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We present an analytical expression for the linear and nonlinear infrared spectra of interacting
molecular vibrational motions. Each of the molecular modes is explicitly represented by a classical
damped oscillator on an anharmonic multidimensional potential-energy surface. The two essential
interactions, the dipole-dipole (DD) and the dipole-induced-dipole (DID) interactions, are taken into
account, and each dipole moment and polarizability are expanded to nonlinear order with respect to
the nuclear vibrational coordinate. Our analytical treatment leads to expressions for the
contributions of anharmonicity, DD and DID interactions, and the nonlinearity of dipole moments
and polarizability elements to the one-, two-, and three-dimensional spectra as separated terms,
which allows us to discuss the relative importance of these respective contributions. We can
calculate multidimensional signals for various configurations of molecules interacting through DD
and DID interactions for different material parameters over the whole range of frequencies. We
demonstrate that contributions from the DD and DID interactions and anharmonicity are separately
detectable through the third-order three-dimensional IR spectroscopy, whereas they cannot be
distinguished from each other in either the linear or the second-order IR spectroscopies. The
possibility of obtaining the intra- or intermolecular structural information from multidimensional

spectra is also discussed. © 2005 American Institute of Physics. [DOI: 10.1063/1.2134702]

I. INTRODUCTION

Multidimensional vibrational spectroscopies such as the
fifth-order Raman'™ and the third-order infrared (IR)
spectroscopiesS_7 are powerful methods to explore the dy-
namics and structures of molecules in complex systems. The
main advantage of these spectroscopies is due to the sensi-
tivity of multitime correlation functions to anharmonic vibra-
tional motions. Such motions are hard to detect in conven-
tional spectroscopies, but contribute in the leading order to
the signals detected by fifth-order Raman and third-order IR
spectroscopies.g'9 In third-order IR experiments, femtosec-
ond phase-controlled IR pulses are available to obtain
heterodyne-detected signal fields from samples.5 The two-
dimensional (2D) Fourier plots obtained from the three-pulse
vibrational-echo technique have been applied to peptide mol-
ecules, e.g., N-methylacetamide, for detecting conforma-
tional information.'®"* Some investigations were also con-
ducted on a part of larger molecules, an « helix and a 8
sheet.'*!> Several third-order IR experiments were also per-
formed to evaluate lifetimes of H bonds'®™ or relaxation
times of molecular vibrations in solvents.’

In contrast to common practice in the third-order elec-
tronically resonant spectroscopies such as pump-probe or
photon-echo measurements, the rotating wave approximation
(RWA) and the phase-matching condition cannot be ad-
equately applied to vibrational spectroscopies where resonat-
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ing frequencies are much smaller than electronically resonant
ones.”’ Interactions between vibrational modes, which
should be defined by molecular coordinates, exhibit compli-
cated forms. Therefore, descriptions of a Hamiltonian system
by means of vibrational energy levels do not seem beneficial
and are sometimes inaccurate for the case of vibrational
spectroscopy. However, theoretical studies of 2D IR spec-
troscopy based on a coordinate representation which does
not need the RWA were carried out only for single mode
cases'#?172% or multimode cases, but with the limited forms
of interactions.”**® The aim of this paper is to present ex-
plicit analytical expressions with the consideration of such
important effects as the anharmonicity of vibrational poten-
tials, the damping constant, the nonlinearity of molecular
dipole moments and polarizability elements, and the interac-
tions between dipoles, specifically dipole-dipole (DD) and
dipole-induced-dipole (DID) interactions. Their dipole inter-
actions play major roles to determine a signal profile in the
third-order IR vibrational spectroscopy.

It has been recognized that interactions between dipoles
are a key for the determination of molecular structures. As
was suggested by Okumura et al., the DID interaction can be
used to determine molecular structures in the 2D Raman
spectroscopy.27 However, such experiments have been car-
ried out by means of the third-order IR spectroscopy, since
2D Raman signals are difficult to obtain owing to cascading
effects”™ and vibrational modes in biomolecules of interest
usually possess IR-active dipoles such as C=0 or N-H
bond.* " Actually, there have been several studies on the
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third-order IR spectroscopy of peptides by ab initio calcula-
tions and molecular-dynamics (MD) simulations with the
help of response function theory.29_33 Hahn et al. demon-
strated by an ab initio calculation that the intensity of the
DID interaction is almost proportional to the third inverse
power of distance between dipoles.34

Although measuring the third-order IR signal is experi-
mentally easier than measuring the fifth-order Raman one,
the reverse is true theoretically. The reason is that the third-
order IR signal is defined by a higher-order four-body corre-
lation function which includes more complex interactions be-
tween dipoles.35’36 Nevertheless, theoretical attempts to
interpret nonlinear IR spectroscopy through the interactions
between dipoles have been performed in several ways. A
vibrational-energy-level model based on a quantum picture
was often employed to reduce structural information of a
macromolecule such as a biomolecule.”” >’ There have been
attempts to detect an angular structure between dipoles in-
side a molecule.***' However, the energy-level model is
rather phenomenological, especially when one introduces re-
laxation or dephasing processes or employs unverified ap-
proximations such as the RWA. Thus, such modeling does
not usually give any clear molecular interpretation. Alterna-
tively, models in the molecular coordinate representation
have been investigated to describe the third-order IR spec-
troscopy. Cho formulated an IR-IR-visible spectroscopy, in-
cluding anharmonicity and a part of the DID and DD
interactions.”* Park and Cho obtained expressions for the
third-order IR signal from a diagrammatic expansion
approach.25 They suggested a way to determine structures of
molecules through the third-order coefficient which came
from a DIDID interaction, but their results were limited in
the particular case when the second-order coefficient of ex-
panded dipoles which corresponds to the DID interaction
becomes zero. This means that they cannot extract the effects
of the DID interaction explicitly, which is one of the differ-
ences of their results from the results reported in this paper.
In addition, our explicit expression allows us to identify the
effects of the DID interaction, and the expanded dipole co-
efficients separately. Our model also takes into account the
DD interaction and the angular configurations which play an
important role in the third-order IR spectroscopy.

In this paper, we derive analytical expressions for the
third-order IR response functions based on the molecular co-
ordinate model. We take into account all explicit contribu-
tions from the nonlinear coefficients, the DID interaction, the
DD interaction, and the anharmonicity for any three-
dimensional configurations of a molecular pair (see Fig. 1),
and derive each explicit contribution as separated terms in
the third-order IR signal. We demonstrate that, even in com-
plex systems where the above effects are not all negligible,
the third-order IR spectroscopy has an ability to separately
detect contributions from DID interactions, DD interactions,
or the anharmonicity. This finding has never been reported in
previous studies. We also consider how structural informa-
tion can be derived from the DID and DD interactions. Ad-
ditionally, we have developed a computer program based on
the analytical expressions derived in this paper.42 This pro-
gram can be used as a handy tool to analyze the third-order
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FIG. 1. A pair of dipoles A and B which interact with each other under an
external electric field along the z axis.

multidimensional signal as a function of molecular param-
eters such as the dipole moments and polarizability elements,
the damping constants of molecular vibration, and the poten-
tial surfaces expressed by molecular coordinates. Further-
more, the DD and DID interactions are included as functions
of the configurational parameters depicted in Fig. 1. This
program will be helpful for interpreting the third-order IR
signals obtained from experiments or simulations and for
understanding the physical origins of each peak appearing in
the spectrum.

The paper is organized as follows. In Sec. II, we intro-
duce equations of motion based on a model for interacting
IR-active vibrational modes. The corresponding solutions are
shown in Sec. III. In Secs. IV and V, we briefly summarize
the formulation and derive the first-, second-, and third-order
response functions. Representative results of the first-,
second-, and 2D third-order IR spectroscopy are presented in
Sec. VI. Section VII is devoted to the discussion and
summary.

Il. EQUATIONS OF MOTION FOR INTERACTING
MOLECULAR VIBRATION MODES: A FORCED
OSCILLATOR PICTURE

We consider the two vibrational modes A and B interact-
ing with each other in the presence of an electric field. We
denote the nuclear vibrational coordinate of each mode by
qa=q4(t) and gz=qz(7), and their effective masses by m, and
mpg. We describe the motion of each vibrational mode by a
damped oscillator under external forces. The equations of
motion are given as

d’q, .y day g, = Fa(qa-98) + f4(q4:q5)
A AYA

ar dt B ny

(1)

and
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dqp  dag 5 [5(qa98) + [5(d4:98)
—B 4 =R 2= , 2
a7 VB dt B4B mg (2)

where ()¢ and g denote the frequency and dissipation coef-

ficient of the vibrational mode S=A or B, respectively.7
The forces on the right-hand side of the above equations

correspond to the force from the dipolar interactions

V )
Flgnan = - 0 ®)
ds

and the force from the anharmonicity

&Ué(qs) B JUan(q4,95)
dqs aqs '

fé(CIAJ]B) == 4)

respectively. Here, the anharmonic potential function is de-
fined as

3 4
W

Ué(QS) == 6 ‘]; - z‘]s (5)

for S=A or B. V<S3) and V(S4) are the cubic and quadratic an-
harmonicities of the vibrational potential for the mode S,
respectively. The last term on the right-hand side of Eq. (4)
corresponds to the anharmonic mode-mode coupling poten-
tial function

V(S) V(3) Vf(4)
AB BA AB
Uan(q4,95) =- TCIAQ%? - 761/21613 - 4 qgﬂé
V(4) V(4)
AB BA
= Gadn= " 9ids (6)

where ng and VZX represent the nth-order anharmonic cou-
pling strength and VA(;) is the fourth-order anharmonic cou-
pling coefficient.

Suppose that modes A and B have associated dipole mo-
ments. If a dipole pair A-B is isolated from other dipole pairs
or if their vibrational frequencies are quite different from the
other surrounding modes, such as solvent modes, the dipolar
interactions between dipoles A and B play essential roles in
their intra- or intermolecular interactions. The explicit poten-
tial function from dipole interactions in Eq. (3) is written as

V(q4.9p) = Iex + Ipip + Ipp. (7)

where

I = ex(qA’qB) =- {Mﬁ + MA} : Eex([arA)
- {M[é + MB} . Eex(t’rB)a (8)
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Ipip = Ipin(ga.95) = - %Eex(tsrA) -y Typpg'
- %Eex(tarB) - agTyp ey )
and
Inp=Ipp(ga.qp) = — py' - Dyp: s (10)

Here pf and pg=pg(qs) for S=A or B are the permanent
dipole moment and that caused by the vibration coordinate
qs. respectively. ag=a(qg) denotes the polarizability tensor.
The total dipole moment is given by

s = ps(gs.qs) = PG+ ps+ a’STAB:M?ft (11)
for (S,8")=(A,B) or (B,A). The term of T,z in Eq. (9) and
that of D, in Eq. (10) represent the DD and DID interac-
tions, respectively.

Since the distance between dipoles A and B, rup, is
smaller than the optical wavelength, the external field
E_(t,ry) or E(t,rg) in Egs. (8) and (9) can be replaced by
E_(t,rg), where rg denotes the midpoint between the two
dipoles. Furthermore, the forms of T,5 and D45 can be ex-
pressed as

Typg=Dpp=—" 5, (12)

where ¢ is the vacuum dielectric constant and 7, is the unit
vector from the center of dipole A to the center of dipole B*
It can be assumed that, if the distance between dipoles r,p is
large enough, the higher-order terms of T4 and D, in Eq.
(12) are negligible. We note that DD and DID interactions
are essential for interactions between dipoles, and that other
dipole interactions such as the van der Waals interaction
which is of order O(1/ rg p) are neglected.

We consider a x-z plane where dipoles A and B exist, as
is drawn in Fig. 1. Using Eq. (11), the terms of Eq. (7) leads
to

I=- (Mﬁ + :U’A)Eex(t’rG)COS U
= (s + pp)Eex(t,rg)cos ¢, (13)
1
Ipip == 3 Eex(t.r6) Tapaa(pf + 1ip)

- %Eex(ter)TABaB(/'Lﬁ + 4), (14)
and
Ipp == Dy + pa) (g + p), (15)

to the first order of T, and D 4. Here, E.,(t,r;) denotes the
intensity of an external electric field E(z,r;) which is par-
allel to the z axis. ¢ and ¢ are angles between an electric
field and dipoles A and B (Fig. 1). T4z and D,p are obtained
as

Typg=Dyp=

{3 sin” 0,5 — 1}sin ¢sin ¢+ {3 cos? 0,5 — 1}cos ¢y cos ¢+ 3 sin G5 cos O, sin(f+ p)

3
4megryp

(16)
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with 6,5 shown in Fig. 1. Note that ug means the magnitude
of a dipole moment vector wmg and we set a5 =ay sin ¢, o
=ayco8y, ag=agsing, and af=azcos¢ with a,
=a,(qs) and ag=ag(qp).

The specific solution of Egs. (1) and (2) can be derived
as

qs(t) = J drfo(qa(t = 7).q5(t = 7))

+f5(qa(t = 7),q5(t = 7)1Ds(7), (17)

where

O(T)%Sin &, (18)
SSS

Dy(1) =

with the Heaviside step function ©(7) and the effective fre-

quency
&= \/ﬂé—? (19)

The dipole moment and the polarizability can be ex-
panded in the molecular vibration coordinate as

(2) (3)

ws(0) = ui (o) + qu(t) + —qg(t) +- (20)
and
o o
ag() = ¥ + o Vg4(1) + qu(t) + ?qs(t) + -
(21)

respectively. Here, we assume that there are no couplings
between molecules A and B at the level of the dipole moment
and polarizability. This is reasonable since r,p is large
enough to regard dipoles A and B as localized.

We regard the terms proportional to the higher-order
nonlinear coefﬁcients of the expanded dipole moment
DAB,LL’S’,,LL(S3), DAB,LLS,,LLS ,and D, ,usl ,U,(SS,) as part of the an-
harmonicity in Uan(q4.qp) and U’(gg), and eliminate the
former contributions from the expression of Ipp. This prac-
tice is justified because the above higher-order nonlinear co-
efficients are usually small in nonlinear spectroscopy, and,
moreover, the anharmonicities V<3) V(4) and V(SS, play more
essential roles than those coefﬁments. However, we have not
neglected the third-order nonlinearities ,u(ss) and a(s3) in the
terms which include E.,(z,rg), since these terms make dif-
ferent contributions to the nonlinear IR spectroscopy.zs’44
With the above assumptions, we substitute Egs. (20) and (21)
into Egs. (13)-(15) and obtain the explicit forms of
V(q4.qp). Hereafter, we express E.(z,rg) only by E.(?) for

simplicity.
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The vibrational coordinate gg(f) can be expanded in or-
ders of the applied external fields E,,(¢) as

a5 = a5 (1) + 49O + 450 + -+, (22)

which holds only when the external electric field is weak
enough. It is natural that q(so):O because a molecular vibra-
tion coordinate is regarded as a renormalized coordinate with
no external electric field. With the above expanded expres-
sions, (20)—(22), Eq. (1) leads to the first-order equation of
motion of molecule A,

m
A dr Ya d
= Ee()}) cos i+ 3E (D) T 5@
+ Dy gy (23)
where
qD(SnS,m) = a(”),u + ,u a(s'f’), (24)
with ,u(o)— &, and
* Dyp
00 =04 - 2 ud . (25)
my

This equation shows that a specific frequency is modified by
the DD interaction. We also mention that dipole configura-
tions such as i, ¢, 6,5, and r,p can be regarded as constants,
compared with the molecular dynamics within an ultrafast
time scale. Similarly, Eq. (1) leads to the second-order equa-
tion of motion,

a7t dr
= Eex(t)/-LAZ)Q,(L\l) Cos (//+ lEex(t)TAB[(I),&I)E’?I)qgfi’l)

dqy  d .
mA{ 94 + 7y, qA +Qz(2)

WG4

C]B
+D, [m”u%”q%z "+ ) (Z)T + M(Z)Mg)q/ﬁ”q“)]
q(l)Z q(l)Z
A B
HVOE Vi + Vil - (26)

Finally, we can derive the third-order equation of motion
from Eq. (1),
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&gy dgy . e
ma| =+ 00 | = B0 mqd + g |cos

(1)2
2,1) (1 2,0 3,094
)+

1 oL
+5Eex(t)TAB|: Dgd + DY+ >

2

(1) _(1)2
Y44 4B
w{AM%HWW%%HW@ﬂ%)QO aa” |

(13
FVE— V‘E‘Z% kil V“”CIA V’(“)qA G v B, )

Each equation of motion for molecule B can be obtained by interchanging suffix A with B in the above equations.

lll. MOLECULAR VIBRATIONAL COORDINATES

A. The first-order solution

With the use of Eq. (17), we have the solution of Eq. (23) as
1
a5 = J dr[Eexu ~ g €08 s+ S Bt = DTap®s) + Dappn g (1 = ) | D). (28)

Note that Qg of &, which appears in Dg(7), is now replaced by Q and that 5= for S=A and 65=¢ for S=B. Substituting
the above expression for q(s, () into Eq. (28), we obtain the first-order solution

”(t) de[Eex(l—T),LLS cos g+ Eex(t T)TAB(I)SS, Dy(7)

def d7'E.(t— 7— T)DAB,LLS ,uS, % cos 0s:Dg/(7')Dy(7), (29)

to linear order in T,p and D 4p.

B. The second-order solution

Similarly, from Eq. (17), the solution of Eq. (26) becomes
1
a2 = f dr[ Eo(t— D cos 05g\(t — ) + SEali= DTl @701 = 1) + 0%V gV (1 - )}

W, (1) @ W <2>qS’ -7

1 1
+D,5) 1wl g = 1)+ > + 1Pl gVt = gl -1

12
q\ (t—T) qg’ (t=1)
e ] Ve Vosds (1= 7)gt = 7) | Dy(n). (30)

Inserting the above form for q(sz,)(t) and the first-order solutions into Eq. (30), we have the second-order solution as

Ty 0 AB 1 (1,1
a2 = "l cos® A gs(r) + TB@g{g%fg, +2a 01l uPycos BsAss(r) + 23c1><ss, 'ull) cos g Agig(1)

2) (12 12
+ D gt )qu/) cos B cos OBy gs(t) + _{M(sl)ﬂy) Mfg/) cos” O/ Cyrgs(1)

1
02 (2)
+ ZM(I),Lng ,u(S,) cos g cos O Cyrgs(1)} + DABMS;”M;) :“(s' cos? O Fgrgrglt) + 5M§1>2V§3> cos? O5Cyss(t)

12,3
2 g,) VgS), cos? O5 Cgrgr5(t) + ,u(sl),us, V( 515 €08 O cos b Cyigs(t), (31)
to linear order in Typ, Dyp, and V(;). Here, we have introduced the following expressions:

Agrs(t) = f dr f d7' Eey(t = )Eey(1 = 7= 7') D (7')Dg(7), (32)
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Bgngig(t) = f dTJ dr’ J dT'E(t = TE(t — 71— 7 — 7")Dg(7")Dg/ (7' ) Dy(7), (33)

Congrs(t) = f de dr f A7'Ee(t — 7— 7' )E(t — 7— 7")Dg(7")Dg: (7' )Dy(7), (34)
and

Forgrg(t) = f drf dr’ f dT'E(t— 7= 7 )E(t— 7— 7 = 7)Dg(7")Dg (7' )Dg(7). (35)

C. The third-order solution

With Eq. (17) being applied, we have the solution of Eq. (27) as
3 ) () ps (1)2 Tys
45(1) = f ATE (1= 1) 141 = 1)+ =gt = ) [cos ODs(7) + 5° f drE (1= 7)

M2, 2
X{ (1,1) (2) a29s (1-7) 30)61§) (t—1)

oL g (- 1)+ D > + @D gt - D+ Vg P (- )+ D! 5 Dy(7)

1 1) 2
+DAdeT Mg )IU’S’ qsl( T)+,LLS ,ug,)qs)(t T)qs = T)+,u,§2),ug q(sl)(t—T)qé,)(t—T)

) 02, W3, (12 ) 3
gt = gy (e - 7) gy (t—1) g1 = Dy (1= 1) M- 1)
2 4 4 s

: S)”(s') > Dy(D+ | dr V(ss)' V(s')s > ‘1(84)—

Ws_ (02,
,(4)615 (t T)q ([ )
Ss! 2

+ Vgt = g8 (1= D+ Vgt = D\t - D (Ds(7). (36)

Substituting the above expression for q(;,)(t) and the first- and second-order solutions into Eq. (36), we can derive the
third-order solution which is written in our Technical Note.*

IV. LINEAR IR SPECTROSCOPY

The dipole moment along the z axis, which is parallel to the external field and observed in vibrational spectroscopy
experiments, can be written as

() = 2 oy (1) + g (1)

v (37)

where N means a number of A and B pairs in the sample and V is the sample volume. u'(#) denotes a z component of u§" in

Eq. (11). Equation (11) leads to
s (1) = (us + ps(r))cos O+ as(t)TAB(Msr + pgi (1)), (38)

to linear order in T,p. Substituting Egs. (20)—(22) for Eq. (38), we obtain the first-order dipole moment of molecule S,

Mg‘m(])(t) — M(l) l)(I)COS 05 + TABMS’ag])qS )([) + TABaS ,U/S/ qsr)(t) (39)

where the first-order solution qgl)(t) has been already derived in Eq. (29). Therefore, its final form becomes

0) (1)2
S'/-ln(s‘)

2

5 j d7E(t — 7)Dg(7)cos

3
uS D (@0) = g f dTE(t = T)Dg(7)cos b5+ Typ) ~ i ol i, +

+ TABa(SO),u,g],)2 f dTE(t — T)Dg/(7)cos by +DAB,LL(1 2/.Lg],)2 f de d7E(t— 7— 7' )Dg/(7")Dg(7)cos O cos O,

(40)
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T

Sample
Probe

13

FIG. 2. A schematic description of nonlinear IR spectroscopy. A sample
interacts with the first electric field at r=0, then with the second one at r
=T, and finally with the third one at t=T,+T7,. The sample radiates an IR
field at t=T,+T,+T;.

to linear order in T, and D,p. For the linear spectroscopy,
we define the external electric field E.,(¢) as

Eex(t) = E05(1)7 (41)

where E, represents an amplitude of an electric pulse (Fig.
2). We note that the above definition directly generates the
first-order response function as follows. Insertion of Eq. (41)
into Eq. (40) leads to

M?t(l)(Tl) =E M(sl)zDs(Tl)COSZ O+ Typ

(0) 1)2
Qg :“(s)

2

3 1 1
X\ Sus sl +

5 Dg(T;)cos 6

+ TABa(SO),uS, DS!(T )COS 057

+ DAB,LL(SI)z/L(SI,)2GAB(T1)cos 05 cos by

(42)

where G,p(T)) is defined in Appendix A. We can finally
derive the first-order response function defined by P(T))
EnoEoR(l)(Tl) as

RO(T)) = pl{*D(T))cos g+ iy *Dy(T)cos? ¢

+3 TABDA(Tl)COS lﬂ/i(l (D(l u

+3 TABDB(TI)COS ¢M(1)q)(0 Y

+2D 5, (12,01 2GAB(T1)COS Ycos ¢ (43)

from Eq. (37). Here, n, indicates the concentration of A and
B pairs. TAB and EAB are statistically averaged values of T4p
and D,p. The first-order spectral density which is observable
in the experiments is defined as
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1(w) =-i f e lRU(T))dT, (44)
0

whose explicit expression is given in Appendix B. Results of
a representative example will be shown graphically in
Sec. VL.

V. NONLINEAR IR SPECTROSCOPY
A. The second-order spectroscopy

From Eq. (38) with Egs. (20)-(22), we obtain the
second-order dipole moment of molecule S as

(2)
tol(2) (1) = M§1)q(52 (f)cos O+ %q(l)z(t)cos O

AB
+ TABa(s >M§rqs () + —asz)uférq(sm(t)

(1) (2)(2‘)+ Tap

2) (1)2
+ TABQ'S ug (0, @ (1) (1)

B T, G Mg dgr

+ Tapal g (g5 (1), (45)

Substitution of the expressions in Egs. (29) and (31) for

those in the above equation leads to ,ufsm @ (t) in Appendix C,

whose explicit form has never been obtained in previous

studies.”*** For the second-order spectroscopy, we define the

external electric field E,(¢) as

Eex(t) = Eoé(t) + Eo(s(t - Tl) . (46)

(See Fig. 2.) The insertion of Eq. (46) into Eq. (C1) leads to
pS"(T),). Note that we denote T),=T,+T,. Its explicit
form is given in Appendix C. From Eq. (37), we can derive

the second-order response function defined by P?(T),)
=noEsR?(T,,T,) as

RO(T,,T,) = N®(T,,T,) + T?(T\,T,) + DT}, T,)
+AC(T,,T,), (47)

where the contributions of the nonlinearity of the dipole mo-
ments to R?(T,,T,) become

NO(T,,T,) = w2 WP{DA(T,)DA(T,)
+ DA(T12)D(T,)}cos® ¥+ M(I)Z @)
X{D(T\)Dy(T5) + Dg(T12)Dy(T5)}cos” ¢.
(48)

The effects of the DID interaction lead to
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T(T,,T,) = TM(I)QM 54130) + IU“B(DEIIAZ))DA(TI)DA(TZ)COS v+ _,U«B)(Z,U«g)q)(l D+ Mﬁ(pgéZ))DB(Tl)DB(TZ)COSZ ¢

B,U«A >{q)£xIAz)M[§ + 0‘590 )Mﬁxl)ﬂfs.z)}DA(le)DA(Tz)COS U+ TABM(I){(I))(_?IBZ)MP

+ aA :U~B Mg)}DB(le)DB(Tz)COSZ b+ TAB“X))M(B])2:U~32){DA(T1)DA(T2) + DA(le)DA(Tz)}0052 ¢

+ Tyl u? uPAD (T, D y(T,) + D(T 1) Dp(To)ycos? i+ —MA DO LD (T DA(T,)

+D,(T)Dp(T,) + 2D 4(T15) Dp(T,) + 2D(T15) D A(T) }cos cos ¢. (49)

The contributions of the DD interaction become

Dyp
DT\ Ty) = =2 iy

> ){ZDB(TI)GAB(TZ) +2G (T )Dp(T3) + 2G4 5(T12)D(T,) + 2G4 5(T5) Dig(T )

+2Hpp(T1,T5) + Hppy (T}, T) }cos i cos® ¢ + TM(BI)2 2 u A A2D4(T1)Gp(T>) + 2G45(T1)DA(T5)

+2Gp(T12)D(T5) + 2G4 5(T2)Dy(T 1) + 2H s pa (T, T5) + HAAB(leTZ)}COSZ Pcos ¢, (50)

and the effects of the anharmonicity result in

ACNT,, T,y = EMA VO H 0Ty, Ty)cos® g+ 2#3>3VG)H333(T1,T2)C05 o+ 2#541),“(])2V(3)[HBBA(T17T2)

+ 2Hp,p(T),T,)]cos 'J/COS b+ 2#,(41)2 )VSX[HAAB(TIst) + 2HABA(T1,T2)]COSZ rcos . (51)

We note that if a sample is isotropic, the second-order response function vanishes by symmetry.45 We perform a Fourier
transformation of R(z)(Tl ,T,) and obtain the second-order spectral density,

1w, ) = - f f 1Tl TR, T,)dT,dT,. (52)
0 0

Its explicit form is too complicated to write down in this paper, and we will only show the graphical results of a representative
example in Sec. VL.

B. The third-order spectroscopy
Equation (38) with Egs. (20)—(22) leads to the third-order dipole moment of molecule S as

(1)

3),,r (l)s(t)"'TABaS lu’S’qS’)(t)

(3)
Tip
t"t(S)(t) ,u(sl)qs )(t)cos O + ?qs )3(t)cos 05 + TABafS ,ug/qs (1) +— 6 aS Mg s

Typ 3) (1) 1 2 AB @ 12 1
e EaPul 0P (0 + Typalull) g (g5 )(t)+— 1 (g (1) + Typal i g (065 (0)

T
+ 2P e us a2 (045 (0. (53)

. . . 2425 . . . . 42
in previous studies. It is given in our Technical Note.

Note that we put T)3=T,+T,+T;. From Eq. (37) and
the explicit form of ,utSOt(S)(Tm) derived in this paper, we

Substltutlng Egs. (29) and (31) and the expllclt third-order
solution qS (t) written in our Technical Note** for the above
equation, we obtain ,ufm(3 (¢) as presented in Appendix D. For

the third-order spectroscopy, we define the external electric
field E_(7) as

E (t)=Ey8(t) + Ey8(t—T,) + E;8(t =T, - T,). (54)

(See Flg 2.) The insertion of Eq. (54) into Eq. (D1) leads to
[Ot (T123) whose full explicit form has never been obtained

can obtain the third-order response function defined by
P(3)(T123) = noESR(3)(T1 5 T2 , T3) as

RONT,,T,,T3) = NNT,,T,,T;3) + TT,,T,, T3)
+ DT, Ty, T;) + ASNT,,T,,T5), (55)

where each contribution is explicitly given in Appendix E.
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FIG. 3. The linear IR spectral density I'V(w;) in Eq.
(B1). The unit of vertical axis is ¢>/4mc?M with the
speed of light ¢ (cm/s). The upper, middle, and lower
figures correspond to the contributions from the linear
dipole coefficient, the DID interaction, and the
DD interaction in I'V(w,), respectively. The left three
y figures show real parts of the linear spectral density,

Re[I'V(w,)], while the right ones show imaginary parts

of it, Im[IV(w,)].
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Even if a sample is isotropic, the third-order response func-
tion never vanishes, and it finally becomes the leading-order
term of the nonlinear spectroscopy. We perform the follow-
ing Fourier transformations and derive the third-order spec-
tral densities which are observable in the experiments:

1(13)(T1,(U2, w3) = - f f eiszzeiw3T3R(3)(T1,T2, T3)dT2dT’;,
0 Jo

(56)
1(3)((1) T = _ f f iw Ty iw3T;
2 1T w3) = e e
0 0
XR(T,,Ty, T5)dT\dT;, (57)
and
123)((01, (1)2,T3) = _ f J eiwlTleiszz
0 0
XRO(T,,T,,T;)dT,dT,. (58)

Explicit forms of the above are so complicated that we only
show those results of a representative example graphically in
the next section.

VI. REPRESENTATIVE CALCULATIONS

We shall now demonstrate the advantage of multidimen-
sional IR spectroscopy by plotting the representative signals
using the analytical expressions derived in Secs. IV and V.
We have set the mass, fundamental frequencies, and dissipa-
tion constants of vibration modes A and B as my=mp
=1[M], Q,=179.5 cm™" and Qz=268.8 cm™!, and y =1y,
=1 cm™!, respectively, where M denotes the mass of a pro-

: . . L 34444647
ton. In comparison with the previous studies,” ™ """ we set

the values of the coefficients as follows. The permanent and
expanded dipole coefficients are given as wh=uh=1[qgaq],
pl=u=0.1[q], and uP'=u=0.01[ga;'], while the ex-
panded polarization coefficients are set as aio)zag))
= 1[4776041(3)] and af:):ag): 1[4’776061(2)]. Here, ¢ and a, indi-
cate the charge of an electron and the Bohr radius, respec-
tively.

A. Linear absorption spectroscopy

First, we illustrate linear absorption spectra [Eq. (B1)] in
Fig. 3. Although one can set any values to calculate a signal
from our analytical expressions, we adopt ¥=¢=0 rad for
simplicity, which leads to

3{cos’ 0,5 — 1

Amey(rap)

Typ=Dpp= (59)
where 6,5 and rp are assumed to be independently distrib-
uted. The structure constants are set as (rf1 B>=27[a8] and
(cos? 0,3)=2/3 in T,y and D,p.

As seen in Fig. 3, there are only two peaks which corre-
spond to vibration modes A and B, respectively. We note that
the values of the peak frequencies are clearly different from
the original fundamental frequencies Q,=179.5 cm™' and
0;=268.8 cm™, as a result of the effects of the DD interac-
tion and dissipation. [See Eqgs. (19) and (25).] It should be
also emphasized that the effects of the DID interaction from

fAB and the effects of the DD interaction from 5AB are not
distinguishable through linear IR spectroscopy because the
effects appear at the same peak frequencies. The nonlinearity
of dipole moment such as Mgz) does not contribute to the
intensity of the linear IR spectra.
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FIG. 4. (Color) Contour plots of the second-order IR spectra I?(w;, w,).
The left four figures show Re[I®(w;,w,)], while the right ones show
Im[I®(w, , w,)]. The upper, upper-middle, lower-middle, and lower figures
show the contributions from the nonlinear dipole coefficient, the DID inter-
action, the DD interaction, and the anharmonicity in I®(w,,w,),
respectively.

B. The second-order IR spectroscopy

In Fig. 4, we depict the second-order spectra [Eq. (52)].
We note that they disappear in isotropic samples. All the
numerical coefficients have the same values as those in Sec.
VI A, but the following coefficients are added here: V( )
-V(3)—3 704 X 105[¢*/4mepal], V)= V(3)—O[q2/47760a0]
and a(z)—ag)—0.1[47760a0]. Compared with linear absorp-
tion spectra, more peaks appear in the second-order IR ex-
periments. This is because, in the second-order IR experi-
ments, a sample interacts with the external field twice and
the second-order spectra include two vibrational excitation
and deexcitation processes. However, even if the second-
order response function did not vanish, it would be difficult
to distinguish the effects of the DD and DID interactions and
the anharmonicity from each other through the second-order
spectra because the peaks which are attributed to these ef-
fects usually overlap with comparable strengths.

J. Chem. Phys. 123, 224310 (2005)
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FIG. 5. (Color) Contour plots of the third-order IR spectra I< (T, w,,w3) at
T,=42.4 ps. The left four figures show Re[I( (T, w,,w3)], while the right
ones show Im[l< (T, w,,w3)]. The upper, upper-middle, lower-middle, and
lower figures show the contributions from the nonlinearity of the dipole
moment, the DID interaction, the DD interaction, and the anharmonicity,
respectively.

C. The third-order IR spectroscopy

We now present graphical results of the third-order spec-
tra expressed by Egs. (56)—(58). All the numerical coeffi-
cients have the same values as those in Secs. VI A and VI B,

but the following coefficients are added here: ,u(3) ©)
=0.001[gay?], oV=al'=0.01[4me,], VP=V)= Vﬁ“; vg‘j
=3.704 X 10‘6[q2/47760a0] and V'(4)—V'(4)—0[q2/47760a0]
Since we have three time variables, T}, T5, and T;, there are
several ways to plot the third-order signals. Based on our
analytical expressions, we have calculated the double-
Fourier-transferred signals with the fixed time constants 77,
T,, and T;.

We found that 1(13)(T1,w2,w3) and 1(23)(w1,T2,w3) have
the capability to isolate the DID contribution. Figures 5 and
6 show 153)(T1,w2,w3) at T,=42.4 ps and 123)((»1,T2,w3) at
T,=0 s, respectively. It can be seen that, although many
peaks arise from three vibrational excitation and deexcitation
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FIG. 6. (Color) The same as Fig. 5 but I<23)(w1,T2,w3) at 7,=0 s, and the
horizontal axis is w;.

processes, the majority of them still overlap with the others
even in the third-order IR measurement. There are some
peaks, however, where only the DID contribution becomes
dominant. This fact allows us to clearly extract the DID con-
tribution distinguished from all the others. The correspond-
ing magnified figures of Figs. 5 and 6 are given in Fig. 7. As
Fig. 7 illustrates, some peaks dominantly reflect effects of
the DID interaction. We confirmed that the peak appearing
around (w,,w;)=(100,350) in the upper-right figure of Fig.
7 and that around (o, , w3)=(250,350) in the lower-right fig-
ure are both proportional to fABME‘I)Mg)Z(,u(I) @, (l)p,g)).
These peaks enable us to obtain structural 1nf0rmation on
molecules A and B because they are proportional to 1/ (r/3w>

through the factor TAB. We should note, however, that it is
usually difficult to determine the absolute value of each
peak, so that one can obtain only relative distances of mol-
ecules A and B at different times.”’

Figures 8 and 9 show 123)(w1,w2,T3) at T3=530.5 fs and
at T;=42.4 ps. We have found that as 75 becomes large, the
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FIG. 7. (Color) Magnified views of the real part of Fig. 5 (the upper two
figures) and Fig. 6 (the lower two figures). The left figures show sums of the
contributions from the nonlinear dipole coefficient, the DD interaction, and
the anharmonicity, while the right ones show those from the DID
interaction.

contributions from the DD interaction and the anharmonicity
of each vibrational mode in 123)(w1 ,0,,T3) become dominant
compared with the contributions from the nonlinearity of the
dipole moment and the DID interaction. This fact indicates
that the vibrational excitations caused by the DD interaction
and the anharmonicity decay slower than those caused by the
other two effects, as can be clearly seen in the third-order
response functions presented in Fig. 10. The above findings
enable us to extract the DD interaction and the anharmonic-
ity independently of the third-order IR signals. The DD and
anharmonic contributions in Fig. 9 are magnified and pre-
sented in Fig. 11; each peak clearly reflects the DD interac-
tion or the anharmonicity. The physical origins of these
peaks can be identified from our explicit expressions of
I§3)(w1,w2,T3). The peak appearing around (w;,w,)
=(250,400) in the upper-right figure is proportional to
Dy (1)2 (1)2 f),ug), while that around (w;,w,)
—(150 300) in the lower-right figure is proportional to
VX‘) (4 Since 5AB is also proportional to 1/ (riBX we can
Cross- check the information of molecular structures through
the DID and DD interactions, if we measure I( (wy,w,,T;)
and I( )(Tl,wz,w3) or I( (w,,T,,w;3) together. Furthermore
one can specify the strength of the anharmonicity by detect-
ing the peak intensity around (o, ®,)=(150,300). Finally, it
is worth mentioning that 123)((»1 ,w,,T3) derived in this paper
tends to be zero with 73— 0. This indicates that we can
easily justify an applicability of our formula to the system
which we are interested in by checking the 75 dependency of
the signal. Although we could not extract the contribution
from the nonlinearity of dipole A or B even through the
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FIG. 8. (Color) The same as Fig. 5 but I{(w,, w,,T;) at Ty=530.5 fs, and
the horizontal and the vertical axes are w, and w;, respectively.

third-order spectra derived in this paper, it can be detected
from another type of the third-order IR spectroscopy pro-
posed by previous studies, 322444854

VIl. SUMMARY AND DISCUSSION

We have derived analytical expressions for the first-,
second-, and third-order IR spectra of two interacting dipolar
modes for various space configurations. All of the essential
interactions between dipoles, the DID and DD interactions,
as well as the cubic and quadratic anharmonicities of vibra-
tional potentials and the nonlinearity of dipole moments are
taken into account. Our analytical calculations give each ex-
plicit contribution to the peaks in the IR spectra as the sepa-
rated terms and give us their clear physical origins. We em-
phasize that each order of the IR signals calculated here
contains all the contributions classified by each order of the
Liouville paths in the vibrational-energy-level representation,
and we give the results not around a specific frequency but
over the whole range of frequencies. It should be noted that
there is a theoretical means to separate the contributions of
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FIG. 9. (Color) The same as Fig. 8 but at T;=42.4 ps.

different Liouville paths from our expression of the signals;
each path is separately detected experimentally with the
phase-matching conditions.?’

Our representative calculations have demonstrated the
following advantage and usefulness of the third-order spec-
troscopy. Whereas the contributions from DID and DD inter-
actions and the anharmonicity of the potential were compa-
rably overlapped and could not be identified in the first- and
second-order IR spectroscopies, they were distinguishable
from each other through the third-order signals. Such identi-
fication is important, especially in the case when contribu-
tions from the DID and DD interactions and the anharmo-
nicities are comparable, which often occurs as was
demonstrated in our representative calculation. Even in such
complex systems where each effect appears, the above find-
ings enable us to obtain the structural information of mol-
ecules within the femtosecond range. Furthermore, since the
third-order 2D signals 1(13)(T1 ,wy,®3) and 1(23)((1)1 ,T5, w3) de-
tect T4, whereas Ig3)(w1 ,w,,T5) identifies D, the structural
information can be cross-checked through a comparison of
the DID and DD interactions. Actually, in our calculation, we
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FIG. 10. (Color) The third-order response functions from the nonlinear di-
pole coefficient N®X(T,,T,,T;) (upper), the DID interaction T(T,,T,,T;)
(middle-upper), the DD interaction D®(T},T,,T;) (middle-lower), and the
anharmonicity A®(T,,T,,T;) (lower). The unit of both axes T; and T, is
1/2¢[s]. The unit of vertical axis is ¢*/8mc*M3aj. We set T;3=530.5 fs in
the left figures and 73=42.4 ps in the right ones.

have presented some explicit peak intensities which reflect
dominantly the DID or DD interaction or the anharmonicity.

In this paper, we have adopted the molecular coordinate
picture introducing many contributions such as the vibration
relaxation, the interacting dipolar potentials, and the anhar-
monicities with the various dipolar material parameters and
space configurations. Thus, our analytical expressions con-
tain many parameters. Compared with the vibrational-
energy-level picture which is defined by eigenenergy levels
with possible optical and bath-induced transition elements
between them, the molecular coordinate picture is intuitive
and makes it easy to settle the parameters. In fact, while we
have demonstrated the IR spectra only for one parameter set
in Sec. VI, there is no difficulty in changing any parameter
according to the system being examined. For example, we
could easily check the effects of dissipation by increasing the
damping constant as yg=10 cm™!, and we have confirmed
the broadening and deviation of spectral peaks following
Eq. (19).

Owing to the analytically explicit expressions, we have

J. Chem. Phys. 123, 224310 (2005)

Re[NL+DID+AN]

Re[DD]
420

L

400
()] 2 [cn'11]

380

230 250 270 230 250 270
0)1 [Ctﬁ1]
Re[NL+DID+DD] Re[AN]

320

300
M [cm']

280

130 150 170 130 150 170
@4 [cm']

FIG. 11. (Color) Magnified views of the real part of Fig. 9. The upper-left
figure represents the effects from the nonlinear dipole coefficient, the DID
interaction, and the anharmonicity, while the upper-right one represents the
effect of the DD interaction. The lower-left figure shows a sum of the con-
tributions from the nonlinear dipole coefficient, the DID interaction, and the
DD interaction, while the lower-right one shows the contribution from the
anharmonicity.

developed a handy analysis program for IR experiments and
simulations. This program can be downloaded from our web-
site upon users’ request.42 We emphasize that the above pro-
gram can be applied to any pairwise interacting molecules.
Possible targets are C=0 and N-H bonds of an « helix and
C=0 bonds of a 8 sheet in proteins. The structural informa-
tion within ultrafast time scales of DNA transition can be
also examined by our program, since DNA includes dipolar
interactions between adenine-guanine or cytosine-thymine
molecule pairs. It may be interesting to apply our program to
dimeric systems of peptides, e.g., N-methylacetamide or
other biomolecules.

Because our formalization is based on a classical picture
of molecular vibrations, there are some limitations to its ap-
plicability. For example, if the anharmonicity of vibrational
potentials is strong and the fundamental frequencies of vibra-
tion modes are much higher than the thermal energy, the
quantum effects become essential.*>>>*® Qur analytical re-
sults should not be applied to such cases. However, our re-
sults should be examined for moderately high-frequency
modes such as C=0 and N-H bond interactions. It is also
important to check any differences or similarities between
our results and those based on the vibrational-energy-level
models.” ™" We took into account only the dissipation by
damping constants and did not consider any thermal fluctua-
tions. If we introduce a Langevin random force which is
related to the damping term through the fluctuation dissipa-
tion theorem to the equations of vibrational motion (1) and
(2), we could account for temperature effects. Note that, in
order to include the spectral distribution of the thermal noise,
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we have to adopt not the Langevin equation but the general-
ized Langevin equation which is characterized by a time-
dependent damping term, that is, a memory term. In addition,
sorts of system-bath coupling affect the temperature depen-
dency, while we consider the temperature-independent case
which corresponds to the bilinear system-bath coupling
systems.53 This fact suggests that we should pay attention to
the effects of the surrounding solution or connecting main
bonds. The effects of the vibrational dephasing are not in-
cluded in the present paper. Such phenomena are caused by
the nonlinear coupling between the system and bath modes
and play an important role in both classical and quantum
spectroscopies: In the coordinate representation, the
quadratic-linear system-bath coupling term reflects the vibra-
tional dephasing effect.”*>’

Although we have studied only two interacting dipoles,
so long as only pairwise interactions are involved, we can
easily extend the present results to a many-mode system by
decomposing the many-body interactions into the pairwise
ones and by overlapping the signals with each other. How-
ever, if a sample consists of numerous pairs of interacting
dipoles, the spectral profile is affected by their statistical dis-
tributions. A sample of uniformly distributed dipole pairs re-
sults in T,3=D,5=0 with ¢=¢p=0rad from {(cos® 6,z)
=1/3, while that of dipole pairs whose distribution is de-
scribed by a canonical distribution with the temperature 7,
leads to (cos? 6,5)~ 1/ Tg<ri ) Within a high-temperature ap-
proximation. We should also mention that, in general, huge
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and high-molecular-weight reacting molecules cannot be
quickly adjusted to their environmental temperature at each
moment, and the distributions of dipole pairs in reacting bio-
molecules are difficult to determine. The above problem
might be solved when a single molecule spectroscopy is
practicable, or when molecules in a thin sample can be
placed in order.

In conclusion, we have derived analytical expressions
for linear-, second-, and third-order IR spectra in terms of the
contributions from the nonlinearity of the dipole moment and
the polarizability, the DID and DD interactions, the anhar-
monicity of vibrational potentials, and the anharmonic mode-
mode coupling. Our formula will provide a powerful tool for
studying molecular interactions and structures, although
there is room for improvement in the theory.
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APPENDIX A: DEFINITION OF G,5(Ty)
We define G45(T)) as

Gup(T)) = f dtDg:/(T) = 7)Ds(7) (A1)
=fT1 a5 =) sin &g7sin &g (T, — 7) (A2)
0 mg&smg &g
44y = 5 ) &(DYT)Img)) +{(ys = ¥51)* = 4(& = £)HD(Ty) g )]
B {(vs— vs) 2+ 4EF + 8{(7s - 75)2 - 4E} &, + 16€;,
4[4(ys - Ys)gs’(Dér(Tl)/mS) +{(ys - ?’s')2 - 4(§§, - §§)}(Ds'(T1)/ms)]
+ 2 22 2 2 2 ’ (A3)
{Cys = ¥s)” +4E3 + 8{(vs— ¥s7) —4§s}§g/ + 16551/
with
e—yST/Z
Dg(7) = 0(7) cos &7. (A4)
MmgSg

Note that GAB: GBA'

APPENDIX B: DEFINITION OF I''(w,)

The first-order spectral density results in



224310-15  Multidimensional infrared spectroscopy J. Chem. Phys. 123, 224310 (2005)

3 3
1"(w) = MX)ZLA(M)COSZ b+ MS)ZLB(wl)Cosz P+ ETAB/-L,(L‘,I)(I)X&O)LA(Q’])COS v+ ETABMI(S})(D,(A%I)LB(Q’])COS ¢

(D2 (1)2 4(7A - '}’B)%AL,Q(wl) + {(')’A - ')/B)z - 4(5,%4 - g%})}LA(wl)

+ 8D puy 1 cos ¥ cos ¢
T mp{(ya - vp)? +4GY + 8L (ya — vp) - 4636 + 1685]
4(yp— Lp(w)) + — )’ = 4(& - E)YLp(w
+ 8DABM,(41)2 1(91)2 (v8— va)é5 23( 1)2 2{(%4 Y8) 2(53 2§A)2} 5(@)) cos i cos b,
mal{(ya = vp)* + 461 + 8{(ya — vp)* - 463} + 1685]
with
Ly(w) =~i f e D(T))dT,
0
_ 167y5w,;
m{ s+ 16(w] - &)+ 8y5(w) + &)}
and
Li(w) =- zf e "DY(T,)dT,
0
~ 4o (ys+ 4ot —4E)
msés{ s+ 16(w] ~ £)* + 875(0] + &)}
APPENDIX C: EXPLICIT FORM OF THE SECOND-ORDER DIPOLE MOMENT
The second-order dipole moment is obtained as
1 T
Mts()t(z)(l) = M(SI)ZM(SZ)ASS(I)COS3 b5+ Eﬂ(sl)zﬂ(sz)Gss(t)COS3 b5+ fﬂg){‘b(sls’z)ﬂgr + Zaég)ﬂ(sl)ﬂ(sz)}z‘\ss(l)cosz Os

Tap (0,010 AB (1), (), (1.0) (1) ,@

T 2 (1) 2
+ > s pgr Pgr Agrs(t)cos b cos O + TMS us Do Gst)cos™ s+ Typag g’ pg” g Ass(t)cos” O

T T
N2 (2 AB AB N2 (2
+ TABa(SO),ug,) ,ué,)AS/S,(t)cosz O + 7M§1>2a§%§,G5S(z)cos2 O+ Ta(so),ug,) ,LLE,)GS/S,(t)cos2 O

12 12
+ TABagl),u,gl),ué,) Ggr5(t)cos O cos g +DAB,u(S1)2,u§2),u(S,) Bgrgs(1)cos? bg cos O

%{ 2, (12 2 2, (2), (12

+ 5 K5 h ,LLS,)CS,S/S(t)cos 05 cos? Ogr + 25 ° g g Cyr(t)cos? O cos O}

12 (12 (2 12 .(2), (1)2

1
+DABMS Mg ,U/Sr)FS’S’S(t)COS 05 COS2 asr +DABIU’S Mg Mg JSSIS(I)COSZ HS Ccos 05r + E[Lgl)

X[Mgl)2V§3)CSSS(t)cos2 Os + ,UJ(SI,)ZV(S?, Cgrgr5(t)cos? Oy + /L(Sl)uél,)Vé%)SCsrss(t)cos s cos B/ ]cos by,

where we introduced the following expressions:

Gys(t) = f dr f d7' Ee(t = T)Eo(t — 7' )Dg/(7')Dg(7)

and

(B1)

(B2)

(B3)

(B4)

(B5)

(C1)

(€2)
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Jgngrs(t) = f de dr’ Jdr”Eex(t— 7)Eo(t — 7— 7)Dgn(7")Dgi (7' )Dg(7). (C3)
Using the electric field (46), this results in
pO(T ) = Eé[,ug)z OUD(T))Ds(T) + Dg(Ty)Ds(Ty)}cos® fs+ 7 L ) + 1, DY) DT Dy(Ty)cos s

+ Ty (PG, + g ) 1) Do(Tio) Ds(To)cos? b5+ Tupald s i {DS(TDS(T)

Typ
+ Ds(le)Ds(Tz)}C052 Ogr + TM(SI)MSI){(DSIS/] )Ds'(T1)Ds(T2) + 2as /-Lsr)Ds(le)Ds (T)

D,p
+20fs /‘LS!)DS’(TIZ)DS(TZ)}COS HS COS 05/ + 3 ,LL 1)2 gly)zﬂé%>{2DS/(T1)GAB(T2)

+ Hyrsr5(T}, To)}cos s cos® Osi + Dy ul? ul G p(T))D(T) + G ug(T10) Ds(T) + Gp(Ty) Ds(T1)

1 2
+ HSS’S(TI’ Tz)}COS 03 COos 051 + 2M(1){/L_(5‘1)2‘/_<g3)Hsss(T1, Tz)COS 6_5‘ + MS’) V,(S‘S)’HS’S’S(TI’ Tz)COS asr

+ Z,uS ,us, V(SB,SHSS,S(TI,TZ)COS g cos Ogrycos b |. (C4)
Here, we have introduced
HS’S"S(TI’TZ) = f de dT’ f dT”Eex(t - T T’)Eex(t - T T”)Dsr(T,)Dsn(’T”)Ds(T) = f dT{Dsr(le - T)Dsrr(T2 - T)

+Dg/(T, = I)Dgn(Ty, — 7)}Ds(7), (C5)

whose explicit expressions are given in our web page.42 Note that Hggng(T,, T5)=Hgngr (T}, T5).

APPENDIX D: EXPLICIT FORM OF THE THIRD-ORDER DIPOLE MOMENT

The third-order dipole moment is derived as
(3 3)

1 My Typ 2,0
wS' ) = i u§ K sgs(r)cos* O + Eﬂs B Mggs(r)cos® G + = 5 5 Oggs(r)cos* O + ) Kgss(Dus (ZMS])(Dgs’)
Tap
1,0 Typ - (1.1 1
+ ,uS (Dés' ))cos? O + CID(SS,),ugl),ué,)[,uS VK g5(t)cos? O cos O + ,u,(s,)KS,S,S(t)cos 6 cos® O] + ,u,S ,u,(l,)

4

T
X[ (I)CID(;S,Z Mg gr5(t)cos bg cos® O + ZM(I)CD%, M g5(t)cos® O cos O] + ;B,u )2 (3)CI>(SIS?)MSSS(t)cos3 0

T Typ

" 23 P05 Mss()cos® b + 4 22 1P P YD Oss(1)cos? O + Typal!) ! 1w i, Kss(r)cos® 6
Tyup Tap 02 (22

+5 ol ) s, Mgs(1)cos® O + 6 28 136l il Oggs(t)cos® O + Typald g i Korgr51(1)cos® b,
Tyup Typs 3

iy )IU“S’ ,uS,)MS rsr5r()cos® Oy + 6 (O)Mg,) l“s' 05 rsrg1(f)cos® By

T
12 (2) g 1)
+ Typ a(sl),u(sl),u(s,) ,u(s/ Wy grs(t)cos O cos? O + 5 a(sl),u,gl),u(s, ,LLS,)OSSrSr(t)cos 0 cos® B

Typ
+ Typ agl),U,(S]),LLSZ),(L(SI)ZWSSS,(Z)COS O cos O + T,LLSl)z z)ug/)ZOSrss(t)cosz Oscos Ogr + -+

+ DABM(])ZIU’S Z/Lgl, Xsrsss(t;T,T"r T,,T+ 7+7+ Tm)COS 95 Cos 03! + _[IU’S MgZ)Mg£)2M‘(szr)Xsrsrss(t;T,T

+ 7+ 77+ 7+ 7")cos” Os cos® Oy + 2ui 2 u P2l X st T+ 7+ 7+ 7+ 7)cos’ b5 cos O]
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+ DABIU’S Mg Mg ,U«S/)XSISISS(I;T,T'F 7+ ’T”,T+ 7+7+ 7',")COS2 05 COS2 057

m3 3,02

+ Dypus g g Xsssis(t; 7,7+ 77,7+ 7+ 7)cos® b cos O + Dl

D2 (2, ()2 (2
) ,U«fv )M(sr [Mg )Xsss's(l‘ﬂ"" 7,7

2
+ 7,7+ 7' + 7")cos’ fg cos by + Mg,)XSrS/SS(l‘;T+ 7.7+ 7,7+ 7' + 7")cos? O cos? /]

Dag (12 ) (12
2

+

D
+7 + 7,7+ 7 + 7 + 7")cos O cos’ b + —2

D
+ 7")cos b cos® O + —;‘B,u,gm 3,12

(1)2

m2, (12 (2)2

Mg pg pgr /.LS,)XSSrSrS(l;T+ 7,7+ 7,7+ 7")cos® b5 cos® s + Dy pg pg Xsrgrsrs(t;m+ 7,7

12 (13 (3

Mg fhgr ,U,S,)Xsrsrsrs(t;7'+ 7+ 7 + 7+ 7

(1

1
ps pg Xgrsss(tsm, ' 7" + 7")cos’ b cos O + E/’LS )Mgz)[ﬂgl)zv(s)xssss(f;T,T

3
+7 + 7,7+ 7 + 7")cos? b5 + Mg Vgs),XS/S,SS(t;T,T+ 7+ 7,7+ 7 + 7")cos b

(12, (1

+ 2/L(SI)M(SI,)V(53,)SXSrSSS(t;T,T+ 7 + 7,7+ 7 + 7")cos O cos O Jcos® O + V(S%)S,LLS ,LLS/)[/L(Sz)XS,S,SS(t;T+ 7,7

1
+ 7,7+ 7' + 7")cos O + Méz,>XSSSrS(t;T+ 7,7+ 7,7+ 7" + 7")cos b Jcos? b cos by + g:“s

(1)

X[M(SI)3V<S4)XSSSS(I;T+ 7,7+ 7,7+ 7")cos> 65 + ,LLgl,)3Vg?,XS/S;S/S(t;T+ 7,7+ 7,7+ 7")cos’ by

+ SM(SI)Z,LL(SI/)V(SA‘,)SXS/SSS(I;T + 7,7+ 7,7+ 7")cos’ g cos Oy + Sug g

+ 7")cos 6 cos® g ]cos b,

where we introduced the following expressions:

K (1) Edef dr f dT7'E(t— DE.(t—7—17)

XEey(t = 7= 7' = 1") X D7) D (7') Ds(7),
(D2)

Mgnss(t) = f dr f dr' f d7"Eey(t = T)Ee(t = 7= 7')

X Eey(t = 7= 7") X Dg(7")Dg:(7')Ds(7),
(D3)

Ogngrs(t) = f drfdr' f d7'E(t— DE (t—7)

X Eey(t = 7")Dgr(7") D (7') Dy(7), (D4)

Wsrrsrs(t)Edej dT'de”Eex(t—T)Eex(t—T')

XEe(t— 1" = 7)Dg(7")Dg:(7')Ds(7), (D5)

and

) (1)2V;g%)xsrsrss(t;T+ ’T,,7'+ ’TH,T

(D1)

XS///S//S/S(Z‘;TQ,TB,T.},)EJ‘dT‘de’fd'Tﬂjd'Tm

XEex(t - Ta)Eex(t - TB)Eex(t - 7'),)
X DS///(H,,)DS//(’TH)DS/(’T,)DS(T).
(D6)
The insertion of expression (54) into the above leads to the

third-order dipole moment ,utOtG)(Tm) which is explicitly
written in our Technical Note.*”

APPENDIX E: EACH CONTRIBUTION TO THE THIRD-
ORDER RESPONSE FUNCTION R®(T,, T, Ts)

The effect of the nonlinearity of dipole moments to
RB)N(T,,T,,T;) becomes

N(3)(T1,T2,T3) = M,(Al)zﬂ,g\Z)zYAAA(TI’T2’T3)0054 v
+ 2 ?Y (T, T, T3)cos* ¢
+ Mixl)S#f){YAAA(le’ T5,T3)
+ Y aaa(T1o3. T3, T3) beos* g+ P )
X{Yppp(T12,T5,T3)
+ Yppp(T123, T3, T3) Jcos* &, (E1)

where we have introduced T,3=T7,+T5 and the following
expression:
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Ys515(T o Tp.Ty) = Dg(T ) D1 (T ) Di(T,). (E2)

That of the DID interaction leads to

Typ
DT = L4205+ 3T Tcos” v 220 ) 0

Ty
+ 3 DY) Y (T, T, T3)cos’ b + B(D(l Dl Y paa(T1,T5. Ts)cos? g cos ¢

Typ
5 PN ) iy 1Y (T, T2, Ty)cos rcos® + 2 PN ) 1Y (T, T2, T)cos rcos?

T Typ
AB(D(I 2 (1 MXI)MA )YAAB(Tl,T2,T3)COS peos dp+ > (1)2(4 (2)(1)(1 o)

TAB
PEVY uun (T3, Toz, Ts)cos® g + —E ) w2 @pP LY + wOPONY ppp(T 53, Tz, T3)cos® b

T,
+ 23 (1)2(4,“«(3)(1)(1 D+ MA o 0))YAAA(T12,T2,T3)COS U+ 7#3)2(4 (3)(13 0

+ Mg)q)g 0))YBBB(T12, Tz,T3)COS ¢+ AB[MA Mp )Zq)(l 2)YBBA(TIZs T,,T5)cos l//COS o+ ,U«<1)2 (1)(1)(21

X{Y upa(T12. T2, T3) + Ypaa(T12, T, T3)}cos” grcos o] + [,U«(D (1)2(13(2 I)YAAB(T12»T2s T3)cos® i cos ¢

+ g DY pap(T15. To. T3) + Y app(T10. T2, T3) eos ¢ cos® ] + Typaly ) >y
X{Yppa(T1,T23,T3) + Yupp(T123, T2, T3) + Ypap(T12: T3, T3) + Yapp(T123,T23,T3) + Ypap(T123,T23,T3)
+ Yppa(T123. T3, T3) cos ghcos® ¢ + TABag)Mg)ME\])ZIU’,E\Z){YAAB(T]7T23’T3) + Ypaa(T123,T5,T3)
+ Yapa(T10:T03.T3) + Ypua(T103.T23.T3) + Yapa(T123.T23.T3) + Yuug(Ti23.To3. T3)}cos® i cos ¢
+ Tapal 1l 1D i Y aap(T1.To3.T5) + Ypaa(T123.To. T3) + Yapa(T10, T3, T3) beos? i cos ¢
+ Tapaly g 1 Y ga(T1, T3, T5) + Y agp(T103,T2.T3) + Yap(T12,To3,T3)}cos ¢ cos? ¢
+ Tapm 2ol 1w ¥ paa(T123.To3. T5) + Yapa(T123.To3,T5) + Ypap(T123,To3, T3)}cos? ihrcos b
(12 (2), (12

+ TABIU'B ap g Y app(T123:T23.T3) + Yap(T123,T23.T3) + Ypa(T123,T23.T5)}cos ‘/’0052 ¢. (E3)

The contribution of the DD interaction is calculated as

DT}, T5.Ts) = Dappy > 1 [ Zua(T1, T, T3) + Lapp(To3, T)DA(T)) + Lypa(To3, T3)Dp(T12) + Lyga(T123.T3)Da(T)
+ Hypa(T1,T5)D(T;)]cos’ i cos ¢ + DABM(I)Z 02 (I)Z[ZBB(TI’TZ’T3) + Lpa(Tp3,T3)Dp(T))
+ Lyag(To3. T3)Dy(T1p) + Lpap(T123.T3)Dp(T5) + Hpap(Ty, T)Dy(T5)]cos ¢y cos® ¢
+ Dppi P s 21 3 Hppa(Ty To)Dy(T5) + Lapa(Ty3, T)D(Ty) + Lagg(To3,T3)D(T )
+ Lapg(T123, T3)Dp(T5) + Zgs(T5,T1,T3) + Npapp(T3,T23,T123) + Napap(T3,T23,T123)
+ Nappa(T3, To3. Tiny) Jeos? reos® ¢ + Dyl ul [ 3Hanp(T1. To)Dy(T3) + Liag(Tos, T5)D(T))
+ Lgpa(T23,T3)Da(T12) + Lgpa(T123,T3)Da(T) + Zyp(To, T, T3) + Nppaa(T3,T23,T123)
+ Npaga(T3.T53.T123) + Npaag(T3, To3.T13) Jcos® i cos® ¢
(12

+ Dapiy >y P 1 Z (T3, Ty, Ty)cos ¢ cos® b + Dygpuly* ) Zy o (T3, 715, Ty)cos® i cos ¢

+D, BMA L3 (1)2 (3)0053 Ycos Y Zya(T12,T2,T5) + Zpya(T5, T12,T3) + Zya(T3,T123,To3)
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+ Zaa(Ty3, T1p3.T3) + Zya(T13, Toz, T5) ] + D gty P i) cos o cos® ¢l Zpg(T1, T, T5)
+ Zpp(T5,T12,T5) + Zpp(T3,T123.Ta3) + Zpp(T3,T123,T5) + Zpp(T123.T23.T3)]

+ 5ABM,E\1)21LLE31)2ME}2)ZZBB(T3’Tl’TZ)COS 1//‘3053 ¢+ EABME;)ZME‘])sz)zZAA(Ta,Tl,Tz)COS3 cos ¢,

where
Zs51(To, T, T,) = Gap(To)Dg(Tp)Dy:(T).
We have also introduced

LS,S’,S”(Taa Tﬁ) = f dDg(7)Ds/(T, T)DS”(Tﬁ_ 7)

and

NS,S!,S!I’SIH(TQ, TB’ T)/) = f dTDs(’T)DSr(Ta - T)DS"(TB_ T)DSIN(T,)/_ T).

(E4)

(ES)

(E6)

(E7)

Their explicit integrated forms are given in our web page.42 The effect of the anharmonicity becomes

AT T, T;) =

%M,(axl)ﬂixz)[ﬂixl)zvf)HAAA(Tl’T2)0032 Y+ ILL}(;)2‘/,(43£)?HBBA(T1»T2)COSZ ¢

+ M,(AI)ME;)V(E?XHABA(Tl’Tz)COS i cos ¢]DA(T3)C052 U+ %Mg)ﬂg)[ﬂgp‘/?)HBBB(TbTz)C052 ¢

+ MI(AI)ZVgXHAAB(Tl’TZ)COSZ v+ MI(BI)MEII)V,(SI;HBAB(TI’TZ)COS i cos ¢]DB(T3)0052 ¢

+ 17 uld V) cos® cos HLaap(T123.T3)Dp(T2) + Laap(Ta3 T5)Dp(T12) + Laga(To3, T3)Dy(T))]
+ g 2wV cos ¢ cos® GlLupa(T123, T3)Ds(T) + Lypa(Ta3, T)DA(T1) + Lgag(Toz, T5)DA(T))]
+ 2w V! cos? ¢ cos? BlLapa(T123, T)Da(T) + Lypa(To3, T3)Ds(T1) + Lyap(To3, T3)Dy(T))]
+ 2D uVE) cos? ¢ cos® B{Lgap(T123.T3)Dp(T) + Ligap(To3, T3)Dp(T) + Ligga(To3, T3)Dy(T1)]
+ W VON aa (T3, To3. Tis)cos* ¢ + g Vi N (T3, T, Ths)cos
+ 11 1y PVEIN Apga(T3. To3, T1o)cos reos® ¢ + uy) P VEINpaaa (T3, T3 Tiaz)cos® g cos ¢
+ 1Pl Vi) cos® i cos B{Nauas(T3. T3, Tio3) + Naapa(T3, T3, T123) + Nagan(T5.T53.T13)]
+ iy PV cos yrcos® GINgppa(T5, T3 T1a3) + Nigpan(T5,To3, T1o3) + Niaps(T3.To3,T13)]
+ 1P PV cos® rcos® H[Nappa(Ts. T, Tio3) + Napan(T3. T3 Tio3) + Naagp(T3.T23.T123)]

+ Mg)ZMS)ZVz,;f) cos” ¢rcos® Q[ Npaap(T3,T23.T123) + Npapa(T3.T23,T123) + Nppaa(T3, T2z, T123)].

(E8)
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