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ABSTRACT
The multimode Brownian model with nonlinear system–bath coupling offers a flexible framework for studying both intra- and intermolecu-
lar vibrational modes in condensed-phase molecular systems. This approach allows us to calculate linear and nonlinear spectra of molecular
vibrations and to examine thermal effects—such as anharmonicity, energy relaxation, and dephasing—as reflected in the spectral peak profiles.
In this study, we present computer software based on classical hierarchical Fokker–Planck equations applied to three vibrational modes of a
molecular liquid. The primary objective of developing this code was to simulate the two-dimensional correlation spectrum of the intramolec-
ular modes of liquid water [Hoshino and Tanimura, J. Chem. Phys. 162, 044105 (2025)]. The code has been further refined to optimize grid
selection and numerical integration routines for graphics processing units. As a demonstration, we apply this setup to simulate three inter-
acting modes representing intermolecular vibrations in water and calculate the resulting two-dimensional terahertz–Raman signals. The code
and example routines are available in the supplementary material.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0294181

I. INTRODUCTION

Solvents serve as the ideal medium for facilitating chemical
reactions.1,2 The dynamic behavior of solvents, in particular water,
involves not only thermal phenomena, such as fluctuations that
supply activation energy to reactions and dissipation that absorbs
heat (enthalpy) of reaction, but also extremely fast processes, such
as phase relaxation, hydrogen bond rearrangement, and proton
transfer, making their analysis extremely difficult.3–6 Experimen-
tally, the method for analyzing such fast and complex solvent
processes is ultrafast nonlinear laser spectroscopy, particularly
coherent two-dimensional (2D) spectroscopy.7–11 Its distinctive fea-
ture is its ability to detect anharmonicity of vibrational peaks,
including mode–mode coupling, and to quantitatively evaluate the
time scale of vibrational dephasing, which is the cause of inhomoge-
neous broadening.12–28 Such 2D profiles with a nonlinear response
function as the experimental observable are highly sensitive, and
theoretical backup is essential to fully utilize its advantages.29–31

Full molecular dynamics (MD) simulations, which mimic
experimental procedures to generate 2D spectra, offer a promis-
ing methodology for extracting detailed information, such as
signal intensities across various solvents.32–47 However, 2D
spectral features are highly sensitive to molecular properties,
and accurate reproduction requires quantum-level treatment
of both nuclear motion and electronic structure.48–51 Despite
recent advances, the computational cost remains prohibitive, and
MD-based approaches still fall short of fully replicating experimen-
tal observations. Moreover, even when spectral reproduction is
successful, interpretation remains challenging due to the complex
dependence of MD results on all signal-generating factors, including
dipolar interactions. To address these limitations, quantum-
implemented MD simulations have been developed, incorporating
stochastic dynamics52 and excitonic wave-function-based
frameworks.30,53

Although the multimode Brownian oscillator (BO) model
is not derived from first-principles,7,8 it provides a practical
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framework for describing inter- and intramolecular vibrations as
principal harmonic oscillator modes. It also accounts for fluctu-
ations and dissipation resulting from interactions with a thermal
bath, making it an effective tool for characterizing molecular systems
in condensed phases. While multimode Brownian model enables
the analytical solution of the spectrum when the principal modes
are harmonic,7 it is necessary to consider the anharmonicity of the
modes48,54 and the anharmonic coupling between the modes29 to
predict the profile of 2D spectral peaks.

Moreover, to incorporate the effects of vibrational dephas-
ing, it is necessary to consider the nonlinear, non-perturbative,
and non-Markovian system–enviroment interactions.55,56 Although
computationally expensive, nonlinear spectra for such model sys-
tems can be evaluated numerically accurately using hierarchical
Fokker–Planck equations (HFPEs), both in classical (CHFPE) and
quantum (QHFPE) cases.48,51

This dual approach to Hamiltonian systems—bridging classi-
cal and quantum mechanics—offers powerful analytical insights.48

By aligning parameters to reproduce classical MD results through
CHFPE,57 and then leveraging quantum mechanical solutions using
QHFPE,49,50 we can navigate deeper into the actual quantum
dynamics. Furthermore, classical calculations are regarded as ade-
quate for simulating 2D intermolecular vibrational spectroscopy,
including 2D Raman spectroscopy32–34 and 2D THz–Raman
spectroscopy.42–45 This is because quantum coherence is destroyed
due to the thermal excitation energy being close to the vibrational
excitation energy.

Quantum calculations of the 2D IR spectrum of water based
on the QHFPE framework have thus far been limited to two-mode
Brownian systems, typically involving the stretching and bending
vibrational modes.49,50 Although a two-mode model is sufficient
for accounting for mode coupling mechanisms, three modes are
necessary for describing energy and coherent transfer processes.
Furthermore, since 2D spectroscopy possesses the capability to
experimentally explore this, three-mode research becomes cru-
cial. Recently, we have conducted classical simulations for three-
mode Brownian systems, which include symmetric, antisymmetric,
and bending modes.51 While classical calculations cannot ade-
quately capture ultrafast relaxation mediated by the coherence
of intramolecular modes,48,51 they are well-suited for modeling
slower energy transitions between modes. This approach is partic-
ularly applicable to 2D THz–Raman spectroscopy, which focuses on
intermolecular modes.

In this paper, we present a computational software developed
for simulating 2D IR spectra based on the CHFPE framework,
employing an efficient numerical algorithm accelerated by a graph-
ics processing unit (GPU).51 We demonstrate this by computing
2D THz–Raman signals including three intermolecular vibration
modes. In Sec. II, we introduce the model Hamiltonian, CHFPE, and
optical observables to be simulated. In Sec. III, we explain algorithms
for developing efficient code for CHFPE. In Sec. IV, the flow chart
of the code is given. In Sec. V, we demonstrate the capability of our
codes by simulating the 2D THz–Raman spectra. Our concluding
remarks are presented in Sec. VI. The C++ source codes for CHFPE
are provided in the supplementary material.

II. FORMULATION
A. Multimode anharmonic Brownian (MAB) model

We consider a model consisting of three primary intermolec-
ular and/or intramolecular modes. These modes are described
by dimensionless vibrational coordinates q = (q1, q2, q3). Each
mode is independently coupled to the other optically inactive
modes, which constitute a bath system represented by an ensem-
ble of harmonic oscillators. The total Hamiltonian can then be
expressed as45,48–51,54–60

Ĥtot =∑
s
(Ĥ(s)A + Ĥ(s)I + Ĥ(s)B ) +∑

s<s′
Ûss′(q̂s, q̂s′), (1)

where

Ĥ(s)A =
p̂2

s

2ms
+ Ûs(q̂s) (2)

is the Hamiltonian for the sth mode, with mass ms, coordinate q̂s,
and momentum p̂s and

Ûs(q̂s) =
1
2

msω2
s q̂2

s +
1
3!

gs3 q3
s (3)

is the anharmonic potential for the sth mode, described by the fre-
quency ωs and cubic anharmonicity gs3 . The anhramonic coupling
between the sth and s′th modes is given by

Ûss′(q̂s, q̂s′) = gss′ q̂sq̂s′ +
1
6
(gs2s′ q̂

2
s q̂s′ + gss′2 q̂sq̂2

s′), (4)

where gss′ represents the second-order harmonicity and gs2s′ and gss′2

represent the third-order anharmonicity. The bath Hamiltonian for
the sth mode is expressed as

Ĥ(s)B =∑
js

[
p̂2

js

2mjs

+
mjsω

2
js

2
x̂2

js] + V̂2
s (q̂s)∑

js

α2
js

2mjsω
2
js

, (5)

where the momentum, coordinate, mass, and frequency of the jsth
bath oscillator are given by pjs , xjs , mjs , and ωjs , respectively. The
system–bath interaction, defined as

H(s)I = −Vs(qs)∑
js

αjs xjs , (6)

consists of linear–linear (LL)7,54 and square–linear (SL) system–bath
interactions,58–61 Vs(qs) ≡ V(s)LL qs + V(s)SL qs

2
/2, with coupling

strengths V(s)LL , V(s)SL , and αjs .
45,48–51,54–59 While the LL interaction

mainly contributes to energy relaxation, the LL+SL system–bath
interaction causes vibration dephasing in the case of slow modula-
tion, owing to frequency fluctuations in the system oscillations.55–58

The bath property is then characterized by the Drude Spectral
Distribution Function (SDF) expressed as29,55

Js(ω) =
msζs

2π
γ2

sω
ω2
+ γ2

s
, (7)

where ζs is the system–bath coupling strength and γs represents
the width of the SDF for mode s, which relates to the vibrational
dephasing time, defined as τs = 1/γs.
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B. Multimode CHFPE
The LL+SL anharmonic Brownian model has been studied by

means of the HEOM formalism.55,56 In the classical case, the HEOM
in the phase space for the system described by Eqs. (1)–(7) are
expressed as51,57

∂W(n)
(q, p; t)
∂t

= (L̂(q, p) −∑
s
∑

k
n(s)k γ(s)k )W(n)

(q, p; t)

+∑
s
∑

k
Φ̂(s)k W(n+e(s)

k )(q, p; t)

+∑
s
∑

k
Θ̂(s)k W(n−e(s)

k )(q, p; t), (8)

where W(n)
(q, p; t) ≡W(n)

({qs},{ps}; t) is the Wigner distribution
function (WDF) as the function of the set of {qs} and {ps}. As we
are considering the case of three modes, the hierarchical elements
are expressed here as n = (n1, n2, n3), where each sth mode element
is denoted by a positive integer ns, and e(s)k is the unit vector for the
sth space.

The classical Liouvillian L̂ for the system Hamiltonian
Hsys(q, p) ≡ ∑s H(s)A +∑s<s′ Uss′(q̂s, q̂s′) can be expressed as

L̂(q, p)W(q, p) ≡ {Hsys(q, p), W(q, p)}PB, (9)

where {,}PB is the Poisson bracket defined as

{A, B}PB ≡∑
s
(
∂A
∂qs

∂B
∂ps
−

∂A
∂ps

∂B
∂qs
) (10)

for any functions A and B. Operators Φ̂s and Θ̂s represent the energy
exchange between the sth mode and the sth bath through fluctuation
and dissipation, respectively. They are expressed as49–51,57–59

Φ̂s =
∂Vs(qs)

∂qs

∂

∂ps
(11)

and

Θ̂s =
msζsγs

β
∂Vs(qs)

∂qs

∂

∂ps
+ ζsγsps

∂Vs(qs)

∂qs
, (12)

where ζs is the coupling strength, γs is the inverse correlation time,
and β is the inverse temperature.

C. Linear and nonlinear spectra
We now consider the optical measurements where the molec-

ular system is interacting with a laser field, E(t). The nonlinear ele-
ments of polarizability and dipole are essential to 2D spectroscopy.
Here, we assume48–51,54,57

μ(q) =∑
s
μsqs +

1
2!∑s,s′

μss′qsqs′ (13)

and

Π(q) =∑
s
Πsqs +

1
2!∑s,s′

Πss′qsqs′ , (14)

where μs and μss′ are the linear and nonlinear elements of the dipole
moment and Πs and Πss′ are those of the polarizability, respectively.

For infrared (IR) and Raman spectroscopies, the laser interaction is
then expressed as HIR = −E(t)μ(q) and HRaman = −E2

(t)Π(q).
In the Wigner representation, the first-, second-, and third-

order response functions are expressed as55–59

R(1)(t1) =∬ dp dq A(q) G(t1)A×(q)Weq
(p, q), (15)

R(2)(t2, t1) =∬ dpdq C(q)G(t2)B×(q)G(t1)A×(q)Weq
(p, q),

(16)
and

R(3)(t3, t2, t1) =∬ dp dq D(q) G(t3)C×(q)G(t2)

× B×(q)G(t1)A×(q)Weq
(p, q), (17)

where G(t) is Green’s function for the system+bath Hamilto-
nian without laser interaction described as CHFPE and Weq

(p, q)
is the equilibrium distribution described in terms of the CHFPE
elements.51,54–59 The optical operators A(q), B(q), C(q), and D(q)
are either the Raman polarizability function Π(q) or the dipole
function μ(q), depending upon the measurements. For any func-
tion X(q) and W(p, q), the operator X×(q) in the classical case is
defined as

X×(q)W(p, q) =∑
s

∂X(q)
∂qs

∂W
∂ps

. (18)

The above expressions enable us to calculate the response functions
using the equations of motion and give us an intuitive picture of
measurements in higher-order optical processes.45,48–51,54–59

The linear absorption spectrum or Raman spectrum, 2D
IR–Raman spectra,26–28,49,57 and the third-order IR spectrum are
then given by9–11,29,45,48–51,54–59

I(ω1) = ω1Im{∫
∞

0
dt1 eiω1t1 R(1)(t1)}, (19)

I(ω1,ω2) = Im{∫
∞

0
dt1∫

∞

0
dt2 e−iω1t1 e−iω2t2 R(2)(t2, t1)}, (20)

and

I(ω3, t2,ω1) = Im{∫
∞

0
dt1∫

∞

0
dt3 e−iω1t1 eiω3t3 R(3)(t3, t2, t1)},

respectively.

III. NUMERICAL IMPLEMENTATION OF CHFPE
A. Momentum space representation
using Hermite polynomial

The CHFPE, Eq. (8), converges very slowly as difference
equations with a discrete mesh in phase space. As in the case
of the Kramers equation, in which the relaxation operator (the
Ornstein–Uhlenbeck operator) can be expressed in terms of Her-
mite polynomials, the CHFPE can also be efficiently expanded using
these polynomials.45,57 In the three-mode case, the CHFPE for the
set of functions c(n)k,l,m(q; t) ≡ c(n1 ,n2 ,n3)

k,l,m (q1, q2, q3; t) is expressed as

W(n)
(p, q; t) = ψ0(p1)ψ0(p2)ψ0(p3)e−βU(q)/2

×
∞

∑
k=0

∞

∑
l=0

∞

∑
m=0

c(n)k,l,m(q; t)ψk(p1)ψl(p2)ψm(p3), (22)
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where U(q) ≡ ∑3
s=1 Us(qs) +∑

3
s=1∑

3
s′=s+1 Uss′(qs, qs′) is the poten-

tial of the system and ψj(ps) is the jth Hermite function,

ψj(ps) =
1

√

2j j!as
√
π

Hj(
ps

as
) exp(−

p2
s

2a2
s
), (23)

where Hj(x) is the jth Hermite polynomial and as =
√

2mskBT.
The equations of motion for c(n)k,l,m(q; t) are presented in the

Appendix

B. Compact finite difference scheme (CFDS)
A compact finite difference scheme is a numerical method that

approximates derivatives with high accuracy while minimizing sten-
cil size. Here, we employ the algorithm based on Padé-type compact
finite differences.62 We discretized c(n)k,l,m(q; t) and define the vector
c, whose elements {ci} correspond to a discrete set of positions {qs},
as follows:

c(n)k,l,m ∈ R
N1×N2×N3 ⇒ c ∈ RN1N2N3. (24)

The first derivative of c at the nodal (mesh) point i is represented
as c′i . Using a three-point tridiagonal stencil, the derivatives of c can
be computed with an accuracy of up to the sixth order, as detailed
below:

(A1 ⊗ IN2 ⊗ IN3)
∂c
∂q1
= (B1 ⊗ IN2 ⊗ IN3)c, (25)

(IN1 ⊗A2 ⊗ IN3)
∂c
∂q2
= (IN1 ⊗ B2 ⊗ IN3)c, (26)

and

(IN1 ⊗ IN2 ⊗A3)
∂c
∂q3
= (IN1 ⊗ IN2 ⊗ B3)c, (27)

where the matrices are defined as

Ai =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋮

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
. . . ⋮

0 α 1 α
. . . ⋮

0 0 α 1 α ⋮

⋮
. . .

. . .
. . .

. . . ⋮

⋮ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(28)

and

Bi =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋮

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
. . . ⋮

−b −a 0 a b
. . . ⋮

0 −b −a 0 a b ⋮

⋮
. . .

. . .
. . .

. . .
. . . ⋮

⋮ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

⋮ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (29)

The boundary rows (i.e., the first, second, N − 1th, Nth row) of the
square matrices A and B are modified according to the boundary

conditions, using the specified constants:

α =
1
3

, β =
7
9

, γ =
1
9

, a =
β
2
=

7
18

(30)

and

b =
γ
4
=

1
36

. (31)

C. Parallel computing method for tridiagonal
simultaneous differential equations

We used the Parallel Cyclic Reduction (PCR) method,63 which
is suitable for high-speed parallel processing, to solve the above
triple-diagonal simultaneous equations.

In the PCR method, each process performs operations inde-
pendently while reducing the system size by half. Then, the
calculation “(reduction) → (solution) → (back − substitution)” is
performed recursively in parallel on the time scale O(log N). This
implementation was utilized with Compute Unified Device Archi-
tecture (CUDA), which performs parallelization for the Graphics
Processing Unit (GPU).

D. Non-uniform mesh in coordinate space
A non-uniform mesh was implemented across all qs directions:

finer meshes were employed in regions with steep gradients in phys-
ical quantities to maximize the benefits of the higher-order finite
difference method. Conversely, a coarse mesh is used in regions
where the gradient of physical quantities is moderate, thereby reduc-
ing grid numbers and lowering computational and communication
costs. Our software supports three types of non-uniform mesh
specification: (i) user-defined meshes, (ii) automatically optimized
meshes via routines employing the Optuna library, and (iii) meshes
parsed directly from configuration data.

IV. CHFPE CODE FOR SIMULATING
MULTI-DIMENSIONAL SPECTRA

We have developed a computer code to efficiently compute
multi-dimensional response functions and spectra using CHFPE,
employing the algorithm described above. The process performed
by the computer program consists of three steps: A initialization, B
equilibrium state calculation, and C calculating response functions
and spectra. A flow chart of the code is presented in Fig. 1.

A. Initialization
The input file specifies the system and heat bath parameter vari-

ables needed for calculating the 1D and 2D spectra. For the present
demonstration, these variables have been chosen to replicate the 1D
and 2D spectra obtained from MD simulations of water.42,57 The file
also defines working variables, such as the number of Auxiliary Den-
sity Operator (ADO) of CHFPE and the time step for integration.
Finally, the parallel computing environment is initialized. This pro-
cess involves allocating GPU memory using the CUDA library and
transferring the initial ADO array state to the GPU device.

B. Equilibration
After initialization is complete, calculations are performed

to bring the total system to equilibrium. This is done by
propagating the CHFPE over time: W(n)

(q, p; 0)→W(n)
(q, p;Δt)
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FIG. 1. Flow chart of the CHFPE code for computing 1D and 2D spectra.
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→W(n)
(q, p; teq). This process continues until a steady state is

reached after a sufficient time step (EqSTEP). The final results
with ADOs obtained after time evolution are saved in a file as
the equilibrium distribution. The following calculation employs this
equilibrium state as the initial condition and computes the linear and
nonlinear response functions.

C. Calculations of response functions
and spectra

Perform the following calculations according to the options
selected in the input file.

1. 1D IR and Raman spectra
Read the equilibrium distribution W(n)

(q, p; teq) from the file.
The pulse width, convergence condition, time step width, etc., are
read from the spectroscopy setup file. After Raman and IR excita-
tion, denoted as Π×(q) or μ×(q), is applied, the time integration of
the CHFPE is performed. The Raman and IR responses RIR(t1) and
RRaman(t1) are computed using Eq. (15) for each t1. Finally, we eval-
uated the Raman and linear absorption spectra using Eq. (19) via fast
Fourier transformation (FFT), and the results are saved in a file.

2. 2D THz–Raman and IR–Raman spectra
Compute the 2D spectrum defined by the second-order

response function given in Eq. (20) for different IR and Raman con-
figurations, such as RTRT(t2, t1) for A(q) = μ(q), B(q) = Π(q), and
C(q) = μ(q). The time evolution of the CHFPE is performed as a
double loop of t1 and t2, varying from 0 to T1 and from 0 to T2,
respectively. Store R(t2, t1) at each time point, and then use a 2D
FFT to obtain I(ω1,ω2), defined by Eq. (20).

3. 2D IR spectrum
The third-order response function R(3)

(t3, t2, t1) is computed
by evaluating the time evolution of the corresponding Liouville paths
separately. We then obtain 2D spectrum from Eq. (21). In these
calculations, temporary intermediate results are saved, and GPU
memory is reused to achieve efficient computation of large data.
Since the computation of 2D spectra is data-intensive, it is necessary
to optimize memory management in the GPU and communication
between the host and device.

V. NUMERICAL DEMONSTRATIONS:
2D THz–RAMAN SPECTRA

The present software, originally developed for simulating
2D correlation IR spectra for (1) symmetric stretching, (1′)

antisymmetric stretching, and (2) bending modes, as intramolecular
vibrations of water,51 has been refined through updates to the inte-
gration routines and the discretization scheme of the WDF. Because
the intramolecular results have been previously reported, here we
demonstrate our software focus to the intermolecular vibrational
dynamics. The intermolecular modes of water have been simulated
and analyzed using MD.37–40 Here, we construct the model using the
following three modes: The (3) hindered rotational (HR) motion,
with 600 cm−1,64,65 (4) high-frequency translational (HT) motion
or H2O. . .HOH hydrogen bond stretching mode, with 200 cm−1,
and (5) low-frequency translational (LT) motion or HOH. . .OH2
hydrogen bond bending mode, with 60 cm−1.66,67

In the framework of open quantum dynamics, the high-
temperature limit (βhω ≤ 1) coincides with the classical regime.
For intermolecular vibrations, even the highest-frequency HR mode
(600 cm−1) yields βhω = 0.45, validating the use of the CHFPE for
accurate description.55,56

In the past, 2D THz–Raman calculations based on CHFPE
were performed for single- and two-mode models.45,57 These model
parameters were chosen to reproduce the Raman and IR spectra
obtained from full MD simulations.42 However, the Raman polar-
izability function used in MD did not account for intermolecular
charge transfer effects: These results are inaccurate for describing
the Raman signal.20,44 Therefore, in this study, we not only adopted
the three-mode model but also selected BO model parameters that
reproduce the 1D and 2D signals obtained from MD using the newly
developed polarization function.44

The parameter values characterizing anharmonicity of poten-
tials, mode–mode coupling, and the nonlinear components of the
dipole moment and/or polarizability were optimized to ensure that
the computed 2D THz–Raman spectra faithfully reproduced the
peak positions, intensities, and 2D peak profiles observed in the 2D
THz–Raman signals obtained from MD simulations, including the
effects of intermolecular charge flow.44 Currently, such fittings are
performed manually; however, machine learning algorithms capa-
ble of extracting these parameters directly from MD trajectories are
under active development.60,68

To enable direct comparison with previous studies,42,49,50

we adopted the same formatting conventions as those used in
Ref. 51. Accordingly, the scaling of quantities follows
ζ̃s ≡ ζs(ω0/ωs)

2, with ω0 = 4000 cm−1, and γs is reported
as γs/ω0. For mode–mode coupling, the parameters are
normalized as g̃s3 = gs3(ω0/ωs)

3, g̃s′s = gs′s(ω0/ωs)(ω0/ωs′),
g̃s2s′ = gs2s′(ω0/ωs)

2
(ω0/ωs′), and g̃ss′2 = gss′2(ω0/ωs)(ω0/ωs′)

2.
The fitted system and bath parameter values for the 1D and 2D

TABLE I. Parameter values of the MAB model for the (3) hindered rotation (HR), (4) high frequency translational (HT) motion,
and (5) the low frequency translational (LT) motion that were chosen to reproduce the 1D and 2D vibrational spectra of liquid
water obtained from the full MD simulations.44 We set the fundamental frequency and temperature as ω0 = 4000 cm−1 and
T = 300 K. The correlation times of the Gaussian–Markovian bath noise, τs = 1/γs, are also presented.

s ωs (cm−1) γs/ω0 τs (fs) ζ̃s Ṽ(s)LL Ṽ(s)SL g̃s3 μ̃s μ̃ss Π̃s Π̃ss

3 600 0.075 111 5.90 0 1.0 1.0 × 10−1 2.0 0 2.0 −1.0
4 200 0.35 23 3.56 3.4 × 10−3 1.0 1.0 × 10−1 4.0 0 6.3 0
5 50 0.625 13 2.51 2.8 × 10−3 1.0 1.0 × 10−1 1.5 0 2.5 0

J. Chem. Phys. 163, 172501 (2025); doi: 10.1063/5.0294181 163, 172501-6

Published under an exclusive license by AIP Publishing

 04 N
ovem

ber 2025 01:53:21

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics SOFTWARE pubs.aip.org/aip/jcp

TABLE II. Parameter values of the MAB model for the anharmonic mode–mode cou-
pling fitted to reproduce the 2D vibrational spectra of liquid water obtained from the
full MD simulations.

s-s′ 3g̃s2s′ 3g̃ss′2 μ̃ss′ Π̃ss′

4–5 0.06 0.06 −0.05 0.04
3–5 0.04 0.04 0.02 0.01
3–4 0.1 0.1 0.02 0.01

spectra of liquid water are listed in Tables I and II, with ω0 = 4000
cm−1 and T = 300 K.

Note that the 2D THz–Raman spectrum is inherently a convo-
lution of the response function Eq. (16) and the apparatus function,
and the response function itself cannot be directly extracted.18–25

It is known that the MD-based response functions fail to repro-
duce experimental results, and no existing theory currently accounts
for the experimental results. Although the model parameters used
here were derived from MD simulations for 2D THz–Raman,44

they alone are insufficient for reproducing the observed spectra.
Nevertheless, the present BO model offers flexibility in tuning para-
meters, such as anharmonicity and polarization. Through iterative
adjustment, it is possible to reproduce experimental features and
subsequently analyze the data. However, this extension is beyond the
scope of this demonstration and will be pursued in future work.

The 1D IR and Raman response functions, expressed as
RIR(t) and RRaman(t), are defined by Eq. (15) with A(q) = μ(q)
and A(q) = Π(q), respectively. Depending on how Raman pulses
are applied, the 2D THz–Raman responses are classified into
three types: (i) R(3)RTT(t2, t1) for Raman–THz–THz (RTT), (ii)
R(3)TRT(t2, t1) for THz–Raman–THz (TRT), and (iii) R(3)TTR(t2, t1) for
THz–THz–Raman (TTR), respectively, defined by Eq. (16) with
(i) A(q) = Π(q), (ii) B(q) = Π(q), and (iii) C(q) = Π(q), and the
remaining operator in each case is μ(q). In the HEOM formal-
ism, Green’s function G(t) is the time evolution of the CHFPE,
and Weq

(q, p) is the equilibrium distribution, which is described in
terms of CHFPE elements.51,54–59

Numerical calculations were performed on two PCs: (i) Intel(R)
Core(TM) i9-9900K 8-core, RAM: 32GB, GPU: GeForce RTX 3080
Ti 12GB and (ii) CPU: Intel(R) Xeon(R) Gold 6212U, RAM: 192GB,
GPU: A100 GPU 40GB. The OS we used was almalinux8, the com-
piler was gcc 8.5.0, and we used CUDA 12.6 and Python 3.12. The
libraries used in C++/CUDA are hdf5-1.14.6, gputt, cudart, cublas,
and cufft. The libraries used in Python are Optuna, numpy, mat-
plotlib, h5py, and pybind11. The time required for the calculations
(equivlation⇒ 1DIR⇒ 1DRaman⇒ 2DRTT⇒ 2DIRI⇒ 2DIIR)
was approximately two hours for both (i) and (ii). Note that while
(ii) can run three jobs simultaneously, but it is about 10% slower
than (i).

Figure 2 shows (a) THz and (b) parallelly polarized (VV)
Raman spectra obtained from the three-mode models (black). The
1D spectra were obtained using the parameter values listed in
Tables I and II. Note that the 1D spectra profiles do not change even
when the mode–mode coupling is included because the contribu-
tion of each mode to the spectral intensities is significantly stronger
than the contribution of the mode–mode coupling. To elucidate the
contribution of the hindered rotational mode, we decomposed the

FIG. 2. Computational results of (a) THz and (b) parallelly polarized (VV) Raman.
In each figure, the red, blue, and green curves represent the contributions from
hindered rotation (HR), translational (HT), and translational (LT) motion, respec-
tively. The spectral intensities are normalized with respect to the absolute value of
the peak intensities of the total contribution.

1D spectra into (3) HR (red curve), (4) HT (blue curve), and (5) LT
(green curve) motions.

Figure 3 shows the (i) 2D RTT, (ii) 2D TRT, and (iii) 2D TTR
calculated from the three-mode model. To investigate the effect of
mode–mode coupling on 2D profiles, we performed calculations for
two cases: (A) when all mode–mode coupling is zero and (B) the
cases listed in Table II. In the 1D IR and 1D Raman spectra presented
in Fig. 2, there is no change in the profile when mode–mode cou-
pling is included, but in the 2D THz–Raman, we see a suppression
of the elongated peak with respect to time due to energy relaxation
between modes.

As can be seen in comparison with the full MD results,44 the
three-mode model reproduces the qualitative features of the peak
profiles in the 2D spectra. Compared to one-mode42 and two-mode
BO calculations,57 the three-mode model is more descriptive of 2D
spectral profiles.

This indicates that three-mode model analysis captures essen-
tial intermolecular features. The role of individual terms in the total
Hamiltonian [see Eq. (1)] in the context of the 2D spectral profiles
have been studied in detail, depending on their parameter values.45,57

Using the extracted model parameter values, we can analyze the
effects of anharmonicity, anharmonic mode–mode coupling, non-
linear polarizability and dipole moment, relaxation phenomena, and
vibrational dephasing processes for each mode.45,57 This approach
remains viable even when the 2D spectral peaks derived from MD
simulations are overlapping or indistinct. While the present cal-
culations for 2D THz–Raman signals serve as a demonstration
for running the software, a separate paper will present a detailed
quantitative analysis of the experimental results in the frequency
domain.18–25
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FIG. 3. 2D THz–Raman signals of water calculated using the three-mode model in two cases: (A) when all mode–mode coupling was set to zero and (B) in the case listed
in Table II. For each case, (i) the 2D Raman–THz–THz (RTT), (ii) 2D THz–Raman–THz (TRT), and (iii) 2D THz–THz–Raman (TTR) signals were depicted. The red and
blue shadings represent positive and negative signals, respectively. Signal intensities are normalized to the absolute value of the peak amplitude. The relative intensities
are color-coded, with positive values shown in red and negative values in blue, as indicated by the color bar.

VI. CONCLUSION
The environment, encompassing solvents, proteins, and solid

matrices, is pivotal in driving chemical processes, including reac-
tions and energy transfers, by mediating thermal fluctuations and
dissipation. Ultrafast nonlinear laser spectroscopy, especially coher-
ent multidimensional spectroscopy, is a key experimental method
for studying these effects due to its sensitivity and versatility.7–11

Theoretical support is crucial for analyzing complex 2D spectral pro-
files as they capture environmental details but are highly sensitive to
approximations and numerical errors. This presents challenges in
non-equilibrium thermodynamics and statistical mechanics.

This study introduces a flexible simulation tool for qualita-
tive analysis of 2D spectral profiles. Although the theory relies on a
model, it can accurately simulate spectral profiles, capturing effects
such as thermal fluctuations, dissipation, and vibrational relaxation,
which lead to inhomogeneous broadening.

The MD results play a key role in determining modeling
parameters,60 while the present findings complement them by

enabling analysis of spectral profiles observed in MD simulations.
Quantum effects play a pivotal role in intramolecular vibrational
dynamics. Capturing these effects requires trajectories obtained
via quantum MD.69,70 To rigorously address quantum behavior,
future developments will incorporate the QHFPE, which enables a
quantum-mechanically “exact” solution of the same Hamiltonian
for CHFPE.49,50 Although current implementations of QHFPE are
restricted to two vibrational modes, extension to three modes is
essential to achieve consistency with the present results. Quantum
calculations of 2D spectra,48–50 including reactive processes, such
as proton transfer71,72 and nonadiabatic transitions,73–75 are becom-
ing increasingly feasible through BO-based approaches, thereby
addressing limitations inherent in MD. Importantly, the spectral
calculation module remains modular and reusable, positioning the
present program as a versatile computational platform for both
classical and quantum 2D spectroscopy.

While the present demonstration focuses on water, the theo-
retical framework is general and applicable to other solutions. The
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accompanying source code is designed to accommodate diverse
systems by modifying the potential energy functions, mode–mode
couplings, and system–bath interactions with minimal effort. Owing
to the classical nature of intermolecular vibrational modes, the
present implementation serves as a versatile platform for simulating
2D THz–Raman and Raman spectroscopies across a broad range of
condensed-phase environments.

Finally, we note a clear similarity between the particle sys-
tem interacting with an anisotropic heat bath in 3D space76,77

and the three-mode system discussed here. This resemblance
suggests that the current program can be adapted to simu-
late and analyze 2D spectra of a quantum dissipative system in
3D space.

SUPPLEMENTARY MATERIAL

Numerical integration codes for 1D IR, 1D Raman, 2D
THz–Raman, 2D THz–IR, and 2D IR are provided in the
supplementary material.
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APPENDIX: THE CHFPE IN THE HERMITE
POLYNOMIAL REPRESENTATION

The equations of motion for c(n)k,l,m(q; t) are then
expressed as45,57

∂c(n)k,l,m(q; t)
∂t

=
√

k + 1D̂+1 c(n)k+1,l,m(q; t) −
√

kD̂−1 c(n)k−1,l,m(q; t) +
√

l + 1D̂+2 c(n)k,l+1,m(q; t) −
√

lD̂−2 c(n)k,l−1,m(q; t)

+
√

m + 1D̂+3 c(n)k,l,m+1(q; t) −
√

mD̂−3 c(n)k,l,m−1(q; t) − n1γ1c(n)k,l,m(q; t) − n2γ2c(n)k,l,m(q; t)

− n3γ3c(n)k,l,m(q; t) − n1γ1Θ(1)k+1c(n−e(1)
)

k+1,l,m (q; t) −Φ(1)k−1c(n+e(1)
)

k−1,l,m (q; t)

− n2γ2Θ(2)l+1 c(n−e(2)
)

k,l+1,m (q; t) −Φ(2)l−1 c(n+e(2)
)

k,l−1,m (q; t) − n3γ3Θ(3)m+1c(n−e(3)
)

k,l,m+1 (q; t) −Φ(3)m−1c(n+e(3)
)

k,l,m−1 (q; t), (A1)

where

D̂±s =
1
2

1
√

mskBT
∂U(q)
∂qs

∓
1

ms

√
mskBT

∂

∂qs
, (A2)

Θ(s)j = −ζs
V(s)(qs)

∂qs

√
mskBT

√
j, (A3)

and

Φ(s)j =
V(s)(qs)

∂qs

1
√

mskBT

√
j + 1. (A4)

In the numerical calculations, we employed the dimensionless
coordinate qs.
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24I. B. Magdău, G. J. Mead, G. A. Blake, and T. F. Miller III, “Interpretation of
the THz-THz-Raman spectrum of bromoform,” J. Phys. Chem. A 123, 7278–7287
(2019).
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