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We study an absorption spectrum of a two-dimensional rotator coupled to a colored harmonic-
oscillator bath. The absorption spectrum is analytically calculated from the generating functional of a
reduced density matrix element for the rotator degrees of freedom. In the previous letter [J. Phys. Soc.
Jpn. 70 (2001) 1167], the analysis of spectrum is limited to a white noise case. In this paper, we extend
our theory to a colored noise case. We present the spectra for different temperatures, damping strength,
and the correlation time of the noise. For a weakly damped rotator, at low temperatures, the spectra are
sensitive to the system dynamics that is determined by the quantization of the rotational motion. Such a
quantized rotational motion depends on the noise effects. Hence we observe the peak shifts by the noise
correlation time. For a strongly damped rotator, we find the bimodal spectrum in the slow modulation
case. One of the peaks is caused by the effect of the colored noise, which dose not appear in the case of
the white noise. This peak is related to a librational motion induced by the coupling between the system
and the bath oscillators with the near zero frequencies.
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1. Introduction

In physics and chemistry, rotational motions in a
dissipative environment is as important as translational and
vibrational motions. The rotational relaxation plays an
important role in dielectric absorption1) and dispersion, the
infrared (IR), far-IR or rotational-Raman spectra2,3) of
solutions. For example, a role of the rotational relaxation
is observed in Fourier transform infrared spectroscopy of
methane molecules embedded in parahydrogen crystals.4)

Theoretically, the dissipative effects are investigated by
means of computer simulations or by employing model
systems that can by solved analytically. Computer simula-
tions5–8) provide reasonable results; however, it is compu-
tationally expensive to study relaxation effects by them,
especially, in a quantum case, since they require large-scale
long-time calculations and they often complicate the under-
standing of the problem. Simpler models that include the
necessary complexity to address dissipation make possible to
compensate these disadvantages. In this paper, we investi-
gate quantum dynamics of a damped rotator system modeled
by a free rotator coupled to a harmonic oscillator heat-bath
based on an analytical expression of two-time correlation
functions. The translational and vibrational motions in the
dissipative environments are commonly modeled by a
Brownian oscillator model, which consists of a system
coupled to a harmonic oscillator bath.9–12) For the rotational
motion, one faces the complication of how to formulate a
coupling scheme that dose not ignore the periodicity of angle
variable. In order to solve this problem, there are two ways
to describe the system: the energy level representation and
the coordinate representation. In the former, we describe the
rotator system in terms of the discrete energy level arising
from the quantization of the rotational degree of freedom
with a cyclic boundary condition.13–15) The effects of
dissipation are introduced by artificially adopting the life
time of these energy levels. In the coordinate representation,

the rotator system is expressed in terms of the angle
coordinate satisfying the cyclic boundary condition.16,17)

The dissipation is defined as the coupling between this
angular coordinate and the environment. Such a description
allows us the clear establishment of the relation between the
quantum model and the phenomenological classical model.
A model Hamiltonian is then denoted by the two-dimen-
sional rotator system coupled to the environment represented
by an ensemble of harmonic oscillators, which satisfies the
cyclic boundary condition of the rotator system. In this
paper, we use the latter representation to investigate the
quantum rotator in a Gaussian–Markovian noise bath. The
effects of the environment, e.g., temperature and noise, can
be studied with the absorption spectra that are calculated
from the generating functional. In the previous letter,18) we
present the absorption spectra related to the two-time
correlation function of the damped rotator for a Gaussian-
white noise bath. In this paper, we present the calculational
details of the correlation functions and the analysis of the
spectra for a Gaussian–Markovian bath.

The heat-bath acts as a noise source, which induces a
fluctuation in the system through the system-bath interac-
tion. In characterizing the time scale of the noise correlation
plays an important role. In many cases, e.g., molecular
collision or lattice vibration, the noise correlation time is
required to be so short that the approximation of completely
uncorrelated fluctuations is valid. In such a case, the noise is
assumed to be the Gaussian-white noise characterized by the
noise correlation function �ðtÞ ¼ 2��ðtÞ, where � implies the
system-bath coupling strength. In liquids, however, where
the motions of the bath molecules have a similar time scale
as the motions of the system, this approximation is invalid
and a more elaborate model is necessary, which accounts for
the finite correlation of the system and the bath motions. One
of examples is the Gaussian–Markovian noise characterized
by the noise correlation function �ðtÞ ¼ �!De

�!Dt, in which
!D corresponds to the inverse correlation time of the noise.
It is noted that the Gaussian-white noise is the zero limit of
the noise correlation time in the Gaussian–Markovian noise;�E-mail: youko@ims.ac.jp
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i.e., !D !1 leads �!De
�!Dt to 2��ðtÞ.

In §2, we define the model Hamiltonian that reduces the
Langevin equation in the classical limit. The derivation of
the Langevin equation is given in Appendix A. In §3, we
give the analytical expression of the generating functional in
the case of the Gaussian–Markovian noise. The calculational
details are shown in Appendices B and C. In §4, the two-
time correlation function is derived from the generating
functional. The numerical results and their discussion are
presented in §5. Section 6 is devoted to the conclusion.

2. Response Function for Optical Processes

The Hamiltonian of the multi-dimensional rotator coupled
to the heat bath is written as

ĤH ¼
L2

2�
þ
X
i

p̂p2i
2mi

þ
mi!

2
i

2
q̂qi �

ci�

mi!2
i

� �2
" #

: ð2:1Þ

Here, L, �, and � are the angular momentum defined by
L 	 ðh�=iÞ@=@�, the angular coordinate, and the moment of
inertia, respectively. The coordinate, conjugate momentum,
mass, and frequency of the ith bath oscillator are given by q̂qi,
p̂pi, mi, and !i. The bath operators q̂qi and p̂pi commutate with
the system operators � and L. Note that original rotational
symmetry of the rotator recovers and the angular coordinate
is �	 
 � < 	 with � ¼ �	 and � ¼ 	 identified after
tracing out the bath degrees of freedom owing to the
properties of the Gaussian integration. We choose the form
eq. (2:1) in order to have the Langevin equation for the
rotational motion

� €��ðtÞ þ
Z t

tI

dt0�ðt � t0Þ _��ðt0Þ ¼ RðtÞ; ð2:2Þ

hRðtÞiI ¼ 0; ð2:3Þ

hRðtÞRðt0ÞiI ¼
1



�ðt � t0Þ; ð2:4Þ

in the classical limit. Here �ðtÞ is a friction kernel describing
the dissipative influence of the heat bath, RðtÞ is the random
torque that satisfies eqs. (2:3) and (2:4) and h� � �iI is the
expectation value for the thermal equilibrium initial state at
the initial time t ¼ tI , as is shown in Appendix A. We
consider the optical response of the rigid rotator. The linear
absorption spectrum is calculated from the Fourier transfor-
mation of the two-time correlation function of the dipole
moment. Since the dipole moment is expressed as
d ¼ d0 cos �, the spectrum is written as19)

�ð!Þ ¼ Im
i

h�
d20

Z 1
0

dtei!th½cos �ðtÞ; cos �ð0Þ�i
� �

: ð2:5Þ

Here, cos �ðtÞ 	 eiĤHt=h� cos �e�iĤHt=h� and h� � �i means the
expectation value of ‘‘� � �’’ defined by h� � �i ¼
Trðe�
ĤH � � � Þ=Tr e�
ĤH in which 
 is the inverse temperature.
Note that eq. (2:5) corresponds to the third-order off-
resonant Raman response by the replacement of d with the
polarizability �.

3. Generating Functional

In order to calculate the correlation function of cos �, we

introduce an artificial source K�ðtÞ (� ¼ 1; 2; 3) coupled to
cos � and define the generating functional Z½K� as follows,

Z½K� ¼ Tr �̂�K3

I ÛUyK2
ð1; tIÞÛUK1

ð1; tIÞ
	 


; ð3:1Þ

where

ÛUK�
ð1; tIÞ ¼ Tt e

� i
h�

R1
tI

dt ĤH�K�ðtÞcos�ð Þ
� �

; ð3:2Þ

and

�̂�K3

I ¼ T� e
�1

h�

R 
h�

0
d� ĤH� i

h�
K3ð�Þcos�

� 
� �
: ð3:3Þ

Here, �̂�I
K3¼0 gives an equilibrium distribution at the initial

time tI and � is the imaginary time parameter with
0 
 � 
 
h� . The symbol Tt (T�) stands for the real
(imaginary) time ordering operator. We represent the
function in the two-real-time paths by the suffixes � ¼ 1; 2
and the imaginary one by � ¼ 3, respectively.

The two-time correlation function of cos � is evaluated
from the generating functional as

hTC cos �ðt0Þ cos �ðt1Þi

¼
1

Z½K ¼ 0�
h�

i

� �2 �2Z½K�
�CKðt0Þ�CKðt1Þ

����
K¼0

:
ð3:4Þ

Here, the index C implies the contour time path that starts
from tI to 1 along the real path (C1), returns to tI (C2) and
goes to tI � i
h� parallel to the imaginary axis (C3).

20,21) The
operator TC and the function �CðtÞ are the time-ordering
operator and the �-function on the contour time path,
respectively. The functional differentiation �=�CKðtÞ means
�=�K1ðtÞ, ��=�K2ðtÞ, and ðh�=iÞ�=�K3ðtÞ for t 2 C1, t 2 C2,
and t 2 C3.

In order to evaluate Z½K�, we consider the unitary
transformation which was utilized in the analysis of a free
particle coupled to a harmonic-oscillator bath.22) We set
ŷyi 	 mi!

2
i q̂qi=ci, p̂pyi 	 cip̂pi=ðmi!

2
i Þ, �i 	 c2i =ðmi!

4
i Þ and ri 	

�i=�
0 with �0 	 �þ

P
j �j. Then the unitary operator is

expressed as

X̂X ¼ exp �
i

h�
�
X
i

p̂pyi

 !
exp

i

h�

X
i

riLŷyi

 !
: ð3:5Þ

By the unitary transformation X̂X, the Hamiltonian is
separated into the free rotator part and the heat bath part as

~̂HH~HH 	 X̂XyĤHX̂X ¼ ~HHSðLÞ þ ~HHBð p̂pyi; ŷyiÞ; ð3:6Þ

where

~HHSðLÞ ¼
1

2�0
L2; ð3:7Þ

and

~HHBð p̂pyi; ŷyiÞ ¼
1

2�

X
i

p̂pyi

 !2

þ
X
i

p̂pyi
2

2�i

þ
1

2
�i!

2
i ŷyi

2

� �
:

ð3:8Þ

According to eq. (B�13) in Appendix B, the two-time
correlation function eq. (3:4) is written as
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hTC cos �ðt0Þ cos �ðt1Þi ¼
X

a0¼�1

X
a1¼�1

ZS½J�ZB½J�
22ZS½J ¼ 0�ZB½J ¼ 0�

�����
JðsÞ¼h� ða0�Cðs�t0Þþa1�Cðs�t1ÞÞ

: ð3:9Þ

Here, ZS½J� and ZB½J� are the generating functionals for the
Hamiltonian ~HHS � JðtÞ� and ~HHB þ JðtÞ

P
i riŷyi, respectively,

and are given by

ZS½J� ¼
X1
l¼�1

�0;RJ
exp �

i

h�

Z
C

dt ~HHSðLÞ
� ������

L¼h� lþ
R t

tI ðCÞ
dsJðsÞ

;

ð3:10Þ

ZB½J� ¼ TrB e
� i

h�

R
C
dt ~HHBþJðtÞ

P
i
riŷyi

� 
� �
; ð3:11Þ

where RJ ¼
R
C
dtJðtÞ=h� and the index C in the integral,

R
C
dt

implies the integration along the contour time path. Here-
after, we derive the product ZS½J�ZB½J�.

In the same way as in the Brownian free particle case,10)

one can obtain ZB½J�. The detailed derivation of ZB½J� is
shown in Appendix C. The final result is given by

ZB½J� ¼ e�½J�e��½J�ZB½J ¼ 0�: ð3:12Þ

Here, �½J� is expressed as

�½J� ¼
i

2h�

Z
C

dt

Z
C

dt0JðtÞGC0ðt; t0ÞJðt0Þ; ð3:13Þ

where

GC0ðt; t0Þ ¼ lim
!!0

&
$ i

2�0! sinh
!
h�

2

�
"Cðt � t0Þ

� cos! t � t0 þ
i
h�

2

� �
þ ðt !t0Þ

�’%
: ð3:14Þ

The function "CðtÞ in eq. (3:14) is a step function on the
contour time path. The functional �½J� is expressed as10)

�½J� ¼
i

2h�

Z 1
tI

dt

Z 1
tI

dt0ð2J�ðtÞKðþ�Þ0 ðt � t0ÞJþðt0Þ

þ J�ðtÞKðþþÞ0 ðt � t0ÞJ�ðt0ÞÞ

þ
1

h�

Z 1
tI

dt

Z 
h�

0

d�J�ðtÞKðþ3Þ0 ðt; �ÞJ3ð�Þ

�
i

2h�

Z 
h�

0

d�

Z 
h�

0

d�0J3ð�ÞKð33Þ0 ð�; �
0ÞJ3ð�0Þ; ð3:15Þ

where Kðþ�Þ0 ðtÞ is denoted in the Laplace representation as

Kðþ�Þ0 ðzÞ ¼
1

�z2 þ ��̂�ðzÞz
; ð3:16Þ

and �̂�ðzÞ is the Laplace transform of the mass-independent
damping kernel described as �̂�ðzÞ 	

P
i c

2
i z=½�mi!

2
i ðz2þ

!2
i Þ�. The functions KðþþÞ0 ðtÞ, Kðþ3Þ0 ðt; �Þ, and Kð33Þ0 ð�Þ in eq.

(3:15) are given in the Fourier-Laplace representation by

Kðþ3Þ0 ðz; �nÞ ¼
i

zþ �n
Kðþ�Þ0 ð�nÞ � Kðþ�Þ0 ðzÞ
� 


; ð3:17Þ

KðþþÞ0 ðzÞ ¼
1

2

X1
n¼�1

e�i�n0
þ
Kðþ3Þ0 ðz; �nÞ � Kðþ3Þ0 ðz;��nÞ

� 
�h i
;

ð3:18Þ

Kð33Þ0 ð�nÞ ¼ iKðþ�Þ0 ð��nÞ: ð3:19Þ

To characterize the bath, we introduce the spectral density
defined formally by Ið!Þ 	 	

P
i c

2
i =ð2mi!iÞ�ð!� !iÞ. On

the assumption of the Gaussian–Markovian dissipation, the
spectral density is chosen as Ið!Þ ¼ �!�!2

D=ð!2
Dþ!2Þ.23,24)

Here, the constants � and !D relate to the mass-independent
damping kernel �ðtÞ ¼

R1
0

d!2Ið!Þ=ð	�!Þ by �ðtÞ ¼
�!De

�!Dt, in which � and !D correspond to the damping
strength and the inverse correlation time of the noise,
respectively. We note that such dissipation reduces to the
Ohmic dissipation for !D !1. In the Gaussian–Markovian
dissipation, Kðl;mÞ0 (l;m ¼ �; 3) is denoted in terms of

Kðþ�Þ0 ðtÞ ¼ "ðtÞ
1

�

"
1

x1 � x2
e�x2t 1�

x1

�

� �
� e�x1t 1�

x2

�

� �� �
þ

1

�

#
; ð3:20Þ

KðþþÞ0 ðtÞ ¼
i


h�

X1
l¼1

2�!2
De
��ljtj

��l½ð�2l þ �!DÞ2 � �2l !
2
D�

þ
i

2�ðx1 � x2Þ
e�x2jtj 1�

x1

�

� �
cot


h�x2

2

� �
� e�x1jtj 1�

x2

�

� �
cot


h�x1

2

� �� �

þ
i


h�
lim
l!0

e�i!l0
þ

��2l þ ��̂�ðj�ljÞj�lj
�

i


h���

1

!D

1�
!D

�

� �
þ jtj

� �
; ð3:21Þ
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Kðþ3Þ0 ðt; �Þ ¼
i


h�

X
l

e��l�

 
e��lt

��2l þ ��̂�ðj�ljÞj�lj

�
1

�

(
e��l t

�2l � !D�l þ �!D

1�
!D � �l

�

� �
þ

1� e��l t

��l

þ
1

x1 � x2

e�x1t

x1 � �l
1�

x2

�

� �
�

e�x2t

x2 � �l
1�

x1

�

� �� �)!
; ð3:22Þ

and

Kð33Þ0 ð�Þ ¼
i


h�

X
l

e�i�l�

��2l þ ��̂�ðj�ljÞj�lj
; ð3:23Þ

where 0þ is a positive infenitesimal quantity. Here,
Jþ 	 ðJ1 þ J2Þ=2, J� 	 J1 � J2, �l 	 2	l=ð
h� Þ,

x1;2 ¼
!D �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2

D � 4�!D

p
2

; ð3:24Þ

and "ðtÞ is a step function.
With the help of the relation (see ref. 16, for example),

X
k

eiðAk
2þBkÞ ¼

X
l

ffiffiffiffiffi
i	

A

r
e�

i
4A
ðBþ2	lÞ2 ð3:25Þ

the generating functional of the rotator part ZS½K� given by
eq. (3:10) is rewritten as

ZS½J� ¼ �0;RJ

2�0	


h�
2

� �1
2X

l

e
� 1


h� 2
�2	l

R
C
dsðtI�i
h��sÞJðsÞþ

�0

2
ð2	lÞ2

h i

� exp

"
i

2h�

Z tI�i
h�

tI ðCÞ
dsds0JðsÞ ~GG0ðs; s0ÞJðs0Þ

#
; ð3:26Þ

where

~GG0ðs; s0Þ ¼
1

i
h��0
f"Cðs� s0Þðs0 � tIÞðtI � i
h� � sÞ

þ ðt !t0Þg: ð3:27Þ

To evaluate eq. (3:26), we refer to the free particle case
where the coordinate, momentum, and mass are denoted by
Q̂Q, P̂P, and �0. The time evolution function of a free particle is
obtained by setting the oscillator frequency to zero in eq.
(3-66) of ref. 25:

JhQb; tbjQa; taiJ ¼ JhQbjTte
� i

h�

R tb

ta
dtĤH0½J�jQaiJ ¼

�

2	ih� ðtb � taÞ

� �1
2

� exp

"
i

h�

(
1

2

Z tb

ta

dsds0JðsÞ ~GG0ðs; s0; tb; taÞJðs0Þ þ Qa

Z tb

ta

ds
tb � s

tb � ta
JðsÞ

þ Qb

Z tb

ta

ds
s� ta

tb � ta
JðsÞ þ

�0

2ðtb � taÞ
ðQ2

a � Q2
bÞ

)#
; ð3:28Þ

where ĤH0½J� 	 P̂P2=ð2�0Þ � JðtÞQ̂Q and

~GG0ðs; s0; tb; taÞ ¼ �
1

�0ðtb � taÞ
f"ðs� s0Þðs0 � taÞðtb � sÞ

þ ðs !s0Þg: ð3:29Þ

By using eq. (3:28), the generating functional is given by

ZF½J� ¼
Z 1
�1

dQJhQj�̂�S
I ÛU
y
Sð1; tIÞÛUSð1; tIÞjQiJ

¼
2	�0


h�
2

� �1
2

�ðRJÞ

� exp
i

2h�

Z
C

dsds0JðsÞ ~GG0ðs; s0; tI ; tIÞJðs0Þ
� �

: ð3:30Þ

Here, �̂�S
I and ÛUðyÞS are defined by �̂�S

I 	 T� expð�ð1=h� ÞR 
h�
0

d�H0½J�Þ and ÛUS
I 	 Tt expð�ði=h� Þ

R1
tI

d�H0½J�Þ. Another
expression of ZF½J� is calculated from the generating
functional in the harmonic oscillator system [eqs. (2.24)

and (2.29) in ref. 20] by setting the oscillator frequency to
zero:

ZF½J� ¼ e�½J�Z0; ð3:31Þ

where Z0 	 ZF½J ¼ 0�. Comparing eqs. (3:30) and (3:31),
we obtain the following relation;

�0;RJ

2	�0


h�
2

� �1
2

�ð0Þ exp
i

2h�

Z
C

dsds0JðsÞ ~GG0ðs; s0ÞJðs0Þ
� �

¼ �0;RJ
e�½J�Z0: ð3:32Þ

Substituting eq. (3:32) into eq. (3:26), we get

ZS½J� ¼
1

�ð0Þ
�0;RJ

e�½J�Z0

�
X
l

e
� 1


h� 2
�2	l

R
C
dsðtI�i
h��sÞJðsÞþ

�0

2
ð2	lÞ2

h i
: ð3:33Þ
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Notice that the condition RJ ¼ 0 selects transitions induced
by irradiated pulses, as shown later. From eqs. (3:9), (3:12)
and (3:33) we have the generating functional in the form

ZS½J�ZB½J� ¼
1

�ð0Þ
ZB½J ¼ 0�Z0�0;RJ

e�½J�

�
X
l

e
� 1


h� 2
�2	l

R
C
dsðtI�i
h��sÞJðsÞþ

�0

2
ð2	lÞ2

h i
:

ð3:34Þ

4. Two-Time Correlation Function

From eqs. (3:9) and (3:34), we can get an expression of
the two-time correlation function. Substitution of eq. (3:34)
into eq. (3:9) leads to

hTC cos �ðt0Þ cos �ðt1Þi ¼
X

a0¼�1

X
a1¼�1

1

22%
�0;RJ

e�½J� �
X
l

e
� 1


h� 2
�2	l

R
C
dsðtI�i
h��sÞJðsÞþ

�0

2
ð2	lÞ2

h i�����
JðsÞ¼h� ða0�ðs�t0Þþa1�ðs�t1ÞÞ

; ð4:1Þ

where % ¼
P

l e
��0ð2	lÞ2=ð2
h� 2Þ.

The two-time correlation function is derived from eq.
(4:1). For the cases, t0; t1 2 C1 and t0 2 C1; t1 2 C2, we
obtain

hT cos �ðt0Þ cos �ðt1Þi ¼
1

%

X
l

e
��0 ð2	lÞ2

2
h� 2 cosh 2	l
t0 � t1


h�

� �

�
1

2

	
"ðt0 � t1Þe

~SSD1ðt0�t1Þ� ih�
2�

~SSD2ðt0�t1Þ

þ"ðt1 � t0Þe
~SSD1ðt1�t0Þ� ih�

2�
~SSD2ðt1�t0Þ



; ð4:2Þ

hcos �ðt1Þ cos �ðt0Þi ¼
1

%

X
l

e
��0 ð2	lÞ2

2
h� 2 cosh 2	l
t0 � t1


h�

� �

�
1

2

	
"ðt0 � t1Þe

~SSD1ðt0�t1Þþ ih�
2�

~SSD2ðt0�t1Þ

þ"ðt1 � t0Þe
~SSD1ðt1�t0Þ� ih�

2�
~SSD2ðt1�t0Þ



; ð4:3Þ

respectively. Here,

~SSD1ðtÞ ¼
1


�

X1
l¼1

e��lt � 1

�l

2�!2
D

ð�2l � x21Þð�2l � x22Þ
�

t


��

þ
h�

2�ðx1 � x2Þ

"
ðe�x2t � 1Þ 1�

x1

�

� �
cot


h�x2

2

� �

� ðe�x1t � 1Þ 1�
x2

�

� �
cot


h�x1

2

� �#
; ð4:4Þ

~SSD2ðtÞ ¼
1

x1 � x2

"
ðe�x2t � 1Þ 1�

x1

�

� �

� ðe�x1t � 1Þ 1�
x2

�

� �#

¼
1

�
þ

2e�
!D

2
t

!D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4�=!D

p 1�
!D

2�

� �

� sinh
!Dt

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

4�

!D

s !

�
e�

!D

2
t

�
cosh

!Dt

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

4�

!D

s !
: ð4:5Þ

From (4:2) and (4:3), the antisymmetric and symmetric
correlation functions are given by

"ðt0 � t1Þh½cos �ðt0Þ; cos �ðt1Þ�i

¼ "ðt0 � t1Þ
i

%

X
l

e
��0 ð2	lÞ2

2
h� 2 cosh 2	l
t0 � t1


h�

� �
;

� e
~SSD1ðt0�t1Þ sin �

h�

2�
~SSD2ðt0 � t1Þ

� �
; ð4:6Þ

hfcos �ðt0Þ; cos �ðt1Þgi ¼
1

%

X
l

e
��0 ð2	lÞ2

2
h� 2 cosh 2	l
t0 � t1


h�

� �
;

� e
~SSD1ðjt0�t1jÞ cos �

h�

2�
~SSD2ðjt0 � t1jÞ

� �
: ð4:7Þ

Here, we note that
P

i �i in �0 diverges for the low
frequency of Ið!Þ as

P
i �i ¼

R1
!c

d!2Ið!Þ=	!3 ¼
2��½1=ð	!cÞ � 1=ð2!DÞ�, where !c is the low frequency
cut-off. The damping function �ðtÞ is rewritten by using !c

as �ðtÞ ¼
R1
!c

d!2Ið!Þ=ð	�!Þ cosð!tÞ � 2��ðtÞ � 2�!2
D

sinð!ctÞ=ð	tÞ=ð!2
c þ !2

DÞ for large t and we find that �ðtÞ
has a long time tail. In the present study we focus on the
motion of the rotator in a short period so that the cut-off !c

can be regarded as being small. Equations (4:6) and (4:7) are
the solution for the quantum and colored noise case. They
are the main results in this paper.

In the classical limit h� ! 0, eqs. (4:6) and (4:7) become

"ðt0 � t1Þh½cos �ðt0Þ; cos �ðt1Þ�i

¼ i"ðt0 � t1Þ �
h�

2�
~SSD2ðt0 � t1Þ

� �
e
~SSD3ðt0�t1Þ ¼ 0; ð4:8Þ

hfcos �ðt0Þ; cos �ðt1Þgi ¼ e
~SSD3ðjt0�t1jÞ; ð4:9Þ

where

~SSD3ðtÞ ¼
1


�

(
�

1

�!D

þ
1

�2
�

t

�

þ e�
!Dt
2

"
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4�=!D

p
3

�!D

�
1

�2

� �

� sinh
!Dt

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

4�

!D

s !
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þ
1

�!D

�
1

�2

� �
cosh

!Dt

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

4�

!D

s !#)
: ð4:10Þ

Equation (4:9) agrees with the result in ref. 26 which is
obtained from a classical stochastic approach. By taking a
limit !D!1 instead of taking h� ! 0, eq. (4:6) reproduces
the result in the Ohmic case, eqs. (24) and (25) in ref. 18.
Note that eqs. (4:6) and (4:7) reduce to the correlation
function of a free rotator system by setting the bath coupling
� to zero.

5. Numerical Result

We now numerically demonstrate our results by taking a
parameter from a rotational motion of methyl group (–CH3)
in a toluene molecule. We set � ¼ 2:062 kg�m2 and
introduce a parameter, � ¼ h�=ð2�Þ ¼ 2:547� 1012 Hz
(h�� ¼ 2:674� 10�22 J ¼ 1:666� 10�3 eV). We consider
the case where the system is in a nonpolar solvent whose
effects are commonly studied using the present model with
the aid of the Langevin equation. By plotting the absorption
spectra given by eqs. (2:5) and (4:6) for various cutoff
frequencies of the bath mode !D, we study the effects of the
colored noise.

Let us consider the case of the weakly damped rotator
(� < �). Figure 1 shows the absorption spectra for the
colored noise in (a) the quantum case [eq. (4:6)] and (b) the
classical case [eq. (4:8)]. Each graph is depicted for different
cutoff frequencies; !D ¼ 0:17� Hz (solid line), 3:0� Hz
(dashed line), and 1, i.e., the Ohmic dissipation (dotted
line), where � ¼ 1:3� 1011 Hz and T ¼ 1K.

Figure 1(a) is the spectral line shape for small !D (solid
line). This line is well fitted by the Gaussian line except for
near the zero frequency, where the peak rises at ! ¼ �. As
the cutoff frequency !D increases (the dashed and dotted
lines), the peak becomes broader and shifts to the red. The
increase of the line width with !D can be interpreted as the
increase of effective damping strength j�ð!Þj with increasing
!D, where �ð!Þ is the damping kernel for the colored noise
in Fourier space given by �ð!Þ ¼ �=ð1� i!=!DÞ. The red

shift of the peak with the increase in !D can be explained as
follows. Since we consider the low temperature case,
T ¼ 1K, the main contribution of the signal arises from
the transition jl ¼ 0i ! jl ¼ 1i. From eqs. (2:5) and (4:6),
the line shape for small !D (solid line) is expressed as

�ð!Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2
�	
p

4h� ð1þ 
2h�
2�!D=12Þ

�
e
� 
�

2ð1þ
2h� 2�!DÞ
ð!��Þ2 � e

� 
�

2ð1þ
2h� 2�!DÞ
ð!þ�Þ2

�
: ð5:1Þ

The effective moment of inertia increases with the increase
of !D, because the rotational motion is disturbed by the heat
bath with the effective damping j�ð!Þj. This is why the peak
at ! ¼ h�=ð2�Þ is shifted to the red for large !D.

Figure 1(b) shows the absorption spectra for the classical
case calculated from eq. (2:5) with eq. (4:6) by taking
h� ! 0. To calculate each lines (solid, dashed, and dotted),
we use the same parameters as Fig. 1(a). For small !D, eq.
(5:1) is reduced to

�ð!Þ ¼

!

4

ffiffiffiffiffiffiffiffiffiffiffiffi
2
�	

p
e�


�
2
!2

: ð5:2Þ

Compared with the quantum case, the effects of !D are
subtle. It can be understood in the following way. The
spectral line shape is determined by the initial thermal
distribution and dynamics of the system. In the quantum

case, the kinetic energy of the system is discretized and, at
low temperatures, the transition j0i ! j1i strongly affects
the line shape. In the classical case, however, a line shape
profile is affected by the initial thermal distribution rather
than the dynamics of the rotator; the kinetic energy and
discrete states become continuous. Since !D, which changes
the effective coupling strength �ð!Þ, plays a minor role in
the initial thermal distribution, the line shapes do not depend
so much on !D.

Next, we consider the effect of the noise correlation and
the temperature for the strongly damped case, where �
satisfies � � � and � � ð
h� Þ�1 in which the damping
effects are much larger than the quantum and thermal
excitation effects. Figure 2 depicts the absorption spectra for
different cutoff frequencies: !D=� ¼ 30 (solid line), 0:2
(dashed line), and 0:1 (dotted line), for fixed

σ 
(ω

)

ωD = 0.17 γ
ωD = 3 γ
 Ohmic

0 1 2ω / α

σ 
(ω

)

ωD = 0.17 γ
ωD = 3 γ
 Ohmic

(a)

(b)

Fig. 1. (a) presents the absorption spectrum in the Gaussian–Markovian

dissipation at the temperature T ¼ 1K for the fixed damping strength

� ¼ 1:3� 1011 Hz for different cutoff frequencies; !D ¼ 0:17� Hz (solid

line), !D ¼ 3:0� Hz (dashed line), and !D ¼ 1, i.e., the Ohmic

dissipation case (dotted line). (b) shows the classical limit of (a).
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� ¼ 1:3� 1014 Hz at T ¼ 50K, while Fig. 3 describes the
various cases of temperature: T ¼ 1 (solid line), 50 (dashed
line), and 100K (dotted line) for fixed � ¼ 1:3� 1014 Hz
and !D ¼ 0:1� Hz. In Fig. 2, it was found that, with the
increase of the noise correlation time 1=!D, the spectrum
with one sharp peak near the zero frequency becomes
bimodal. The new peak shifts to the red with decreasing !D.
In Fig. 3, the spectral line shapes are the bimodal as shown
in the dotted line of Fig. 2. In Fig. 3(a), as the temperature
increases, the peak near the zero frequency shifts to the blue
and becomes broader. In Fig. 3(b), the other peak at !=� �
15:8 becomes broader with the increase in temperature. In
order to understand such features, we employ the approx-
imate expression of the two-time correlation function.

For large cutoff frequency satisfying !D > 4� (solid line
of Fig. 2), where x1;2 defined by eq. (3:24) is the real
number, the absorption spectra can be expressed as

�ð!Þ ’
1

2��

!

!2 þ ð1=
��Þ2
�

!

!2 þ ð'D þ 1=
��Þ2

� �
;

ð5:3Þ

where 'D is given by !D=2 and � for the cases 4�=!D � 1

and 4�=!D � 1, respectively, and 'D ¼ � for the Gaussian-
white limit (!D!1). Equation (5:3) reveals a sharp peak
near 1=ð
��Þ with the line width of about 1=ð
��Þ.

In eq. (5:3), the increase in � plays the same role as the
increase in the moment of inertia, which causes the decrease
in the transition energy h��ð2lþ 1Þ corresponding to the
transition jli ! jlþ 1i. Hence the peak of the absorption
spectrum shifts to the red with the increase in �.

The spectral line width of the solid line in Fig. 2 becomes
narrower as the damping constant � becomes stronger. This
behavior can be understood as follow. Due to the strong
resistance of the heat bath, the rotator’s motion halts quickly.
In such a case, the time correlation function
ði=h� Þh½cos �ðtÞ; cos �ð0Þ�i is approximated by the constant
1=ð2��Þ. Therefore, the absorption spectra corresponding to
the Fourier transformation of the time correlation function

has the sharp peak for the strong damping.
For !D < 4� (dashed and dotted lines of Fig. 2 and all

lines of Fig. 3), we can see interesting features similar to the
classical case,26,27) which dose not appear in !D > 4� case.
In this case, x1;2 is a complex number and the absorption
spectra of the strongly damped oscillator is approximately
described as

�ð!Þ ¼ �1ð!Þ þ �2ð!Þ: ð5:4Þ

Here, �1ð!Þ and �2ð!Þ are defined by

�1ð!Þ ¼
�

h��

!

!2 þ ð2�=
h��Þ2
; ð5:5Þ

�2ð!Þ ¼
�

h��

Z 1
0

dtei!tR2ðtÞ; ð5:6Þ

where

R2ðtÞ 	
ð2�=!DÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4�=!DÞ � 1
p e

� !D

2
þ 2�

h��

	 

t

� sin
!Dt

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�

!D

� 1

s
� �x

 !
: ð5:7Þ
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0

Fig. 3. (a) and (b) show the temperature dependence of absorption spectra

in a strongly damped rotator around the peak close to zero frequency and

the peak at !=� � 15:8 indicated by the dotted line in Fig. 2. We present

the results for different temperatures, T ¼ 10K (solid line), T ¼ 50K

(dashed line), and T ¼ 100Hz (dotted line) for fixed � ¼ 1:3� 1014 Hz

and !D ¼ 0:1� Hz.

0 10 20 30
ω / α

σ 
(ω

)
ωD = 30 γ
ωD = 0.2 γ
ωD = 0.1 γ

Fig. 2. The absorption spectra in a strongly damped rotator for different

cutoff frequencies !D=� ¼ 30 (solid line), 0:2 (dashed line), and 0:1

(dotted line) for fixed � ¼ 1:3� 1014 Hz at T ¼ 50K.
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In eq. (5:7), the phase �x is given by

cos�x ¼
!D

2�

2�

!D

� 1

� �
; ð5:8Þ

sin�x ¼
!D

2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4�

!D

� 1

s
: ð5:9Þ

The first term �1ð!Þ leads to the peak close to the zero
frequency in the absorption spectrum, whose position, line
width, and intensity are given by about 2�=ð
h��Þ, 2�=ð
h��Þ,
and �
h�=�, respectively. We shall call it the low-frequency
peak. The second term �2ð!Þ causes the other peak at high
frequency (!=� ’ 16 in the dotted line of Fig. 2 and in all
lines of Fig. 3 and !=� ’ 23 in the dashed line of Fig. 2)
that shall be called the high-frequency peak. We note that
R2ðtÞ in eq. (5:7) is the same form as the correlation function
of the harmonic oscillator system in the Ohmic dissipation
whose frequency and damping are given by

ffiffiffiffiffiffiffiffiffi
�!D
p

and !D

besides the factor e�2�t=ð
h��Þ.10,12) The position of the low-
frequency peak is then given by ð!D=2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4�=!DÞ � 1
p

.
Equations (5:6) and (5:7) imply that the high-frequency peak
has a blue shift and becomes broader for large !D.

As will shown below, the high-frequency and low-
frequency peaks can be interpreted to originate from the
librational and strongly damped free rotational motions,
respectively. In the slow modulation case, the bath
oscillators localize near zero mode due to the small cutoff
frequency. For large �, the motion of the system decays
much faster than the characteristic time scale of the bath
oscillation, so that the system cannot recover the rotational
symmetry given in the Langevin equation (2:2). Such a
feature can be shown with the aid of the Langevin equation.
For small !D, by integrating by part the second term in the
L.H.S. of the Langevin equation (2:2) and neglecting the
term proportional to !2

D, we describe the equation of motion
as

� €��ðtÞ þ ��!D�ðtÞ � ��!De
!0ðt�tI Þ�ðtI Þ ¼ RðtÞ: ð5:10Þ

From eq. (5:10), the counter term in the Hamiltonian (2:1),
ð��!D=2Þ�2, is regarded as the additional potential in the
second term of eq. (5:10), which leads the system librational
motion with the frequency

ffiffiffiffiffiffiffiffiffi
�!D
p

corresponding to the high-
frequency peak. With the increase in !D, the effective
damping j�ð!Þj becomes strong, and then the system
librational motion decays faster. Hence, the width of the
high-frequency peak becomes broader with increasing !D.
The low-frequency peak corresponds to the free rotational
motion recovering the rotational symmetry of the total
Hamiltonian (2:1). We note that the high-frequency peak
cannot be seen for the fast modulation case where the cutoff
frequency satisfies !D > 4�, including the case of the
Gaussian-white noise, because, if the bath oscillational
motion is faster than the decay of the motion of the system,
the system maintains the rotational symmetry and the
librational motion does not happen. The high-frequency
peak can also be observed in Brownian oscillator system in
the slow modulation case, even if the oscillator frequency of
the system is zero.28) In the Brownian oscillator system, the
high-frequency peak arises from the vibrational motion
caused by the broken translational symmetry. Such a

vibrational motion and the translational symmetry corre-
spond to the librational motion and the rotational symmetry
in the rotator system.

As can be seen in Fig. 3(a), the low-frequency peak
corresponding to the strongly damped rotational motion
shifts to the blue and becomes broader with the increase in
the temperature. From the same argument in the case
!D > 4�, the behavior of this peak implies the decrease of
the effective damping strength of the strongly damped
rotational motion, which arises from the suppression of the
system-bath coupling by the thermal fluctuation. In Fig. 3(b),
the high-frequency peak corresponding to the librational
motion observed in the slow modulation case becomes
broader with the increase in the temperature. This can be
explained as follows. Since the thermal fluctuation decreases
the time scale of the bath oscillation with the increase in the
temperature, the system easily recovers the rotation
symmetry and the librational motion caused by the rotational
symmetry breaking decays fast.

6. Conclusion

In this paper, we investigate the effect of the colored noise
in the rotational Brownian motion with the assumption that
the Gaussian–Markovian random torque acts on the dipole
moment. We calculate the two-time correlation function in
the Gaussian–Markovian dissipation with the aid of a
generating functional obtained in the previous letter. Using
the parameter employed from the rotational motion of a
methyl group, we plot the absorption spectra related to the
two-time correlation function for the different temperatures,
damping strength, and cutoff frequencies of the spectral
distribution function.

For the weakly damped case at the low temperature, the
spectral line shape is determined by the system dynamics in
which the discritization of the kinetic energy of the system is
reflected. The peak rises at h�=ð2�Þ corresponding to the
transition j0i ! j1i. Since the cutoff frequency of the
spectral distribution function, !D, plays a role in increasing
the effective moment of inertia, the peak position shifts to
the red with the increase in !D.

For the strongly damped case, we see the bimodal line
shape for small !D, i.e., the slow modulation case. One of
the peaks rises near the zero frequency, which corresponds
to the overdamped motion of the rotator. The other peak is
found at ! ’ ffiffiffiffiffiffiffiffiffi

�!D
p

, which corresponds to the librational
motion caused by the coupling to the bath oscillators that
localize near the zero mode because of the small cutoff
frequency of the spectral distribution function. By increasing
!D, we find that the spectral line has a peak near the zero
frequency in the fast modulation case. Hence, the peak
corresponding to the librational motion is not found in the
Gaussian-white noise.

In the present study, we restricted our study to the linear-
linear coupling between the system and the bath and
obtained the continuous spectra. However, in the many
realistic problems, the absorption spectra show discrete
lines. To take into account experiments, it is necessary to
consider another system-bath coupling, e.g., �

P
i qi cos n�

where n is decided by the properties of the environment.
Such problems are left for future studies.
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Appendix A: Derivation of the Classical Langevin
Equation

In this Appendix, we derive the classical Langevin
equation from the Hamiltonian (2:1). The canonical
equations of motion for classical trajectory are

_��ðtÞ ¼
1

�
LðtÞ; ðA�1Þ

_LLðtÞ ¼ �
X
i

ci qiðtÞ �
ci�ðtÞ
mi!2

i

� �
; ðA�2Þ

_qqiðtÞ ¼
1

mi

piðtÞ; ðA�3Þ

_ppi ¼ �mi!
2
i qiðtÞ þ ci�ðtÞ: ðA�4Þ

Here, qi and pi represent the coordinate and momentum of
the ith bath oscillator mapped on the classical trajectory.
From eqs. (A�1), (A�2), (A�3) and (A�4), the variables �ðtÞ
and qiðtÞ satisfy the equation

� €��ðtÞ ¼ �
X
i

ci qiðtÞ �
ci�ðtÞ
mi!2

i

� �
; ðA�5Þ

mi €qqiðtÞ ¼ �mi!
2
i qiðtÞ þ ci�ðtÞ: ðA�6Þ

Equation (A�6) can be solved explicitly, i.e.,

qiðtÞ ¼ qiðtIÞ cos½!iðt � tIÞ� þ
piðtIÞ
mi!i

sin½!iðt � tIÞ� þ
Z t

tI

dt0 sin½!iðt � t0Þ�
ci�ðt0Þ
mi!i

: ðA�7Þ

Substitution of (A�7) into (A�5) and the use of the relationZ t

tI

dt0 sin½!iðt � t0Þ�
ci�ðt0Þ
mi!i

¼
ci�ðtÞ
mi!2

i

� cos½!iðt � tIÞ�
ci�ðtIÞ
mi!2

i

�
Z t

tI

dt0 cos½!iðt � t0Þ�
ci _��ðtÞ
mi!2

i

ðA�8Þ

yield

� €��ðtÞ þ
X
i

ci

Z t

tI

dt0 cos½!iðt � t0Þ�
ci _��ðt0Þ
mi!2

i

¼ �
X
i

ci sin½!iðt � tIÞ�
piðtIÞ
mi!i

þ cos½!iðt � tIÞ� qiðtIÞ �
ci�ðtIÞ
mi!2

i

� �� �
:

ðA�9Þ

Using the definitions

�ðt � t0Þ ¼
X
i

cos½!iðt � t0Þ�
c2i

mi!2
i

; ðA�10Þ

RðtÞ ¼ �
X
i

ci sin½!iðt � tIÞ�
piðtIÞ
mi!i

þ cos½!iðt � tIÞ� qiðtIÞ �
ci�ðtIÞ
mi!2

i

� �� �
; ðA�11Þ

we obtain the Langevin equation (2:2). For the thermal equilibrium initial state with the inverse temperature 
 ¼ 1=ðkBTÞ at
t ¼ tI , the expectation value is given by

hXiI 	

Z 1
�1

Y
i

dpi

2	h�

" #Z 1
�1

Y
i

dqi

" #Z 1
�1

dL

2	h�

Z 	

�	
d�e�
Hð�ðtI Þ;LðtI Þ;qiðtI Þ; piðtI ÞÞX

Z 1
�1

Y
i

dpi

2	h�

" #Z 1
�1

Y
i

dqi

" #Z 1
�1

dL

2	h�

Z 	

�	
d�e�
Hð�ðtI Þ;LðtI Þ;qiðtI Þ; piðtI ÞÞ

: ðA�12Þ

Hence the fluctuation force RðtÞ satisfies the relations (2:3) and (2:4).

Appendix B: Factorization of the Generating Func-
tional

In this Appendix, we represent the generating functional
as the product of the rotator part and the bath coordinate
part. We set the Hamiltonian including the source term as

ĤHK 	 ĤH �
X1

n¼�1
KðnÞðtÞein� ðB�1Þ

As shown in eq. (3:2), the correlation function of cos � is
then expressed by setting KðnÞðtÞ ¼KðtÞ=2 for n ¼ �1 and
KðnÞðtÞ ¼ 0 for the others. By rewriting the new coordinate
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ŷyi and p̂pyi as in §3 and performing the unitary transformation
X̂X1 	 exp½�ði=h� Þ�

P
i p̂pyi�, the Hamiltonian becomes

ĤHð1ÞK 	 X̂Xy1ĤHKX̂X1 ¼
1

2�
L�

X
i

p̂pyi

 !2

þ
X
i

p̂p2yi

2�i

þ
�i!

2
i

2
ŷy2i

 !
�
X1

n¼�1
KðnÞðtÞein�; ðB�2Þ

where we have used X̂Xy1LX̂X1 ¼ L�
P

i p̂pyi and
X̂Xy1ŷyiX̂X1 ¼ ŷyi þ �. Since the Hamiltonian ĤHð1ÞK satisfies the
periodic boundary condition, we use the eigenstates of the
angular momentum, Slð�Þ ¼ eil�=

ffiffiffiffiffiffi
2	
p

, defined by LSlð�Þ ¼
h� lSlð�Þ and formally express the completeness relationP1

l¼�1 Sð1Þ�l ð�ÞS
ð1Þ
l ð�0Þ ¼ �ð� � �0Þ, as

Sð1Þl ð�Þ ¼ h�jli;
X1
l¼�1
jlihlj ¼ 1;

h�j�0i ¼ �ð� � �0Þ;
Z 	

�	
d�j�ih�j ¼ 1:

ðB�3Þ

Using Hð1ÞK , the generating functional, eq. (3:1), is rewritten
as

Z½K� ¼ Tr �̂�ð1ÞK3

I ÛUð1ÞyK2
ð1; tIÞÛUð1ÞK1

ð1; tIÞ
n o

; ðB�4Þ

where �̂�ð1ÞKI and ÛUð1ÞK ð1; tIÞ are defined by �̂�ð1ÞKI 	
T� exp½�ð1=h� Þ

R 
h�
0

d�ĤHð1ÞK � and ÛUð1ÞK ð1; tIÞ 	 Tt exp½�ði=h� ÞR1
tI

dtĤHð1ÞK �. By expanding Z½K� by the source term VK 	
�
P1

n¼�1KðnÞðtÞein� and inserting the relations 1 ¼P
l jlihlj ¼ X̂X2

P
l jlihljX̂X

y
2 where X̂X2 ¼ exp½ði=h� Þ

P
i riLŷyi�,

Z½K� is written as

Z½K� ¼
X1
N¼0

1

N!

Z
C

dt1dt2� � � dtN �
i

h�

� �N

Tr
h
e�
ĤH

ð1Þ
	
TCVKð�ðt1ÞÞVKð�ðt2ÞÞ� � �VKð�ðtNÞÞ


i

¼
X1
N¼0

1

N!

Z
C

dt1dt2� � � dtN �
i

h�

� �N

TrB
X1
l¼�1

X
l1;��� ;lN

X
l0
1
;��� ;l0N

�

 YNþ1
k¼2
hlkje�ilk

P
i
riŷyie�

i
h�
ĤHð1Þðtk�tk�1Þeil

0
k�1

P
i
riŷyi jl0k�1i

� hl0k�1je
�il0

k�1

P
i
ri ŷyiVKð�k�1Þeilk�1

P
i
ri ŷyi jlk�1i

!

� hl1je�il1
P

i
ri ŷyie�

i
h�
ĤHð1Þðt1�t0Þeil0

P
i
ri ŷyi jl0i

�����
lNþ1¼l0¼l

; ðB�5Þ

where �i 	 �ðtiÞ, ĤHð1Þ ¼ X̂Xy1ĤHX̂X1, and TrB implies the trace
over the bath coordinate, p̂pyi and ŷyi. The periodic boundary
condition l0 ¼ lNþ1 arises from the trace over the system
coordinate. Since the matrix elements hljAjl0i is calculated
by hljAjl0i ¼

R 	
�	 d�½e

�iðl�l0Þ�=ð2	Þ�A, we have

hlkje�ilk
P

i
riŷyie�

i
h�
ĤHð1Þðtk�tk�1Þeil

0
k

P
i
riŷyi jl0ki ¼ e�

i
h�
~̂HH~HHlk ðtk�tk�1Þ�lk ;l0k ;

ðB�6Þ

hl0kje
�il0

k

P
i
riŷyiVKð�kÞeilk

P
i
ri ŷyi jlk�1i

¼ �
X1

nk¼�1
KðnkÞðtkÞe�ink

P
i
riŷyi�l0

k
;lkþnk ; ðB�7Þ

where ~̂HH~HHl 	 ~̂HH~HHjL¼h� l in which ~̂HH~HH is given by eq. (3:6). By
substituting eqs. (B�6) and (B�7) into eq. (B�5) and summing
up over l01; l

0
2; � � � ; l0N , Z½K� is rewritten as

Z½K� ¼
X1
N¼0

1

N!

Z
C

dt1dt2� � � dtN
i

h�

� �N

�
X

n1;��� ;nN
Kðn1Þðt1Þ� � �KðnN ÞðtNÞ Z

ðn1;��� ;nN Þ
S Z

ðn1;��� ;nN Þ
B

	 


ðB�8Þ

where Z
ðn1;��� ;nN Þ
S and Z

ðn1;��� ;nN Þ
B are given by

Z
ðn1;��� ;nN Þ
S ¼

X1
l¼�1

X
l1;��� ;lN

YNþ1
k¼1

e�
i
h�
~HHSðL¼h� lkÞðtk�tk�1Þ

 !

� �lNþ1;lNþnN �lN ;lN�1þnN�1 � � � �l2;l1þn1

�����
lNþ1¼l0¼l

ðB�9Þ

Z
ðn1;��� ;nN Þ
B ¼ TrB

YNþ1
k¼2

e�
i
h�
~HHBðtk�tk�1Þe�ink�1

P
i
ri ŷyi

 !
e�

i
h�
~HHBðt1�t0Þ;

ðB�10Þ

in which ~HHS and ~HHB are given by eqs. (3:7) and (3:8),
respectively. By means of ZS½J� and ZB½J� defined by eqs.
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(3:10) and (3:11), eqs. (B�9) and (B�10) are expressed as

Z
ðn1;��� ;nN Þ
S ¼ ðZS½J�ÞJðsÞ=h�¼

PN

i¼1
ni�ðs�tiÞ

; ðB�11Þ

Z
ðn1;��� ;nN Þ
B ¼ ðZB½J�ÞJðsÞ=h�¼

PN

i¼1
ni�ðs�tiÞ

: ðB�12Þ

Therefore we find

TrðTCe
in1�ðt1Þ� � � einN�ðtN ÞÞ ¼

h�

i

� �N �NZ½K�
�CK

ðn1Þðt1Þ� � � �CKðnN ÞðtNÞ

¼ ðZS½J�ZB½J�ÞJðsÞ=h�¼
PN

i¼1
ni�C ðs�tiÞ

; ðB�13Þ

which gives eq. (2:5).

Appendix C: The Generating Functional from the Bath
Degrees of the Freedom

To calculate the bath part of the generating functional
ZB½J�, we introduce the sets of eigenstates jyi and jpi
defined by ŷyijyi ¼ yðiÞjyi and p̂pyijpi ¼ pðiÞy jyi, respectively.
The completeness relations are given byZ 1
�1

Y
i

dyðiÞ

" #
jyihyj ¼ 1;

Z 1
�1

Y
i

dpðiÞy

2	h�

" #
jpyihpyj ¼ 1:

ðC�1Þ

Their overlaps are expressed as hyjpyi ¼ e
i
h�
py�y, hyjy0i ¼

�ðy� y0Þ, and hpyjp0yi ¼ �ðpy � p0yÞ. Dividing the time
interval on the contour time path into N þ 1 pieces
ðt0 ¼ tI ; t1; � � � ; tN ; tNþ1 ¼ tI � i
h� Þ and inserting the com-
pleteness relation eq. (C�1), we have

ZB½J� ¼ lim
N!1

Z Y
i

dyðiÞ0

" #Z Y
i

YN
k¼1

dyðiÞk

" #Z Y
i

YN
k¼0

dpðiÞyk

2	h�

" #

� exp

"
i

h�

XN
k¼0

(X
i

pðiÞykðy
ðiÞ
kþ1 � yðiÞk Þ

� �k

"X
i

�ð pðiÞykÞ2
2�i

þ
1

2
�i!

2
i ðy
ðiÞ
k Þ

2 þ JðtkÞriyðiÞk

�

þ
1

2�

X
i

pðiÞyk

 !2#)#�����
yNþ1¼y0

; ðC�2Þ

where �i ¼ tiþ1 � ti (i ¼ 1; 2; � � � ;N). The periodic boundary
condition yNþ1 ¼ y0 arises from the ‘‘trace’’ operation
involved in the definition of the generating functional. Since
the variables pðiÞyk are integrated out in each k, the bath part of
the generating functional ZB½J� becomes

ZB½J� ¼ lim
N!1

Z Y
i

dyðiÞ0

" #Z Y
i

YN
k¼1

dyðiÞk

" #

�
YN
k¼0

Y
i

	h�

i�

� �1
2 1

2	h�

( ) ffiffiffiffiffiffiffiffiffiffiffi
1

detA

r" #

� exp

"
i

h�

XN
k¼0

(
1

4�k
ðykþ1 � ykÞTA�1ðykþ1 � ykÞ

� �k
X
i

1

2
�i!

2
i ðy
ðiÞ
k Þ

2 þ JðtkÞriyðiÞk

� �)#�����
yNþ1¼y0

;

ðC�3Þ

where the matrix A is defined as Ai; j ¼ ð1=2�iÞ�i; j þ ð1=2�Þ.
The determinant of A is given by

detA ¼
Y
i

1

2�i

 !
1þ

P
i �i

�

� �
: ðC�4Þ

With the use of the relations

A�11 A2

� 
l¼ P
i �i

�

� �l�1

A�11 A2

� 

; ðC�5Þ

and ðA�11 A2A
�1
1 Þi; j ¼ ð2=�Þ�i�j, where ðA1Þi; j 	 ð1=2�iÞ�i; j

and ðA2Þi; j 	 1=2�, the matrix A�1 is rewritten as

A�1 ¼ A�11 �
2�i�j

�0
: ðC�6Þ

From (C�6),

xTA�1x ¼
X
i

2�ix
2
i �

2

�0

X
i

�ixi

 !2

: ðC�7Þ

Substituting eqs. (C�4) and (C�7) into eq. (C�3), we obtain

ZB½J� ¼
Z
C

½dy�e
i
h�
~SSB J ; ðC�8Þ

where ~SSB
J is the action given by

~SSB
J ¼

1

2

X
i; j

Z
C

dt yðiÞðtÞ
�
��i; j�i

d2

dt2

þ
1

�0
�i�j

d2

dt2
� �i!

2
i �i; j

�
yð jÞðtÞ

�
X
i

Z
C

dtJðtÞriyðiÞðtÞ: ðC�9Þ

Since the action ~SSB
J is bilinear in y, we can integrate over y

and obtain

ZB½J� ¼
Z
C

½dy�e
i
h�
�
R

C
dtdt0yðtÞK�1ðt;t0Þyðt0Þþ

R
C
dtJðtÞ�y

	 


¼ e
i
2h�

R
C
dtdt0JðtÞKðt;t0ÞJðt0Þ

ZB½J ¼ 0�;

ðC�10Þ

where

�
K�1



i; j
ðt; t0Þ ¼

"
�i; j�i

d2

dt2
�

1

�þ
X
i

�i

�i�j

d2

dt2

þ �i!
2
i �i; j

#
�Cðt � t0Þ; ðC�11Þ

JiðtÞ ¼ �JðtkÞri: ðC�12Þ

By introducing the notation Jþ ¼ ðJ1 þ J2Þ=2 and J� ¼
J1 � J2 and using eq. (C�12), the exponent in eq. (C�10) is
expressed as
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Z
C

dtdt0JðtÞKðt; t0ÞJðt0Þ

¼
Z 1
tI

dt

Z 1
tI

dt0
X
i; j

ri

	
2J�ðtÞKðþ�Þi; j ðt � t0ÞJþðt0Þ

þ J�ðtÞKðþþÞi; j ðt � t0ÞJ�ðt0Þ


rj

� 2i

Z 1
tI

dt

Z 
h�

0

d�
X
i; j

riJ�ðtÞKðþ3Þi; j ðt; �ÞJ3ð�Þrj

�
Z 
h�

0

d�

Z 
h�

0

d�0
X
i; j

riJ3ð�ÞKð33Þi; j ð� � �0ÞJ3ð�0Þrj;

ðC�13Þ

where Kðþ�Þi; j ¼ K11
i; j � K12

i; j , KðþþÞi; j ¼ ðK11
i; j þ K12

i; j Þ=2,
Kðþ3Þi; j ¼ K13

i; j ¼ K23
i; j , and Kð33Þi; j ¼ K33

i; j , in which K�1�2
i; j ðt; t0Þ

implies t 2 C�1
and t0 2 C�2

. Here, Ki; jðt; t0Þ is the propagator
defined by Ki; jðt; t0Þ ¼ ði=h� Þ½Tr e�


~HHBðTCŷy
ðBÞ
i ðtÞŷy

ðBÞ
i ðt0ÞÞ�=

Tr e�

~HHB where ŷyðBÞi ðtÞ ¼ ei

~HHBt=h� ŷyðBÞi e�i
~HHBt=h� , which satisfies

the relation in the Fourier-Laplace representation:

Kðþ3Þi; j ðz; �nÞ ¼
i

zþ �n
Kðþ�Þi; j ð�nÞ � Kðþ�Þi; j ðzÞ
	 


; ðC�14Þ

KðþþÞi; j ðzÞ ¼
1

2

X1
n¼�1

e�i�n0
þ

Kðþ3Þi; j ðz; �nÞ � Kðþ3Þi; j ðz;��nÞ
	 
�h i

; ðC�15Þ

Kð33Þi; j ð�nÞ ¼ iKðþ�Þi; j ð��nÞ: ðC�16Þ

The function Kðþ�Þ is derived as follows. Because the
inverse of Kðþ�Þ is given by Kðþ�Þ�1 ¼ ðK�1Þ11 � ðK�1Þ12,
Kðþ�Þ satisfies the following equation,X

j

�i; j�i

d2

dt2
�

1

�þ
P

i �i

�i�j

d2

dt2
þ �i!

2
i �i; j

� �

� Kðþ�Þj;k ðt; t
0Þ ¼ �ðt � t0Þ�i;k: ðC�17Þ

By performing Laplace transformation, we have

Ci; jðzÞKðþ�Þj;k ðzÞ ¼ �i;k; ðC�18Þ

ðCðzÞÞi; j ¼ �iðz2 þ !2
i Þ�i; j �

z2�i�j

�0
: ðC�19Þ

The inverse of CðzÞ, i.e. Kðþ�ÞðzÞ is expanded as

C�1ðzÞ ¼
X1
n¼0
ð�C�11 C2Þn

" #
C�11 ; ðC�20Þ

where ðC1Þi; j ¼ �iðz2 þ !2
i Þ and ðC2Þi; j ¼ �z2�i�j=�

0. From
the relation C2ðC�11 C2Þn ¼ f�

P
k �k�kz

2=½�0ðz2 þ !2
kÞ�g

nC2

and ðC�11 C2C
�1
1 Þi; j ¼ �z2=½�0ð!2

i þ z2Þð!2
j þ z2Þ�,

Kðþ�ÞðzÞ ¼ C�1ðzÞ is given by

ðKðþ�Þi; j Þi; j¼ðC
�1
1 Þi; jþ

z2

�0 �
X
i

�iz
2

!2
i þ z2

�
1

ð!2
i þ z2Þð!2

j þ z2Þ
:

ðC�21Þ

With the use of ri ¼ �i=�
0, we obtain

X
i; j

riK
ðþ�Þ
i; j ðzÞrj ¼

1

z2
�

1

�0
þ

1

�þ
X
i

�i!
2
i

!2
i þ z2

0
BBB@

1
CCCA:

ðC�22Þ

We rewrite eq. (C�22) as �Gðþ�Þ0 ðzÞ þ Kðþ�Þ0 ðzÞ where

Gðþ�Þ0 ðzÞ 	 1=ð�0z2Þ and Kðþ�Þ0 ¼ 1=fz2½�þ
P

i �i!
2
i =ð!2

iþ
z2Þ�g. By using the relations eqs. (C�14), (C�15) and (C�16)
this expression is applied to the other components asP

i; j riK
ðl;mÞ
i; j rj ¼ �GðlmÞ0 þ KðlmÞ0 , where ðl;mÞ ¼ ðþ;þÞ,

ðþ; 3Þ, and ð3; 3Þ. The functions Gðl;mÞ0 and Kðl;mÞ0 also satisfy
the relation eqs. (C�14), (C�15) and (C�16). From these
relations, Gðl;mÞ0 ðt; t0Þ is given by eq. (3:14). Then eq. (C�10)
is written as eqs. (3:12), (3:13) and (3:15).

By introducing the spectral density Ið!Þ, the inverse
Laplace transformation of the function Kðþ�Þ0 ðzÞ in the case
of the Gaussian–Markovian dissipation is reduced to eq.
(3:20). From the relation eq. (C�15), KðþþÞ0 ðzÞ in the
Gaussian–Markovian dissipation case is given by

KðþþÞ0 ðzÞ ¼
X1
l¼1

2i�!2
D


h���lðzþ �lÞ½ð�2l þ �!DÞ2 � �2l !
2
D�

þ
X1
l¼1

i


h��ðx1 � x2Þ

�
2x2

ðzþ x2Þðx22 � �2l Þ
1�

x1

�

� �

�
2x1

ðzþ x1Þðx21 � �2l Þ
1�

x2

�

� ��

þ lim
l!0

ie�i!l0
þ


h��zð�2l þ j�lj�̂�ðj�ljÞÞ

�
i

h�
�

�
1

x1 � x2

�
1�

x2

�

� �
1

x1ðzþ x1Þ

� 1�
x1

�

� �
1

x2ðzþ x2Þ

�

þ
1

�!Dz
1�

!D

�

� �
þ

1

�z2

�
; ðC�23Þ

where x1;2 is defined by eq. (3:24). Performing the inverse
Laplace transformation, we obtain KðþþÞ0 ðtÞ given in eq.
(3:21). Similarly, we can obtain Kðþ3Þ0 ðt; �Þ and Kð33Þ0 ð�Þ given
by eqs. (3:22) and (3:23) by using the relation (C�15) and
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(C�16), respectively.
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