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The multi-mode anharmonic Brownian motion model offers a universal framework for simulating molecular
vibrations in condensed phases. When vibrational energy surpasses thermal excitation, quantum effects be-
come significant, necessitating a rigorous treatment of system—bath entanglement. The hierarchical equations
of motion (HEOM) provide a powerful methodology for simulating such open quantum systems. In this
context, two-dimensional vibrational spectroscopy (2DVS) constitutes a powerful probe for elucidating the
complex dynamics of molecular processes, both experimentally and theoretically. This work introduces a
computational implementation, HEOM-2DVS, for treating non-Markovian open quantum dynamics that en-
compass energy relaxation, dephasing, thermal excitation, and related processes arising from non-perturbative
and nonlinear interactions between selected vibrational modes and their thermal environments. To validate
the theoretical framework, we computed two-dimensional correlation infrared spectra for three coupled in-
tramolecular vibrational modes of water. The results clarify how intermolecular interactions and mode—bath
couplings manifest as characteristic changes in the spectral features of 2DVS. The HEOM-2DVS program,
written in C++, is provided as supporting material.

I. INTRODUCTION

The vibrational dynamics of molecules in condensed
phases have increasingly been recognized as crucial fac-
tors shaping chemical reactivity. In particular, in-
tramolecular motions in solution—most prominently the
OH stretching vibration of water—have garnered sig-
nificant interest as active contributors to reactivity.l*2
Rather than serving as a passive thermal background,
molecular environments exhibit ultrafast phenomena, in-
cluding energy and phase relaxation. In hydrogen-
bonding solvents, these dynamics may further involve
hydrogen-bond rearrangement and proton migration, all
of which complicate its analysis30

To elucidate these dynamics, femtosecond-resolved
measurements are indispensable, as they coincide with
the intrinsic timescales of fundamental chemical pro-
cesses, including bond rearrangements and chemical reac-
tions. Two-dimensional vibrational spectroscopy (2DVS)
has established itself as a powerful tool for resolv-
ing vibrational mode correlations, coherence lifetimes,
and pathways of energy flow with exceptional spec-
tral precision ™3 Tts acute sensitivity to anharmonicity,
mode coupling, and vibrational coherence allows rigorous
quantification of the relaxation—dephasing mechanisms
that govern spectral broadening 14 Since these nonlin-
ear spectral signatures are intimately tied to quantum
dissipative dynamics—phenomena beyond the current
reach of molecular dynamics (MD) simulations—robust
theoretical modeling remains indispensable for their in-
terpretation and full exploitation 2V
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For decades, MD simulations have served as a prin-
cipal framework for investigating the dynamical proper-
ties of solutions239 Classical MD, however, is intrinsi-
cally incapable of incorporating essential quantum me-
chanical phenomena—zero-point energy, tunneling, and
quantum thermal fluctuations—that are indispensable
for a faithful description of vibrational dephasing and
couplings among intermolecular modes. Quantum MD
methodologies, such as path-integral Centroid MD (PI-
CMD), have been advanced to address these deficien-
cies; yet their application to 2DVS remains computa-
tionally formidable 2638 To confront these challenges,
MD-based modeling frameworks have been advanced, in-
corporating stochastic dynamics3? and excitonic wave-
function approaches*” Machine-learning (ML) method-
ologies leveraging MD trajectories have likewise been
developed 41H43

For accurate modeling of vibrational dephasing
and relaxation, nonlinear, non-perturbative, and non-
Markovian system-bath (S-B) interactions must be in-
corporated, since the vibrational echo signal originates
from S-B entanglement 4442 Qur group has performed
multidimensional spectral analyses using the multimode
anharmonic Brownian (MAB) model 2249 and developed
Hierarchical Fokker—Planck equations (HFPE) in both
classical (CHFPE)*"Y and quantum (DHEOM-MLWS)
forms*1%2 These enable numerically precise simulations
of nonlinear spectra in complex systems. By calibrat-
ing CHFPE to reproduce classical MD benchmarks?3#48
and applying QHFPE for quantum-level insights 222
the quantum nature of vibrational dynamics is revealed.
In contrast, classical simulations remain suitable for
2DVS—such as 2D Raman?l"23 and 2D THz-Raman
spectroscopy=L 834090 _wwhere thermal excitation sup-
presses quantum coherence.

For intramolecular modes exhibiting significant quan-
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tum effects, computational approaches to 2DVS have
thus far been developed within the QHFPE framework
for two-mode MAB models, typically involving stretch-
ing and bending vibrations?*2 While such models cap-
ture mode—mode coupling, a three-mode formulation is
required to describe energy transfer pathways and co-
herence dynamics. Given the experimental precision of
2DVS in resolving these processes, extending to three-
mode models is indispensable. We previously carried
out classical simulations of an MAB system, incorporat-
ing the symmetric, antisymmetric, and bending vibra-
tional modes?®20_but these results highlight the limi-
tations of classical treatments in fully accounting for ul-
trafast coherence-driven relaxation#® Therefore, in this
work, we present an HEOM-based computational frame-
work for simulating 2D correlation IR spectra® 1053708
extending previous approaches to treat three inter-
acting intramolecular modes within an open quantum
dynamics setting#?®2 The resulting implementation,
HEOM-2DVS, enables non-Markovian simulations that
capture energy relaxation, dephasing, thermal excita-
tion, and related effects arising from non-perturbative
and nonlinear mode-bath interactions.

This paper is organized as follows. Section [[I intro-
duces the MAB model and the HEOM for intramolec-
ular vibrational modes. Section [[T]] briefly describes the
structure of our codes, and Section[[V]demonstrates their
capability through simulations of linear abosorption spec-
tra and 2D correlation IR spectra. Concluding remarks
are provided in Section

1. MAB MODEL AND HEOM
A. MAB model

We consider a model consisting of three primary in-
tramolecular modes. These modes are described by vi-
brational coordinates ¢ = (¢1, g2, ¢3). Each mode is inde-
pendently coupled to the other optically inactive modes,
which constitute a bath system represented by an ensem-
ble of harmonic oscillators. The total Hamiltonian can
then be expressed agtl 434752
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is the Hamiltonian for the sth mode, with mass m, co-
ordinate ¢s, and momentum ps; and
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is the anharmonic potential for the sth mode, described
by the frequency ws and cubic anharmonicity g,s. The
anhramonic coupling between the sth and s’th modes is
given by
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where gss represents the second-order harmonicity, and
gs2¢ and g2 represent the third-order anharmonicity.

The bath Hamiltonian for the sth mode is expressed
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where the momentum, coordinate, mass, and frequency
of the jsth bath oscillator are given by p; ., z;,, m;,
and wj_, respectively. The counter term, which main-
tains the translational symmetry of the system in the
case Us(Gs) = Uss (Gs, Gs)=0 is defined as®?03

r(s) — A(S)VSQ(QS) (6)

with the factor A =37 a2 /2m; w? . The S-B inter-
action is expressed as

Y = Zams’ (7)

where V(qs) = VL(E)qs + V(E ¢s2/2 with the linear-linear
(LL)*%2 and square-linear (SL) S-B interactions.%3762
The coupling strengths are expressed by VL(E), VS(E), and
a;,. For a vibrational mode with weak anharmonicity,
the LL interaction leads to energy relaxation, whereas
the SL interaction results in vibrational dephasing 4404

We consider the optical measurements where the
molecular system is interacting with a laser field, E(t).
The nonlinear elements of dipole are essential to 2D spec-
troscopy. Here we assume® 2

ji = Zu ds + Q,Zu‘”ésds, (8)
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where us and pgs are the linear and nonlinear elements
of the dipole moment. For IR spectroscopies, the laser
interaction is then expressed as Hig(t) = —E(t)u(q).
The system Hamiltonian can always be expressed in
matrix form using the energy eigenstates of H 5‘5), denoted

as |n), with eigenenergy hw;, = ; (n| ﬁf:) |n") s. Then for
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The dipole moment is now expressed as
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The system part of the S-B interaction is expressed as
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where V° . = ¢ (n| Vs(gs) |7') s.
The bath property is characterized by the spectral dis-
tribution function (SDF), defined as
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The factor of the counter term is then expressed as

A = /oo dw 2@ (16)
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B. HEOM for MAB model

The noise operator associated with the sth intramolec-
ular mode is defined by Xs = >, «a;,2;,. For a har-
monic bath, noise correlations beyond third order van-
ish, and the dissipation can thus be fully characterized
by the linear response function, iL{* (t) = i(X, ()X, —
X, X,(t))5/h, where X,(t) is the Heisenberg representa-
tion of X, with respect to the bath Hamiltonian I;I](;)
(excluding the counter term), and (---)p denotes the
thermal average over the bath degrees of freedom. Cor-
respondingly, thermal fluctuations are characterized by
LYt = (X)X, + X.X,(t))5/2. The interplay be-
tween fluctuation and dissipation facilitates energy ex-
change, driving the system toward thermal equilibrium.
This equilibrium condition is rigorously governed by

the quantum fluctuation—dissipation theorem 4442566 The
combined kernel function, L) (¢) = L' (t) + LT (1),
naturally emerges in the Feynman—Vernon influence
functional formalism %

For the Drude SDF,
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where the parameters 77 and v} denote the Padé-
approximated  thermal coupling intensity and
frequency®® The constant for the counter term is
now given by

A(s) — msgsﬁ)/s . (20)

For the MBA model [Egs.(1)-(7)] with the Drude SDF
[Eq. (17)], quantum hierarchical Fokker—Planck equa-
tions (QHFPE) have been formulated to describe two vi-
brational modes, encompassing both intramolecular and
intermolecular dynamics® In parallel, classical hierar-
chical Fokker—Planck equations (CHFPE) have been de-
veloped to treat three vibrational modes2#2U Hereafter,
we refer to this as CHFPE-2DVS. Computational imple-
mentations of both approaches are publicly available 5%52

Since this study focuses only on intramolecular vibra-
tional modes, it is feasible to represent the reduced den-
sity operator using the eigenenergy states of each vibra-
tional potential rather than phase-space coordinates. It
is worth noting that, due to the classical nature induced
by thermal baths, the phase-space representation remains
advantageous for describing low-frequency intermolecular

modes, offering lower computational cost. 270

The HEOM obtained by transforming this phase-space
representation into the energy-eigenvalue representation
differs from the standard HEOM in that it requires ex-
plicitly including the counter term (12) as Hy in the sys-
tem Hamiltonian.

We defined v§ = <5, and introduce the Padé ap-
proximated frequencies v§ for k = {1,2,---, K }'%% We
also define the hyperoperators AXB = AB — B{i and
A°B = AB + BA, for arbitrary operators A and B.



The HEOM for the Drude SDF is then expressed as??
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The hierarchy elements are indexed by the set {n;} =
(n1,n9,n3), where each n, is a multi-index defined as
n, = (ng,ni, - ,ny ) for the three-mode case. All ele-
ments Py, }(t) with any negative index nj, < 0 are set to
Z€ero.

The notation {ns+e*} indicates an increment or decre-
ment of the kth component of ng, where e is the unit
vector corresponding to the kth frequency component in
the sth bath. The operators are defined as follows:
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where the parameters 7; denotes the Padé-approximated
thermal coupling 58

C. Linear absorption and 2D correlation IR spectra

We now consider a model consisting of three primary
intramolecular modes of the water molecule: (1) asym-
metric stretch, (1’) symmetric stretch, and (2) bending.
These modes are described by dimensionless vibrational
coordinates g = (q1, q1/, g2) 22

By representing intramolecular modes in terms of en-
ergy eigenstates, one can perform simulations and anal-
yses based on optical Liouville pathways in electroni-
cally excited states'” While calculating 2D correlation IR
spectra within MD or Wigner representations requires
additional effort to eliminate contributions from non-
rephasing components 244222 epergy eigenstate represen-
tations allow a straightforward evaluation, as the calcu-
lation merely involves selecting the corresponding optical
Liouville paths 2324 However, because of nonlinear inter-
actions between the molecule and the laser field, as well
as among vibrational modes, a vast number of Liouville
pathways must be considered for an accurate description.
To illustrate this approach, we symbolically denote the
three-mode excited states as |1) and |2), as explained
below.

We first note that the excitation frequencies of the in-
tramolecular modes are much larger than thermal exci-
tations. Therefore, the initial equilibrium state can be
safely assumed to be the ground vibrational eigenstate
of each mode, |0) = |01, 07/, 02).

Let us denote the state resulting from applying the
dipole operator fi in Eq. (10) to this state once, symbol-
ically, as |1). The state |1) contains components such
as ,u1/|01,11/,02> and p'?[11,0y/,12), corresponding to
single-excitation and double-excitation states. However,
since the ,ussl component is smaller than the p° compo-
nent, the double excitation has only a minor effect.

After the time t1, a second application of the dipole
operator to |1) returns part of the components to
the ground state as ,u1/|01,01/,02> or 201,01/, 0z).
At the same time, it also generates higher-excitation
contributions, collectively denoted as |2), including
/Lll ‘01, 21/, 02>, /L12|21, 01/, 02>, and /L1/2|11, 11/, 22>. Dur-
ing the time evolution t1, t2, and t3, excitation or relax-
ation may occur to various states other than |1) due to
mode-mode interactions characterized by the coupling
strength A®, . and interactions with the bath. For
short ¢, however, such contributions are regarded as rel-
atively minor.

1. Linear absorption (1D) spectra

In the density operator representation, the first-order
response functions is expressed agi#45

RO@) = (3 Juligea sy, e

where G(t) is the Green’s function of the total Hamilto-
nian without a laser interaction, and p°? is the equilib-
rium state. The Fourier transform of the above I(w) =
I dtRM (t) exp(iwt) is equivalent to the linear absorp-
tion spectrum.

We evaluate Egs. in four steps/ 4445

e Set a factorized temporary initial condition at t =
—teq a8 Pn,=0}(—teq) = [0)(0].

e Propagate the HEOM up to sufficiently long t.4 to
attain the equilibrium state ﬁ?q 4 If the vibra-
tional excitation energy is sufficiently higher than
the thermal excitation, the state remains equivalent

to the temporal initial condition factorized with the
bath.

e Excite the system at t; = 0 by p/(0) = 4*pq,
which yields components in the states |1)(0] and
10)(1].

e Propagate the perturbed hierarchy under the

HEOM, Egs. I)-@3) up to time ti: p'(t;) =
G(t1)p'(0).
e Response function evaluation: RW(t)) =

itr{/1p'(t1)}/h, and obtain I(w) via FFT.



2. 2D correlation IR spectra

(I) Rephasing
R2 R3 Rl*

FIG. 1. Optical Liouville pathways in 2D vibrational spec-
troscopy for rephasing contribution. In each diagram, the
left-hand line depicts the time evolution of the ket state |n),
while the right-hand line depicts that of the bra state (n’|.
The complex-conjugate pathways, obtained by interchanging
the left and right states, are not shown.

For 2DIR experiments, three laser pulses with wavevec-
tors k1, ko, and k3 are applied sequentially to the sam-
ple at times 0, ¢, and t; + t2. These pulses generate a
four-wave mixing signal field at ¢, + t2 + t3 in the phase-
matched directions.? The signal is described by the third-
order nonlinear response function?44>

-\ 3
R (t3,t2,11) = (;) tr{ 4G (t3) 4™ G (t2) 1 G(t1) i p*I}.
(25)

Since R(3)(t3, ta,t1) contains three [*, the expression
consists of eight terms.

Among them, the rephasing (echo) signal generated
along the k; = k3 + ks — k1 phase-matched direction and
the nonrephasing (virtual echo) signal detected along the
ki = ks — ko + k; direction are evaluated from® Uib3o8

R (tg,t, 1)

N3
B (2) tr { 4G (t3) a2 G(t2) 1X,G(t1) Al po4}, (26)

and

RS’) (t3,t2,t1)

_ <;> tr { G (8a) 5 G (82) A2 G (1) A% 5}, (27)

respectively, where /lﬁfl = Aﬂ and ﬂefl = ﬂfl for any
operator A.

By performing the double Fourier transform of
Egs. (26) and (27) with respect to ¢; and t3, we obtain
the 2D rephasing spectrum

Sr(Q3, Q15 t2)

= Im // dtgdtleiﬂ3t3+iﬂlth§3) (tS, tg, tl), (28)
0

and 2D nonrephasing spectrum

SNr (23, Q5 t2)

—Im // dtsdtlei93t3+i91t1Rg) (tg, ta, tl), (29)
0

respectively.

The individual 2D rephasing and nonrephasing spec-
tra exhibit distorted line shapes (phase-twisted lines), be-
cause the double Fourier transform mixes absorptive and
dispersive features. By adding the rephasing and non-
rephasing spectra with equal weights, the dispersive con-
tributions cancel, yielding the 2D correlation spectrum
with purely absorptive line shapes:21Y
Sc(Q3,Q1;5t2) = Sr(Q3, — Q15 t2) + Snr(23, Q13 tz% )

30

The procedure for calculating the 2D correlation spec-
trum using Egs. — is summarized below, taking
the rephasing contribution R, in Fig. [[[I) as an illustra-
tive example.

e Initial condition: The method for setting the initial
conditions ﬁ?‘i y = 10)(0] is the same as for linear

absorption.
e First interaction (¢ = 0): p/(0) = p*U, yield-
ing |0)(1|. Propagation under HEOM up to ti:

7 (t1) = G(t1)7/ (0).

e Second interaction (t1): p”(t1) = fip'(¢t1). Propa-
gation up to t1 +ta: p”(t1 +1t2) = G(t2)p" (t1).

A Al

e Third interaction (¢; + t2): p""'(t1 +t2) = ap'(t1 +
to). Propagation up to t1 +to+t3: p/"(t1+ta+t3) =
G(t3)p" (t1 + t2).

e Response function evaluation: Ra(tq,t2,t3) =
(011 5" (b, + 2 +15)[0) and (2/j1 5" (b + 2 + o) [2).

The contributions from the other diagrams can also be
calculated in the same manner. Contributions containing
only population states are referred to as rephasing part
at to intervals, whereas contributions involving other co-
herences are termed non-rephasing part.



1. COMPUTATIONAL FRAMEWORK FOR
HEOM-2DVS

Numerical integration of the HEOM has enabled de-
tailed analyses of diverse open quantum dynamical prob-
lems. Consequently, many practical implementations
have been developed 82717 The HEOM-2DVS used in this
study differs from conventional formulations in that it
explicitly incorporates counter terms derived from the
MAB model and treats three independent thermal baths
with coupled LL+SL interactions. Because intramolec-
ular vibrational excitation energies exceed thermal ener-
gies, a larger low-temperature correction term is required.
Furthermore, evaluating the 2D correlation spectrum re-
quires scanning t; and t3 for each value of t; and per-
forming Fourier transforms, resulting in substantial com-
putational cost. Thus, reducing numerical expense is es-
sential when applying HEOM to the MAB. Although the
overall code structure is simple, we adopt the Padé ap-
proximation, to represent the fluctuation and dissipation
operators%8 The HEOM expressed in terms of the Padé-
approximated frequencies vy} (k=0,1,..., Kqo; 1§ = Ya)
follow the forms given in Refs. 80/ and [81L

The model used in this simulation is the same as that
adopted in our earlier classical calculations#? Calcula-
tions based on the Wigner distribution function are well
suited for studying intermolecular vibrations whose exci-
tation energies are close to the thermal energy.® whereas
solving the HEOM in the energy-eigenstate representa-
tion is numerically more efficient for quantum treatments
of intramolecular vibrations with much higher excitation
energies. Thus, the HEOM for MAB and the correspond-
ing QHFEP provide complementary capabilities. Ac-
cordingly, the input for the HEOM used in this code was
standardized to match the format of the HFPE. Specifi-
cally, the inputs consist of the parameter values appear-
ing in Eqs.(1)-(7).

Time evolution of the HEOM was performed using the
Runge—Kutta method. The implementation efficiently
manages large queues through external libraries. Further
details are provided in the accompanying README.txt
file.

Numerical calculations were performed on a PC: (i)
Intel(R) Core(TM) i9-9900K 8-core, RAM: 32GB. The
OS we used was almalinux8, the compiler was gcc 14,
and we used Python 3.12. The libraries used in C++
are Figen, hdf5-1.14.6. The libraries used in Python are
numpy, matplotlib, hbpy, and pybind11.

IV. NUMERICAL RESULTS

As a demonstration of the HEOM-2DVS framework,
we computed the linear absorption (1DIR) spectra and
the 2D correlated IR spectra of the intramolecular vi-
brational modes of liquid water using both (i) two-mode
and (ii) three-mode models. Within this framework, the
number of energy eigenstates used to represent each vi-

brational mode can be varied. Quantitatively reliable
calculations generally require four or more states per
mode?®. In the present work, however, we examine the
extent to which three eigenstates per mode—the mini-
mal basis necessary for 2DVS simulations—can capture
the essential features of the dynamics. Although the cur-
rent implementation of HEOM-2DVS does not employ
GPU acceleration, it is capable of generating 2D correla-
tion IR spectra within approximately seven hours on an
Intel 19-9900K processor.

For (i) the two-mode calculations, the fundamental fre-
quencies were set to (1) stretch mode (w; = 3520 cm™1!)
and (2) bend mode (wy = 1710 cm™!) to enable direct
comparison with the DHEOM-MLWS results obtained
in the Wigner-space representation.?? The parameters
adopted here were chosen to match those used in that
calculation and are summarized in Table [l

For (ii) the three-mode calculations, the fundamen-
tal frequencies were set to (1) asymmetric stretch (w; =
3570 cm~1), (1’) symmetric stretch (wy, = 3470 cm™1),
and (2) bending (wp = 1710 cm™!) and employ the
parmeter vaules for the strong intermolecular-coupling
case in classical simulations based on the CHFPE-2DVS
framework ¥ The parameter are summarized in Tables|TI]
and [Tl

We note that the stretching and anti-stretching modes
are not distinguishable in the 2DIR spectrum. Con-
sequently, in the three-mode case, their individual pa-
rameters and mutual coupling cannot be uniquely de-
termined from the 2D spectral data alone#® Thus, the
intermode-couplings presented in Table [[T]]is treated not
as a fixed parameter but as an adjustable variable used to
fit the MD simulation results and experimental results.

A. Linear Absorption (1D) spectra

The 1DIR spectra for the quantum two-mode case (Ta-
ble and for the classical and quantum three-mode cases
(Tables [Tl and are shown in Fig. The quantum
two-mode and three-mode spectra were computed us-
ing HEOM-2DVS, whereas the classical three-mode spec-
trum was obtained using CHFPE-2DVS .42

In IR spectra, the stretching and bending peaks of
high-frequency intramolecular modes appear blue-shifted
in classical descriptions due to quantum anharmonic
effects 48 Although the present MAB model was con-
structed from classical 2D TR-Raman simulations, the
underlying force field (POLI2VS)®? was originally devel-
oped for quantum MD. Consequently, even though the
MAB model is derived from classical MD trajectories,
it yields vibrational spectra that remain accurate when
combined with quantum HEOM calculations, producing
results comparable to quantum MD simulations using
POLI2VS ¥ This suggests that a quantum MAB model
can, in principle, be extracted from 2D spectra gener-
ated by first-principles classical MD simulations in which
nuclear motion is treated classically>%>2/ In addition to



TABLE I. Parameter values for (i) the two-mode MAB model consisting of the (1) stretching mode and (2) bending mode. The
values were taken from Refs. [51l and [F2. The fundamental frequency was set to wo = 4000 cm~'. The anharmonic mode-mode
coupling and dipole elements are §i2;, = 0, §;12 = 0.2, and fi;;r = 2.0 x 1073, The normalization parameters are defined as

gs = (WO/WS)QCa VL(SL) = (VS/VO)VL(SL), VS(Z) = Vs(z)7 gs3 = (VS/V0)39537 fis = (po/ws)ps, and fiss = (VO/WS)2N33~

sve(em™) yfwo G VD VE  Gs fis i
1 3520 50x1072 9 0 1.0 —5.0x107* 3.3 1.2x107?
2 1710 2x1072 08 0 1.0 —-7x107!' 1.8 0

TABLE II. Parameter values of (ii) the three-mode MAB model for the (1) asymmetric stretching, (1’) symmetric stretching,
and (2) bending modes. To enable comparison with the classical results, the parameters were set to the same values as those
used in the three-mode CHFPE calculation in Ref. @9l The fundamental frequency was fixed at wo = 4000 cm~'. The intermode
coupling strengths and optical properties are given in Table m

s vs (em™Y)  qsfwo  Ce VL(éL) f/s(z) Js3 fbs flss
1 3570 5.0x107% 9 0 1.0 —5.0x107! 3.3 1.2x1072
17 3470 5.0x107* 9 0 1.0 —5.0x107! 3.3 1.2x1072
2 1710 2x1072 0.8 0 1.0 —-7x107' 1.8 0

TABLE III. Parameter values of the anharmonic intermode couplings and optical properties for (ii) the three-mode MAB model
(see also Table . The intermolecular coupling strength employed here corresponds to the strong-coupling case in Ref. [491

s—s Jss! Js2s/ Jssr2 fbss!
1-1 —5x1073 0.32 —4.2x1073 0
1-2 1x1077 —2,6x1072 4x10™* 2.0x 1073
1'—2 —8x107% 1.2x107! —1.2x1072 2.0 x 1072

broadening associated with zero-point fluctuations.
Both the two-mode and three-mode quantum calcula-
tions successfully reproduce the experimental peak posi-
tions, but the corresponding linewidths are overestimated
relative to experimental results. This overestimation is

1.07 Quantum (2-mode)
0.8} Quantum (3-mode)

-B’ Classical (3-mode)

o 0.6] Experiment  ——- likely attributable to the limited number of energy eigen-
5 | states included in the calculations. Although high-energy
< 0.4 states should not contribute significantly in the absence

0.2f A‘ of a thermal bath, energy states that interact strongly
obE===% - =7 LN with a bath possessing a continuous energy distribution
1000 1500 2000 2500 3000 3500 4000 4500 can mix with lower levels and influence the dynamics. In
w (cm) particular, the bending mode, which has very low thermal
excitation energy, exhibits substantial linewidth broad-
ening, indicating that additional eigenstates are required

for an accurate description.
FIG. 2. Linear absorption (1DIR) spectrum of water calcu- Despite these limitations, the three-level energy-
lated for the two-mode and three-mode MAB moflels using  gjigenstate description remains an efficient framework for
HEOM—ZDVS (quantl;.gn) and CHFPE-2DVS (classical). The exploring quantum effects involving three intramolecular
experimental IR data® are shown as dashed black curves for ) . . 3 o 3
modes at relatively low computational cost. It also serves

comparison. Fach spectrum is normalized to its maximum .1,
peak intensity. The blue solid curves represent the three-mode as a .Valuable complement to DHEOM-MLWS, which is
restricted to two-mode systems.

classical result, while the green and red solid curves represent
the two-mode and three-mode quantum results, respectively.

B. 2D Correlation IR Spectra

the blue-shifted peak positions, the classical spectra ex-
hibit narrower linewidths than the experimental spectra, We now present the 2D correlation IR spectra for the
reflecting the inability of classical dynamics to capture two-mode and three-mode cases. The 2D results for the



classical description are shown in Ref.

1. 2 Modes (one stretch-bend) case
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FIG. 3. 2D correlation IR spectra for the stretching and

stretching—bending motions calculated using the two-mode
model, which includes (1) the OH stretching mode (w1 = 3520
ecm™1), and (2) the HOH bending mode (ws = 1710 cm™!).
Spectral intensities were normalized to the maximum ampli-
tude of streching mode. Because the peak intensity of the
lower panels is weaker than in the upper panel, the contour
interval was tripled for clarity.
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FIG. 4. 2D correlation IR spectra for the bending motion for
the two-mode case. As the peak intensity was weaker than
that in the upper panel of Fig. [3] the contour interval was
tripled for emphasis.

We first present the results for the two-mode case and
discuss the differences in the description that appear in
the DHEOM-MLWS results/5?

Figures [3] and [ illustrate 2D correlation IR spectra
calculated for the stretching—bending (1-2) modes. Each
peak near (wi,ws) = (3400 cm™!,3400 cm™1) in the up-
per panel corresponds to the stretching mode. The red
positive peaks and blue negative peaks arise from the
[0)s =5 |1)s —|0)s and |0)s —5 |1)s — |2)s pathways for
s = 1, respectively, where |n)s denotes the nth vibra-
tional eigenstate of mode s.

The orientation of the red dashed nodal lines reflects
the degree of noise correlation (non-Markovian effects)
between the vibrational coherences during ¢; and t3. A

direction parallel to the w; axis corresponds to the un-
correlated limit, whereas alignment along the w; = w3
diagonal corresponds to the fully correlated limit 5557
The peak width parallel to the wy; = w3 line reflects in-
homogeneous broadening, while the width perpendicular
to this line reflects homogeneous broadening 2085

The lower panel of Fig. [3| display the cross peaks as-
sociated with the stretching—bending transition (e.g.,
10)110)2 = [1)1]0)2 ~ [0)1]1)2 —{0)1]0)2).*” The coupling
peak observed at to = 0 arises from coherent energy ex-
change between the two modes. While this coherent peak
decays rapidly, the peak appearing around ¢, = 50 fs re-
flects population transfer, and its intensity increases with
increasing £, B2

2D correlation IR spectra for the bending mode is pre-
sented in Fig. The DHEOM-MLWS results5? show
that the nodal line is initially horizontal, whereas the
HEOM-2DES results exhibit strong coherence, leading
to a clear relaxation of the nodal line.

The results obtained from HEOM-2DVS are qualita-
tively similar to those of DHEOM-MLWS, except that
the diagonal (inhomogeneous) broadening of the two
peaks spans a wider range, extending from approxi-
mately 2600 to 3800 cm ™! rather than 3200-3700 cm ™!,
whereas the off-diagonal (homogeneous) broadening is
narrower 20 As discussed in the 1D spectrum, this broad-
ening is attributed to the strong quantum character of
the enhanced zero-point vibrations. Because this broad-
ening reflects coherence, the inhomogeneity manifested
as off-diagonal broadening remains small.

2. 3 Modes (two stretch-bend) case

Figures [5] and [6] shows the 2D correlation spectra cal-
culated for (1) the OH stretching mode with w;=3570
em™!, (1) OH anti-stretching mode with wy,=3470
em™!, and (2) HOH bending mode with wy=1710
cm ! 8088

The stretching—bending cross peaks (Fig. @ are much
weaker than in the two-mode case as we observed in 1DIR
spectra.Their profiles are elongated only along wi, re-
flecting identical anharmonicities of the two stretching
modes.The peak intensities increase with t5 because of
population transfer.

The major difference from the two-mode results is the
appearance of a third blue peak on the high-frequency
side, located above the red peak. This feature can
be interpreted as arising from the splitting of the two
stretching-mode peaks into lower- and higher-frequency
components due to large intermodal coupling, leading to
the formation of the |1¥) levels.

As in the two-mode case, the large red and blue
peaks can be assigned to the |0) — |1F) — |0) and
|0) — |17) — |27) pathways, respectively, whereas the
third blue peak originates from the |0) — [1F) — [27F)
transition. These transitions proceed through coherent
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FIG. 5. 2D correlation IR spectra for the stretching and

stretching—bending motions calculated using the three-mode
model, which includes (1) the OH stretching mode (wi = 3570
ecm™1), (1') the OH anti-stretching mode (wy, = 3470 cm ™),
and (2) the HOH bending mode (w2 = 1710 cm™'). The
mode-mode coupling among the three modes was set to the
strong-coupling values listed in Table [[T]] Spectral intensities
were normalized to the maximum amplitude of strech peak.
Because the peak intensity of the lower panels is weaker than
in the upper panel, the contour interval was increased by a
factor of ten for emphasis.
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FIG. 6. Results for the same calculations as in Fig. [5} but
for the bending modes of the three-mode model. Because the
peak intensity is weaker than in the upper panel of Fig.[f] the
contour interval was increased by a factor of ten for clarity.

dynamics, with the associated peaks appearing immedi-
ately at t3 = 0 and decaying as t, increases.

Although this third peak is not observed experimen-
tally, it is attributed to the strong intermode coupling
introduced in Ref. [49, which we adopted as an adjustable
parameter in the present model.

V. CONCLUSION

In this work, we addressed the long-standing challenge
of simulating 2D vibrational spectra in solution, partic-
ularly for intramolecular modes whose molecular vibra-
tions are quantum-mechanically entangled with their en-
vironment.

To date, no simulation has successfully reproduced the
2D spectra of the intramolecular vibrations of water while

1500 2000 1.0

combining MD with a quantitatively accurate descrip-
tion of quantum dissipation. Within these limitations,
the MAB model provides a highly descriptive framework
capable of reproducing experimental features while in-
corporating complex intermolecular interactions and the
nonlinear system—bath couplings responsible for vibra-
tional dephasing. By analyzing 2D signals within this
model-based approach, one can clarify the physical ori-
gins of spectral line-shape features and obtain conceptual
insights that are difficult to extract from fully detailed
MD simulations.

The present code enables fast computation of 2D sig-
nals by representing each intramolecular vibration as
a three-level system, although its descriptive power is
lower than that of DHEOM-MLWS 2122l For semiclassi-
cal intermolecular modes, the CHFPE-2DVS code for the
three-mode MAB model remains superior in both accu-
racy and computational cost. Thus, the present code is
complementary to existing approaches.

Our group is currently developing a machine learn-
ing (ML)-assisted algorithm that constructs MAB models
suitable for HEOM calculations directly from MD trajec-
tories, without relying on spectral fitting 4243 The pro-
gram developed in this study is also intended to be ap-
plied to models constructed in this manner.

In this paper, we limited ourselves to demonstration
calculations without pursuing a detailed analysis. In a
subsequent study, we will apply HEOM parameters con-
structed from MD trajectories using machine-learning
techniques to analyze the 2D spectra of HyO, D20, and
HOD, and we will discuss the distinct underlying physical
processes revealed through their IR spectra5”

SUPPLEMENTARY MATERIAL

Numerical integration codes on the basis of HEOM for-
malism for 1D IR and 2D correlation IR are provided as
supplemental materials. The manual can be found in the
ReadMe.pdf file.
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