ = 0.1, (b) 0.2, (c) 0.3, (d) 0.4, and (e)
0.5 with fixed η = 0.01 and β = 0.2. The results for
Φ̄ = 0.0 is presented in Fig. 3 (a). As the value of Φ̄
increases, each peak (rotational band) observed at Φ̄ = 0
in Fig. 3 (a) splits into two as depicted in Fig. 4(b)-(d).
The distance between two peaks increases as Φ̄ increases
up to around Φ̄ = 0.25, and then begins to decrease,
disappearing at (e) Φ̄ = 0.5.
This phenomenon can be explained by analyzing the

transition energy of the A–B ring in the absence of the
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bath: The eigenfunction of the system Hamiltonian is
given by ψn(θ) = einθ/

√
2π, where the corresponding

eigenenergy is expressed as

En(Φ) = ℏω0

(
n− Φ̄

)2
. (39)

Then the transition energy from state ±|n| to ±(|n|+1)
is evaluated as ∆E±|n|→±(|n|+1) = E±(|n|+1) − E±|n| =

ℏω0(2|n| + 1 ∓ 2Φ̄).15 For the cases shown in Figs. 3
and 4, this is expressed as (2n + 1) ± 2Φ̄, where n is a
non-negative integer.

Thus, in the case of Fig. 3, where Φ̄ = 0, rotational
spectrum exhibits peaks exclusively at positions corre-
sponding to (2n+1), reflecting transitions between angu-
lar momentum eigenstates. In Fig. 4, when Φ̄ becomes
finite and smaller than Φ̄ < 0.5, each rotational band
split because the transition now becomes (2n+ 1)± 2Φ̄.
In Fig. 4 (e) Φ̄ = 0.5, the splits disappear because for
Φ̄ = ±0.5, the energy spacing becomes ∆E = (2n+1)±1,
leading to absorption peaks located at the positions, 2n
excluding zero. Because {Φ̄ ∈ [0, 0.5) | mod 0.5}, the
rotational bands split again for 0.5 ≤ Φ̄ < 1 as Fig. 4 (e)
→ Fig. 4 (a) as Φ̄ increases.

C. Persistent Current: Non-Markovian cases

Persistent current is a unique property exhibited by
A–B rings.19,20,26 It has been observed not only in
superconducting materials15–18 but also in metals and
semiconductors,21–25 where the ring circumference is suf-
ficiently short and the phase of the electron wave func-
tion is preserved. As shown in the previous subsection,
the gauge effects that appear in rotational spectrum ex-
ist even in the presence of a thermal bath. Here, we
investigate the environmental effects on persistent cur-
rent using the C–L and RISB models. The important
point here is that persistent current manifests exclusively
at low temperatures, where the coherence of the wave
function can be sustained. Therefore, here we utilize the
U(1)-QHFPE, in which the temperature restrictions have
been removed.

The current contribution from the state n is given by
the Byers–Yang relation expressed as15,23

In(Φ) = −∂En(Φ)

∂Φ
=

2ℏω0

Φ0
(n− Φ̄), (40)

where the system energy is given by Eq. (39). In natu-
ral units, this upper bound coincides precisely with the
dimensionless magnetic flux Φ̄, which serves as a distinc-
tive signature of the A–B effect. To confirm this feature
in our setup, we computed the expectation value of the
current defined as

Jeq(Φ̄)≡ Tr
{
Ĵ ρ̂eq

}
=

ℏ
2

∑
n

∫ 2π

0

dθ

[
2ω0

Φ0
(pn − ℏΦ̄)W eq(pn, θ)

]
,

(41)

-2.0

-1.0

0.0

1.0

2.0

0.0 0.2 0.4 0.6 0.8 1.0

Φ̄

C
ur

re
nt

×10−2

FIG. 5. Persistent current computed from the U(1)-QHFPE
is plotted as a function of the magnetic flux Φ̄ for very weak
(η = 1.0 × 10−3, blue curves) and the strong (η = 1.0, red
curves) S-B coupling cases at the low temperature β = 2.5.
The orange line represents the high-temperature case (β =
0.2) with the weak S–B coupling (η = 1.0 × 10−3): The per-
sistent current vanishes at this high-temperature regime, re-
gardless of the coupling strength, aligning with the behav-
ior of the orange line. Similarly, Markovian results—relying
on high-temperature approximations—also show no persistent
current.(not shown.)

where Ĵ ≡ 2ω0(p̂θ − qr0A)/Φ0 is the current operator.

For the computation of the persistent current, we set
the inverse temperature as (a) β = 2.5 (low) and (b)
β = 0.2 (high). For the U(1)-QFHPE in Eq. (28), we set
the truncation number of the hierarchy to N = 2 for the
very weak S–B coupling case (η = 1.0×10−3) and N = 8
for the strong coupling case (η = 1.0). The number of
Padé frequencies are chosen to K = 1 and 4 at high (β =
0.2) and low (β = 2.5) temperatures, respectively. The
grid size of the WDF was set to Nθ = 64 and |pn|/ℏ ≤
31/2. Numerical integration for the U(1)-QHFPE was
performed using the Runge–Kutta–Fehlberg method.90

In Fig. 5, we plot the current as a function of the mag-
netic flux, Φ̄. The blue and red curves represent the
results in the very weak (η = 1.0 × 10−3) and strong
(η = 1.0) S-B coupling cases at the low temperature
(β = 2.5), respectively, while the orange line represents
the result in the high temperature case (β = 0.2) with
the very weak S-B coupling (η = 1.0× 10−3).

At low temperatures, the system remains in the ground
state. From Eq. (40), when the magnetic flux, Φ̄, is
small, the current increases proportionally to the flux,
as I0(Φ) ∝ Φ̄. However, as Φ̄ increases, the eigenenergy
of the first excited state (n = −1) decreases, following
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∆E0→−1 = ℏω0(1 − 2Φ̄), and becomes thermally popu-
lated. Then, for 0.25 < Φ̄, the current associated with
the first excited state flows in the opposite direction to
the ground state current according to Eq. (40). As a re-
sult, the total current decreases with increasing Φ̄. When
Φ̄ = 0.5, the current vanishes because the ground and
first excited states become degenerate, canceling the net
current. For 0.5 ≤ Φ̄ < 1, the roles of n = 0 and n = −1
switch, causing the current to flow in the opposite direc-
tion.

As the S-B coupling strength increases (red curves),
higher excited states become more populated, resulting
in a further decrease in the net current. At high temper-
atures (orange line), the current is completely suppressed
because the eigenstates responsible for the rightward and
leftward currents achieve equal population.

The periodicity of the current can also be demon-
strated using the U(1)-QHFPE framework [Eq. (28)].
When the magnetic flux changes as Φ → Φ+ kΦ0, where
k is an integer, Eq. (28) remains invariant under the
transformation W{nα}(pn, θ) → W{nα}(pn−2k, θ). Be-
cause the thermal equilibrium state is unique, we have
W eq
{nα}(pn, θ)

∣∣
Φ̄

= W eq
{nα}(pn+2k, θ)

∣∣
Φ̄+k

for the equilib-

rium state. Thus, from Eq. (41), we find the periodicity
of persistent current expressed as Jeq(Φ+kΦ0) = Jeq(Φ).
In the weak-coupling limit, this result aligns with the
Byers–Yang theorem.15

IV. CONCLUSION

We considered a system with a gauge field that inter-
acts with multiple heat baths (the RISB model). As-
suming Drude SDF for each bath and by reducing the
bath degrees of freedom, we derived the U(1)-QHFPE,
which can treat anisotropic S-B interaction in a non-
perturbative and non-Markovian manner. For compar-
ison, we also considered a C–L model including a gauge
field, and derived the C–L U(1)-QHFPE. Both of these
equations satisfy gauge invariance.

To verify the validity of the equations of motion, we
consider the A–B ring system and investigate the equi-
librium distribution, rotational spectrum in the Markov
case, and the persistent current in the non-Markovian
case. While the RISB models exhibited rotational
bands reflecting discrete energy levels, the C–L mod-
els showed only a broad peak due to their lack of ro-
tational symmetry.33 Under a gauge field, the peaks in
the RISB model split due to magnetic flux-induced tran-
sitions, while the change in the C–L model is minor.

The flow of the persistent current depends on the ther-
mal distribution of the A–B ring in momentum space. At
high temperatures, the effect of the gauge field is sup-
pressed due to the broadening of the equilibrium distri-
bution. In such cases, the momentum shift caused by
the gauge field has only a minor effect. Moreover, since
actual experiments are performed at low temperatures,
methods such as the U(1)-HEOM and U(1)-QHFPE are

suitable for studying the persistent current.

Not only in the case of RISB but also in the case of C–
L, when the temperature was high, no persistent current.
was observed. Thus Markovian approximation should
not be employed for the investigation of the persistent
current.

While a system in thermal equilibrium, defined by in-
verse temperature β means that the system is not gener-
ating heat or entropy. Using the present formalism based
on HEOM, it is possible to evaluated thermodynamic
quantities such as heat and entropy not only in equilib-
rium systems but also in non-equilibrium systems.91,92

The equations of motion derived in this paper allow
for the introduction of arbitrary time-dependent external
fields. This makes it possible to study the A–B effect
under time-dependent external fields.

Research in such direction is a challenge for the future.
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Appendix A: Gauge invariance of the U(1)-HEOM

Under this transformation, Eqs. (8)-(10), is expressed
as

∂

∂t
ρ̂′{nα}(t)= −

 i
ℏ
Ĥ ′×S (t) +

x,y,z∑
α

Kα∑
j=0

nαj ν
α
j

ρ̂′{nα}(t)

+

x,y,z∑
α

Kα∑
j=0

Φ̂αρ̂′{nα+ej
α}
(t)

+

x,y,z∑
α

Kα∑
j=0

nαj Θ̂
′α
j ρ̂
′
{nα−ej

α}
(t), (A1)

where

ρ̂′{nα} = U(x̂, t)ρ̂{nα}(t)U
†(x̂, t) (A2)

and Ĥ ′S(t) and Θ̂′α0 are the Hamiltonian and relax-
ation operator after gauge transformation, A′(x; t) and
ϕ′(x; t), respectively. The gauge transformation directly

affects the operator Θ̂α
0 (t), while Θ̂α

j (j ̸= 0) is invariant
under gauge transformations. Using Eq. (12), we have

Ĥ ′S(t) = U(x̂, t)ĤS(t)Û
†(x̂, t)− iq

∂χ(x̂, t)

∂t

=
1

2mS
[p̂− qA(x̂; t)− q∇χ(x̂; t)]2

+ ϕ(x̂; t)− q
∂χ(x̂, t)

∂t
, (A3)

and

Θ̂′α0 (t) = − i

ℏ

[
ηαγα
β

1 +

Kα∑
j=1

2η̄αj γ
2
α

γ2α − (ναj )
2


×
(
U(x̂, t)V̂αU

†(x̂, t)
)×

+
iℏηαγα

2

(
U(x̂, t) ˆ̇VαU

†(x̂, t)
)◦ ]

= − i

ℏ

ηαγα
β

1 +

Kα∑
j=1

2η̄αj γ
2
α

γ2α − (ναj )
2

 V̂ ×α

+
iℏηαγα

2
ˆ̇V ′◦α (t)

]
, (A4)

where ˆ̇V ′α(t) = i[Ĥ ′S(t), V̂α]/ℏ. Based on the above re-
sults, Eq. (A1) reduces to Eq. (8) again, and the U(1)-
HEOM satisfies gauge invariance.

Appendix B: U(1)-HEOM for the A–B ring

To apply the U(1)-HEOM to an A–B ring, we consider
the two-dimensional case and assume the isotropic envi-
ronment ηx = ηy ≡ η and γx = γy ≡ γ in Eq. (6). To

reduce the radial degree of freedom later, we incorporate
the counter term to the system Hamiltonian, and thus
the system Hamiltonian is expressed as follows:

ĤC
S = ĤS +

ηγ

2
(q̂2x + q̂2y). (B1)

Then, we can express the U(1)-HEOM as

∂ρC{nα}(q, q
′)

∂t
= −

[
i

ℏ
ĤC×

S +

x,y∑
α

K∑
k=0

nαkνk

]
ρC{nα}(q, q

′)

+

x,y∑
α

K∑
k=0

Φ̂αρC{nα+ek
α}
(q, q′)

+

x,y∑
α

K∑
k=0

nαk Θ̂
C,α
k ρC{nα−ek

α}
(q, q′), (B2)

where ρ̂C{nα} is an auxiliary density operator in which

the counter term is incorporated into the system Hamil-
tonian, and we define the operators as

Θ̂C
α,0 = − i

ℏ
c0(qα − q′α)−

ηγ2

2
(qα + q′α), (B3)

and Θ̂C
α,k = Θ̂α

k for k = 1, 2, · · · ,K. Here, we set c0 =
ηγ
β

(
1 +

∑K
j=1

2η̄jγ
2

γ2−ν2
j

)
. In Eq. (B2), we also set Kx =

Ky ≡ K.
Using the polar coordinate, we can express the Carte-

sian coordinate variables as qx = r cos θ and qy = r sin θ
and express the ADO as ρC{n⃗α}(r, θ, r

′, θ′; t). We reduce

the radial degree of freedom for r0. The reduced system
density operator is then expressed as

RC
{nα}(θ, θ

′; t) =

∫ ∞
0

rρC{nα}(r, θ, r
′, θ′; t)dr. (B4)

For a fixed radius, the following equality holds for an
arbitrary real number c.

rc0R
C
{nα}(θ, θ

′; t) =

∫ ∞
0

rc+1ρC{nα}(r, θ, r
′, θ′; t)dr. (B5)

Then, we obtain the U(1)-HEOM for the A–B ring sys-
tem as follows:

∂RC
{nα}(θ, θ

′)

∂t
= −

[
i

ℏ
Ĥ×S +

x,y∑
α

K∑
k=0

nαkνj

]
RC
{nα}(θ, θ

′)

+

x,y∑
α

K∑
k=0

Φ̂α
redR

C
{nα+ek

α}
(θ, θ′)

+

x,y∑
α

K∑
k=0

nαk Θ̂
red,C
α,k Rred,C

{nα−ek
α}
(θ, θ′), (B6)

where Φ̂α
red and Θ̂red,C

α,k are the operators Φ̂α and Θ̂C
α,k

in which qx, qy, q
′
x, and q′y are replaced by r0 cos θ,

r0 sin θ, r0 cos θ
′, and r0 sin θ

′, respectively. Perform-
ing the Wigner transformation to Eq. (B6), we obtain
the U(1)-Quantum Hierarchical Fokker–Planck Equa-
tions [U(1)-QHFPE] in Eq. (28).
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Appendix C: Caldeira–Legget model for the A–B ring

The Hamiltonian of the Caldeira–Leggett model85 is
presented in Eq. (33) We consider the Drude SDF is
then expressed as

J(ω) =
ℏη
π

γ2ω

γ2 + ω2
. (C1)

With a straightforward extension of the quantum hierar-
chical Fokker-Planck equation (QHFPE) for the Hamil-
tonian Eq. (33), we obtain the C–L U(1)-QHFPE ex-
pressed as9

∂W
(n)
CL (p, θ)

∂t
= −

[
p− qr0A

IS

∂

∂θ
+

K∑
k=0

nkνk

]
W

(n)
CL (p, θ)

+ Φ̂

K∑
k=0

W
(n+ek)
CL (p, θ)

+

K∑
k=0

nkνkΘ̂
CL
k W

(n−ek)
CL (p, θ), (C2)

where Φ̂ = r0∂/∂p,

Θ̂CL
0 ≡ ηr0

IS

(p− qr0A) +
IS
β

1 +

K∑
j=1

2η̄jγ
2

γ2 − ν2j

 ∂

∂p

 ,

(C3)

and

Θ̂CL
k ≡ − 2ηη̄kγ

2

β(γ2 − ν2k)

∂

∂p
(k = 1, · · · ,K). (C4)

The above equations are then truncated by using
the modified ”terminators” expressed in the Wigner
representation.9

For large γ we have J(ω) = ℏηω/π. With the high
temperature bath βℏω0 ≪ 1, where ω0 is the character-
istic frequency of the system, we have

∂WCL(p, θ)

∂t
= −p− qr0A

IS

∂

∂θ
WCL(p, θ)

+
η

mS

∂

∂p

[
(p− qr0A) +

IS
β

∂

∂p

]
WCL(p, θ).

(C5)

It is important to notice that because the Hamiltonian
Eq.(33) does not have rotational symmetry, we cannot
employ the DWT-PBC presented in Eq. (14). To impose
periodic boundary conditions, we thus set WCL(p, θ) =
WCL(p, θ + 2π). The above equation should be semi-
classical, but ℏ does not appear anywhere. Consequently,
the description of the C–L U(1)-QFPE with the periodic
boundary condition is by nature classical.
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62V. Moldoveanu, M. Ţolea, A. Aldea, and B. Tanatar, “Resonant
and coherent transport through aharonov-bohm interferometers
with coupled quantum dots,” Phys. Rev. B 71, 125338 (2005).

63E. Strambini, V. Piazza, G. Biasiol, L. Sorba, and F. Beltram,
“Impact of classical forces and decoherence in multiterminal
aharonov-bohm networks,” Phys. Rev. B 79, 195443 (2009).

64Y. V. Nazarov, “Aharonov-bohm effect in the system of two tun-
nel junctions,” Phys. Rev. B 47, 2768–2774 (1993).

65X. Lu, J.-S. Wang, W. G. Morrel, X. Ni, C.-Q. Wu, and B. Li,
“Thermoelectric effect in aharonov–bohm structures,” Journal of
Physics: Condensed Matter 27, 035301 (2014).

66A. Lahiri, K. Gharavi, J. Baugh, and B. Muralidharan, “Nonequi-
librium green’s function study of magnetoconductance features
and oscillations in clean and disordered nanowires,” Phys. Rev.
B 98, 125417 (2018).

67T. Maaravi and O. Hod, “Simulating electron dynamics in open

https://doi.org/https://doi.org/10.1016/j.physc.2010.02.036
https://doi.org/https://doi.org/10.1016/j.physc.2010.02.036
https://doi.org/10.1007/978-3-319-95159-1
https://doi.org/10.1007/BF02105068
https://doi.org/10.1007/BF02105068
https://doi.org/10.1103/PhysRevLett.102.237003
https://doi.org/10.1103/PhysRevB.89.224507
https://doi.org/10.1038/s41567-024-02412-4
https://doi.org/10.1038/s41567-024-02412-4
https://doi.org/10.1143/JPSJ.71.2414
https://doi.org/10.1143/JPSJ.71.2414
https://doi.org/10.1063/1.1578630
https://doi.org/10.1063/1.5044585
https://doi.org/10.1063/1.5044585
https://doi.org/10.1103/PhysRevB.36.2770
https://doi.org/10.1063/1.5108609
https://doi.org/10.1063/1.5108609
https://doi.org/10.1063/1.5105375
https://doi.org/10.1063/1.5105375
https://arxiv.org/abs/https://pubs.aip.org/aip/jcp/article-pdf/doi/10.1063/1.5105375/13939463/034101_1_online.pdf
https://arxiv.org/abs/https://pubs.aip.org/aip/jcp/article-pdf/doi/10.1063/1.5105375/13939463/034101_1_online.pdf
https://doi.org/10.1103/PhysRevResearch.3.023079
https://doi.org/10.1103/PhysRevResearch.3.023079
https://doi.org/10.1103/PhysRevLett.49.405
https://arxiv.org/abs/1606.06687
https://arxiv.org/abs/1606.06687
https://doi.org/10.1103/PhysRev.115.485
https://doi.org/10.1103/PhysRevLett.56.792
https://doi.org/10.1038/452298a
https://doi.org/10.1038/452298a
https://doi.org/10.1103/PhysRevLett.74.4047
https://doi.org/10.1103/PhysRevLett.74.4047
https://doi.org/10.1103/PhysRevB.52.R14360
https://doi.org/10.1103/PhysRevB.52.R14360
https://doi.org/10.1103/PhysRevLett.88.256806
https://doi.org/https://doi.org/10.1016/j.spmi.2004.03.002
https://doi.org/https://doi.org/10.1016/j.spmi.2004.03.002
https://doi.org/10.1103/PhysRevB.69.115307
https://doi.org/10.1103/PhysRevB.69.115307
https://doi.org/10.1103/PhysRevB.71.125338
https://doi.org/10.1103/PhysRevB.79.195443
https://doi.org/10.1103/PhysRevB.47.2768
https://doi.org/10.1088/0953-8984/27/3/035301
https://doi.org/10.1088/0953-8984/27/3/035301
https://doi.org/10.1103/PhysRevB.98.125417
https://doi.org/10.1103/PhysRevB.98.125417


14

quantum systems under magnetic fields,” The Journal of Physical
Chemistry C 124, 8652–8662 (2020).

68A. Aharony, Y. Tokura, G. Z. Cohen, O. Entin-Wohlman, and
S. Katsumoto, “Filtering and analyzing mobile qubit information
via rashba–dresselhaus–aharonov–bohm interferometers,” Phys.
Rev. B 84, 035323 (2011).

69M. W.-Y. Tu, W.-M. Zhang, J. Jin, O. Entin-Wohlman,
and A. Aharony, “Transient quantum transport in double-
dot aharonov-bohm interferometers,” Phys. Rev. B 86, 115453
(2012).

70B. Liu, Y. Li, J. Zhou, T. Nakayama, and B. Li, “Spin-dependent
seebeck effect in aharonov–bohm rings with rashba and dressel-
haus spin–orbit interactions,” Physica E: Low-dimensional Sys-
tems and Nanostructures 80, 163–167 (2016).

71J. Jin, S. Wang, J. Zhou, W.-M. Zhang, and Y. Yan, “Manipu-
lating quantum coherence of charge states in interacting double-
dot aharonov–bohm interferometers,” New Journal of Physics 20,
043043 (2018).

72G. Engelhardt and J. Cao, “Tuning the aharonov-bohm effect
with dephasing in nonequilibrium transport,” Phys. Rev. B 99,
075436 (2019).

73H. Takahashi and Y. Tanimura, “Open quantum dynamics theory
of spin relaxation: Application to µsr and low-field NMR spec-
troscopies,” Journal of the Physical Society of Japan 89, 064710
(2020).

74Y. Tanimura and R. Kubo, “Time evolution of a quantum sys-
tem in contact with a nearly Gaussian-Markoffian noise bath,”
Journal of the Physical Society of Japan 58, 101–114 (1989).

75R. Feynman and F. Vernon, “The theory of a general quantum
system interacting with a linear dissipative system,” Annals of
Physics 24, 118–173 (1963).

76Y. Tanimura, “Reduced hierarchical equations of motion in real
and imaginary time: Correlated initial states and thermody-
namic quantities,” The Journal of Chemical Physics 141, 044114
(2014).

77J. Hu, R.-X. Xu, and Y. Yan, “Communication: Padé spectrum
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