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measurement of the intra- and intermolecular vibrational interactions
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A new experiment of frequency-domain coherent two-dimensional Raman scattering is theoretically
proposed. By using three fields whose wave vectors and frequencies are independently controlled,
one can measure the nonlinear Raman responses in either gas or condensed phases. The connection
to the time-domain femtosecond two-dimensional Raman spectroscopy is completely established.
By considering several limiting cases in detail, it is found that from the coherent 2D Raman
scattering spectrum one can obtain quantitative information on the anharmonicity, anharmonic mode
coupling, and polarizability coupling. ©1998 American Institute of Physics.
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I. INTRODUCTION

Vibrational spectroscopies such as infrared absorp
and Raman scattering have been used in a wide variet
scientific studies. Because of the dramatic advent of la
spectroscopic techniques, coherent Raman scattering
been playing a crucial role in studying dynamics of intr
and intermolecular vibrational modes in either gas or c
densed phases.1–3 In the last decade, by using the subpic
second laser pulses, the time-domain measurement of
Raman response of the liquid, such as optical Kerr eff
~OKE!4–9 or impulsive stimulated Raman scatterin
~ISRS!,10 has been carried out and provided information
the ultrafast dynamical responses from a variety of liqu
and solutions. These methods are directly related to
frequency-domain coherent Raman or spontaneous Ra
scattering processes based on the quantum fluctuat
dissipation theorem as discussed by Choet al.6 The outcome
of these experiments provides vital information on the ti
scales of the liquid dynamics, which in turn can be used
understanding other types of nonlinear spectrosco
phenomena11,12 as well as chemical reactions in condens
phases such as electron transfer.13

Recently, Tanimura and Mukamel suggested a new
perimental method measuring the two-dimensional Ram
response of liquids.14 The essence of this method is that,
using two pairs of off-resonant femtosecond pulses follow
by the final probe pulse and by controlling the two del
times, it is possible to probe the fifth-order time-domain R
man response. Subsequently Tominaga and Yoshiha15

Fleming and co-workers,16 and Steffen and Duppen17 carried
out this experiment and found rich dynamics that could
be revealed by the third-order Raman response. Using F
man diagrams, Okumura and Tanimura18 investigated the
role of anharmonicity and inhomogeneous broadening
inter- and intramolecular vibrations in time-domain 2D R
man experiments. Recently, Saito and Ohmine calcula
time-domain 2D Raman signals for CS2 and H2O liquids

a!Permanent address: Department of Chemistry, Korea University, S
136-701, Korea.
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based on the normal mode analysis and found that 2D
man signals are very sensitive to the dynamics of molecu
and mode coupling and can be used to extract rich inform
tion from the simulation studies.19

As mentioned above, the third-order Raman respo
has been measured by equivalent techniques in freque
domain as well as in time-domain. In contrast, even thou
the time-domain 2D Raman scattering measurement utiliz
femtosecond pulses have been already suggested and st
experimentally and also the direct 2D Fourier transfo
spectra were discussed,16~b!,16~c!,18~c! the corresponding 2D
Raman scattering method in thefrequency-domainhas not
been discussed yet. Here the theoretical description of
coherent 2D Raman scattering~COTRAS! is presented. It
turns out that one needs at least three fields, whose freq
cies and wave vectors are (v1 ,k1), (v2 ,k2), and (v3 ,k3)
~see Fig. 1!. By tuning the two difference frequencies amon
the three different fields,V1[v12v2 and V2[v12v3 ,
one can map the inter- and intramolecular vibrational d
namics onto the two-dimensional (V1 ,V2)-frequency space
Thus it becomes possible to get a crucial information on
anharmonicity, liquid inhomogeneity, mode coupling effec
etc., by using this novel experimental technique.

In Sec. II, the theoretical description of COTRAS is pr
sented. The COTRAS spectra for several limiting cases
discussed with numerical calculations in Sec. III. A summa
is given in Sec. IV.

II. COHERENT 2D RAMAN SCATTERING „COTRAS…

By using the semiclassical description of the radiatio
matter interaction, the total Hamiltonian is assumed to be

H5H02VE~r ,t !, ~1!

whereH0 denotes the Hamiltonian without the external fie
andV is the electric dipole operator. In order to describe t
COTRAS process, it is necessary to have at least three fi
so that the total external electric field can be written as
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1327Cho, Okumura, and Tanimura: Coherent two-dimensional Raman scattering
E~r ,t !5(
j 51

3

Ej exp~ ik j–r2 iv j t !1c.c., ~2!

whereEj denotes the electric field amplitude. Here, the th
frequencies,v j ( j 51,2,3), are controlled experimentally
Since we are interested in the frequency-domain experim
these fields are continuous waves. In case of coherent Ra
scattering, the polarization, which acts as a source in
Maxwell equation for generated signal field, is created by
third-order radiation-matter interaction, whereas COTRAS
associated with the fifth-order process. Since we use
resonant electric fields, by eliminating a Feynman vertex
possible to describe the radiation–matter interaction with
effective Hamiltonian,20

H5Hg2a~Q!E2~r ,t !, ~3!

whereHg denotes the nuclear Hamiltonian of the electro
ground state anda~Q! represents the collective polarizabilit
of the optical sample. If one considers the off-resonant o
cal response from a dilute gas, the collective polarizabi
a~Q! is likely to be similar to the individual molecular quan
tity. However, in a liquid, interaction-induced contribution
the collective polarizability should be taken into accoun21

Now inserting Eq.~2! into E2(r ,t) returns 36 terms to be
considered. However, only a few of them are relevant to
COTRAS process, as will be shown below. By consider
the second term in Eq.~3! as a perturbative Hamiltonian an
using conventional time-dependent perturbation theory,
can easily obtain the fifth-order polarization, which in tu
can be expressed in terms of the nonlinear response fun
@see Eq.~8! below#. In order to select the relevant contribu
tions from the general result, it is useful to first discuss
radiation–matter interaction processes corresponding
COTRAS.

In Fig. 2, the eigenstates of a given vibrational degree
freedom are shown. We find that three states are enoug
discuss COTRAS. We consider the case where the syste
initially in the stateua&. The two interactions with (v1 ,k1)
and (v2 ,k2) fields create a vibrational coherence state
tween ua& and ub&, and the second two interactions wi
(v1 ,k1) and (v3 ,k3) fields create the second vibrational c
herence state betweenub& and uc&. These consecutive pro

FIG. 1. Three off-resonant electric fields propagate with wave vectors,k1 ,
k2 , and k3 , and frequenciesv1 , v2 , and v3 . From the phase matching
condition, the coherent 2D Raman scattering field propagates with the w
vectorks53k12k22k3 and the frequencyvs53v12v22v3 .
J. Chem. Phys., Vol. 108,
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cesses can be interpreted as follows. The first two inte
tions create the spatial grating with frequencyv12v2 , and
the second two interactions create the second spatial gra
with frequency v12v3 . Then the final interaction with
(v1 ,k1) field creates the coherence state between a vir
state andua&, which produces the polarization generating t
COTRAS signal field. This last process can be understoo
a scattering of the (v1 ,k1) field by the two spatial gratings
Of course, in the frequency-domain experiment, there is
time-ordering as prescribed above. Therefore, all poss
permutations should be taken into account. Because of
phase-matching condition for COTRAS, the wave vector
the scattering field should beks53k12k22k3 and the field
frequency isvs53v12v22v3 .

The fifth-order polarization can be in general written
terms of the nonlinear response function,

P~5!~r ,t !5E
0

`

dt1•••E
0

`

dt5 R~5!~t1 ,...,t5!

3)
j 51

5

ES t2(
k5 j

5

tkD . ~4!

Inserting Eq.~2! produces 65 terms, but we only focus on the
specific combination whoser andt dependences are given a

P~5!~r ,t !5E1
3E2* E3* exp$ iks–r2 ivst%Pks

~5! . ~5!

Here, the corresponding Fourier amplitudePks

(5) carries the

crucial information on the nonlinear Raman response fr
the optical sample, and we find thatPks

(5) is given by

Pks

~5!5R̃~5!~V1 ,V11V2!1R̃~5!~V2 ,V11V2! ~6!

ve

FIG. 2. Molecular energy level diagram for the COTRAS process.
No. 4, 22 January 1998
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1328 Cho, Okumura, and Tanimura: Coherent two-dimensional Raman scattering
whereV1 andV2 are the two difference frequencies amo
the three fields. The Fourier–Laplace transform of the fif
order Raman response function is defined as

R̃~5!~va ,vb![E
0

`

dt1 E
0

`

dt2 R~5!~t1 ,t2!

3exp~ ivat11 ivbt2!, ~7!

where

R~5!~t1 ,t2![2
1

\2 ^@@a~t11t2!,a~t1!#,a~0!#&. ~8!

In Eq. ~8! a(t)([exp(iHgt/\)a exp(2iHgt/\)) is the polariz-
ability operator in the Heisenberg picture at timet and these
operators are propagated on the ground state potential en
surface. Thus the time-domain measurement of the resp
function, Eq.~8!, can be directly related to the frequenc
domain COTRAS via Eqs.~6! and~7!. The COTRAS signal
is proportional to the absolute square of the correspond
polarization,

SCOTRAS~V1 ,V2!}uR̃~5!~V1 ,V11V2!

1R̃~5!~V2 ,V11V2!u2. ~9!

Note that the COTRAS spectrum is diagonally symmet
This is because there is no time ordering of interactions w
v2 andv3 . Equation~9! is the principle result in this paper

Since COTRAS is specifically designed to probe the t
vibrational coherence states, vibrational resonance o
when the two difference frequencies,V1[v12v2 and V2

[v12v3, are identical to the frequency gaps between a
two vibrational states in the electronic ground state. The
fore the resonance conditions are

~V15vba and V25vcb! or ~V15vcb and V25vba!.
~10!

Depending on the signs of the two frequencies,V1 andV2 ,
one may probe the deexcitation–deexcitation~D-D!,
excitation–excitation~E-E!, deexcitation–excitation~D-E!,
and excitation–deexcitation~E-D! regions of the vibrationa
coherences, that correspond to the four frequency regi
~V1,0 andV2,0!, ~V1>0 andV2>0!, ~V1,0 andV2

>0!, and~V1>0 andV2,0!, respectively.
Since we have two degrees of freedom of controlli

frequencies, new features that could not be resolved in
third-order Raman scattering can be detected by this t
dimensional measurement. Although polarizability coupli
and anharmonic effects were discussed in the context of
direct Fourier–Laplace transform of the time-domain nonl
ear Raman response function,16~b!,16~c!,18~c! the arguments pre
sented in the following section could provide a consist
and systematic way of analysing both the newly propo
frequency-domain experiment, COTRAS, and the dir
Fourier–Laplace transform of the femtosecond 2D Ram
measurement.
J. Chem. Phys., Vol. 108,
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In order to specifically discuss the characteristic aspe
of COTRAS in comparison to the lower-order Raman
sponse, one should introduce models for the vibrational
larizability needed in Eq.~8!.

III. NONLINEAR RAMAN RESPONSE FUNCTIONS
AND COTRAS SPECTRA FOR MODEL SYSTEMS

In the following, we first consider the case when t
vibrational degrees of freedom are harmonic and calcu
the corresponding nonlinear Raman response function,
then we extend it to anharmonic cases. The nonlinear
sponse function in Eq.~8! contains the collective polarizabil
ity operator, and one can in general expand this in terms
the nuclear degrees of freedom. Hereafter, several limi
cases are considered in detail.

A. A single damped harmonic oscillator

For the sake of simplicity, we first consider only on
effective vibrational degree of freedom, whose coordinate
denoted asQ. Then one can express the polarizability as

a5a01a1Q11/2a2Q21••• , ~11!

where

a1[
]a

]Q U
0

,

a2[
]2a

]Q2 U
0

.

Usually by taking the first expansion term, that is linea
proportional to the vibrational coordinate, one can descr
the third-order Raman response function. However, in
case of the fifth-order nonlinear Raman response, if only
first-order expansion terma1Q is included, the trace in Eq
~8! becomes zero if the system is harmonic—note that
trace of the odd-power-coordinate terms, e.g.,Q3, over the
canonical equilibrium density operator of the harmonic o
cillator system vanishes. Therefore, at least one of the po
izability operators in the definition of the nonlinear Ram
response function should contain a term that is proportio
to a2Q2. Then the lowest-order contribution toR(5)(t1 ,t2)
contains three-time correlation functions such as

2
a1

2a2

\2 ^@@Q2~t11t2!,Q~t1!#,Q~0!#&, ~12a!

2
a1

2a2

\2 ^@@Q~t11t2!,Q2~t1!#,Q~0!#&, ~12b!

2
a1

2a2

\2 ^@@Q~t11t2!,Q~t1!#,Q2~0!#&. ~12c!

These terms can be understood by using the energy l
scheme shown in Figs. 3~a!, 3~b!, and 3~c!, respectively.
Reading from right to left, we can interpret Eq.~12a! as a
consecutive process, i.e.,~i! one quantum excitation at tim
0, ~ii ! one quantum excitation att5t1 , and ~iii ! two quan-
No. 4, 22 January 1998
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1329Cho, Okumura, and Tanimura: Coherent two-dimensional Raman scattering
tum deexcitation att5t11t2 . Here, it should be mentione
that, because of the two commutators, Eq.~12a! contains
four terms, e.g.,

2
a1

2a2

\2 ^Q2~t11t2!Q~t1!Q~0!&,

a1
2a2

\2 ^Q~t1!Q2~t11t2!Q~0!&,

2
a1

2a2

\2 ^Q~0!Q2~t11t2!Q~t1!&,

2
a1

2a2

\2 ^Q~0!Q~t1!Q2~t11t2!&.

Only the first term in the above list, when reading from t
right to left, can be interpreted as above. However, for
sake of convenience, throughout this paper, we shall in
pret contributions like Eqs.~12! as discussed above in term
of a sequential excitation–deexcitation processes.

Although other excitation–deexcitation processes ass
ated with Eq.~12a! are also possible, only the scheme sho
in Fig. 3~a! contributes to the spectrum in the E-E regio
Furthermore this contribution appears on the diagonal
(V15V2) of the COTRAS spectrum atV15v0 and V2

5v0 . Next we consider Eq.~12b!, which can be interpreted
as ~i! one quantum excitation at time 0,~ii ! simultaneous
excitation and deexcitation att5t1 , and ~iii ! one quantum
deexcitation att5t11t2 @see Fig. 3~b!#. Consequently, the
difference frequencies should be either~V15v0 and V2

50! or ~V150 andV25v0!, so that this contribution will
show up as peaks on theV1 and V2 axes. Likewise, the
contribution represented by Eq.~12c! also produces peaks o
the V1 and V2 axes@see Fig. 3~c!#. Consequently one ca
find three distinctive peaks in the E-E region.

In this simple case, the nonlinear Raman response fu
tion can be analytically obtained as14

R~5!~t1 ,t2!5
4

\2 a1
2a2@G~t1!1G~t11t2!#G~t2!.

~13!

G(t) denotes the linear response function of the main os
lator Q, and is defined as

G~ t ![E dv J~v!sin~vt !. ~14!

Here, the spectral density,J(v), is related to the frequenc
distribution of the dissipation kernel of the harmonic mode
question. Depending on the model for the dynamics of

FIG. 3. Three consecutive processes associated with the three terms in
~12!. ~d! is the case of the anharmonic oscillator~see the context for detail!.
J. Chem. Phys., Vol. 108,
e
r-

i-
n
.
e

c-

l-

e

main oscillator, various functional forms for the spectral de
sity are available. Here, for the sake of clarity, a few rema
are given for how to model the vibrational dephasing w
Eq. ~14!. WhenJ(v) is sharply peaked at a given frequen
v0 , the main oscillator behaves almost like an underdam
oscillator so that the linear response function is proportio
to sinv0t. In case of the gas phase, this underdamped li
with a small dephasing constant can be used. On the o
hand, ifJ(v) has a broad feature around the main oscilla
frequencyv0 , this vibrational mode behaves like a damp
harmonic oscillator. In case of the simple Brownian oscil
tor model with the white noise approximation to the dampi
kernel, the linear response function is simply given as

G~ t !}exp~2gt/2!sin Vt, ~15!

whereg denotes the damping constant, andV5Av0
22g2/4.

By using Eqs.~13!, ~15!, and ~9!, the two-dimensional Ra-
man scattering spectrum can be obtained.

Since the two difference frequencies,V1 andV2 , have
clear physical meanings, it is now possible to predict
outcomes for a few cases that are a bit more complica
than that of the single damped harmonic oscillator. Here
ter, we shall mainly focus on the E-E region, that is to s
both V1 andV2 are greater than zero, which is achieved
controlling the three field frequencies asv1>v2 and v1

>v3 .

B. Two harmonic oscillators: Uncoupled case

When we consider two vibrational modes, there are
few cases to be carefully investigated. In order to give
physical picture of coupling or mixing of two vibrationa
modes, we should distinguish two sources of couplings. T
first arises from mode coupling in the vibrational potent
energy. For instance, the normal mode analysis of a gi
system provides the uncoupled harmonic coordinates as
first-order approximation to the complicated multidime
sional potential surface. Then one can express the pote
as

V~Q!5V01
1

2 (
k

mkvk
2Qk

2

1
1

6 (
k

(
l

(
m

S ]3V

]Qk]Ql]Qm
D

n

QkQlQm1••• ,

~16!

whereQk denotes thekth normal mode. If one truncates th
potential at the second order, the system consists of a co
tion of uncoupled harmonic oscillators. On the other ha
the third term is responsible for the anharmonic coupl
~AC! effects. This is the first source of mode coupling w
shall discuss later. The second source is due to the pola
ability coupling ~PC!, which is induced by the second-orde
derivative terms in the polarizability expansion with respe
to the coordinates

qs.
No. 4, 22 January 1998
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1330 Cho, Okumura, and Tanimura: Coherent two-dimensional Raman scattering
a~Q!5a01(
k

S ]a

]Qk
DQk1

1

2 (
j ,k

S ]a

]Qj]Qk
DQjQk1••• .

~17!

If we assume that the off-diagonal components in the th
term in Eq.~17!, such as (]a/]Qj]Qk) for j Þk, vanish, this
means we assume that there are no PC terms. Having
plained these two sources of mode coupling, we shall disc
the spectra in some limiting cases.

Suppose there are neither AC nor PC terms. That is
say, all vibrational modes are harmonic oscillators, also
polarizability expansions in Eq.~17! should be simply

a~Q!5a01(
k

S ]a

]Qk
DQk1

1

2 (
k

S ]2a

]Qk
2DQk

21••• .

~18!

In this case the nonlinear Raman response function can
terms like

^@@Qj
2~t11t2!,Qj~t1!#,Qj~0!#&, ~19a!

^@@Qk
2~t11t2!,Qj~t1!#,Qj~0!#& for j Þk. ~19b!

The term like Eq.~19a! produces a series of single harmon
mode spectra having peaks along the diagonal in additio
those along theV1 and V1 axes, and do not produce an
cross peaks. Interestingly the resonance peaks assoc
with terms like Eq.~19b! do not contribute to the spectrum i
the E-E region either. In fact, the contributions from E
~19b! should appear as diagonal peaks in the E-D as we
D-E regions of the COTRAS spectrum. This can be und
stood from the energy level diagrams. At timet50, the j th
mode is excited and then att5t1 that mode should be de
excited, and att5t11t2 the kth mode is simultaneously
excited and deexcited. Because the first two processes
stitute the excitation and deexcitation of thej th harmonic
mode, this contribution appears in E-D as well as D-E
gions of the COTRAS spectrum. Therefore,in this case of
no-AC and no-PC terms, there is no cross peak at, for
stance, V15v j andV25vk for j Þk. In other words, if the
cross peaks at the off-diagonal region of the E-E COTR
spectrum are found, this strongly indicates that there are
ther AC or PC or both. How strong these cross peaks ar
therefore related to how large AC or PC effects are.

In order to confirm the above qualitative discussions
the COTRAS spectrum of uncoupled harmonic oscillato
we consider two harmonic oscillators without AC nor PC.
order to numerically calculate the spectrum, we used
Brownian oscillator model and summarized the expressi
in the Appendix~for more detailed discussions on the mod
calculations, refer to Ref. 18~c!!. In this case, the linear re
sponse function of each harmonic oscillator is given as
~15!. We first calculate the COTRAS spectrum for a sing
harmonic oscillator and it is shown in Fig. 4~a!. Here
the frequency ofQ1 mode,v1

0, is assumed to be 400 cm21,
and the damping constant,g1 , equals to 30 cm21. The
three peaks at (V15v1

0,V250), (V150,V25v1
0), and

(V15v1
0,V25v1

0), that are denoted as 1, 2, and 3, app
in the E-E region. Also peaks 4 and 5, that are associa
J. Chem. Phys., Vol. 108,
d
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with a sequential excitation–deexcitation process,
observed in the E-D and D-E regions. The peak 6 can
interpreted as~i! two quanta excitation of thev1

0-mode at
time t50, ~ii ! one quantum deexcitation att5t1 , and ~iii !
one quantum deexcitation att5t11t2 . In case of two har-
monic modes that are coupled via neither PC nor AC mec
nisms, the COTRAS spectrum is plotted in Fig. 4~b!. Here,
the frequency of theQ2 mode, v2

0, is assumed to be
600 cm21, andg2515 cm21. As can be seen in Fig. 4~b!, we
find more peaks along the diagonal as well as along the
axes. However, one can easily interpret each peak in term
excitation and deexcitation of corresponding vibration
modes as was discussed above for the case of a single v
tional mode.

FIG. 4. ~a! The square root of the COTRAS spectrum,$SCOTRAS(V1 ,
V2)%1/25uR̃(5)(V1 ,V11V2)1R̃(5)(V2 ,V11V2)u, of a single damped har-
monic oscillator whose frequencyv1

0 and damping constantg1 are 400 and
30 cm21. This spectrum is calculated by using Eq.~A4!. ~b! The square root
of the COTRAS spectrum,$SCOTRAS(V1 ,V2)%1/2, of two uncoupled damped
harmonic oscillators. The frequencyv2

0 and damping constantg2 of the
second~higher-frequency! mode are 600 and 15 cm21. Also the ratio of
(a1

(1))2/M1z1 to (a1
(2))2/M2z2 , that is @(a1

(1))2/M1z1#/@(a1
(2))2/M2z2#, is

assumed to be 1/0.6. For the sake of convenience, the second-derivativ
the polarizability are assumed to bea2

(ss)5(a1
(s))2. Since it is assumed tha

the off-diagonal second-derivatives of the polarizability,a2
(12)5a2

(21)

5]2a/]Q1]Q2 , are zero, the two modes are not coupled via PC nor A
No. 4, 22 January 1998
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1331Cho, Okumura, and Tanimura: Coherent two-dimensional Raman scattering
C. Two harmonic oscillators: PC effects without AC

In Sec. III B, two types of mode couplings were intr
duced. In this section, two harmonic oscillators without a
AC effects are considered. Then the PC effects should be
only source of mode coupling. In addition to the contrib
tions associated with each individual harmonic oscillator
the COTRAS spectrum, there are more terms contributin
COTRAS process, that are, forj Þk

^@@QjQk~t11t2!,Qk~t1!#,Qj~0!#&,

^@@Qk~t11t2!,QjQk~t1!#,Qj~0!#&, ~20!

^@@Qk~t11t2!,Qj~t1!#,QjQk~0!#&.

These terms are proportional to (]a/]Qj )(]a/]Qk)
3(]2a/]Qj]Qk). They contribute to the E-E region of th
COTRAS spectrum. The first term in Eqs.~20!, for instance,
should be associated with the process,~i! one quantum exci-
tation of thej th mode,~ii ! one quantum excitation of thekth
mode, and~iii ! one quantum deexcitations of both thej th
and kth modes. Consequently, two cross peaks at~V15v j

0

and V25vk
0! and ~V15vk

0 and V25v j
0! should appear.

Therefore, the existence of the cross peaks is a clear m
festation of the polarizability coupling, when the anharm
nicities of vibrational modes are weak. In order to confi
this observation, we numerically calculate the spectrum
the two harmonic oscillators with PC and no AC, Fig. 5.
addition to the peaks appearing in Fig. 4~b!, there clearly
exist cross peaks and the intensity of these peaks stro
depends on the polarizability coupling consta
(]2a/]Q1]Q2). For instance, peak 1 corresponds to the p
cess given by the first term in Eq.~20!, e.g.,~i! excitation of
Q2 mode att50, ~ii ! excitation ofQ1 mode att5t1 , and
~iii ! simultaneous deexcitations of bothQ1 andQ2 modes at
t5t11t2 . The peak 2 is produced by the process given
the second term in Eq.~20!, ~i! excitation ofQ1 mode att
50, ~ii ! simultaneous deexcitation ofQ1 mode with excita-
tion of Q2 mode at t5t1 , and ~iii ! deexcitation ofQ2

FIG. 5. The square root of the COTRAS spectrum,$SCOTRAS(V1 ,V2)%1/2,
of two damped harmonic oscillator coupled via PC. In contrast to Fig. 4~b!,
the off-diagonal elements of the second derivatives of the polarizabi
a2

(12)5a2
(21)5]2a/]Q1]Q2 , are assumed to bea2

(12)5a2
(21)5a1

(1)a1
(2) .
J. Chem. Phys., Vol. 108,
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mode att5t11t2 . Therefore, during the second period,t2 ,
the system evolves an oscillatory motion with frequency
vk

02v j
0, which is 20021 in the model calculation.

D. A single damped anharmonic oscillator

In case when the anharmonicity is present, the nonlin
Raman response function also contains a term like

^@@Q~t11t2!,Q~t1!#,Q~0!#&. ~21!

Because of the anharmonicity, the trace given above does
vanish. The magnitude of this contribution is proportional
(]a/]Q)3(]3V/]Q3). Equation~21! can be also interpreted
as the three consecutive processes, i.e.,~i! one quantum ex-
citation from n50 to n51 at time t50, ~ii ! one quantum
excitation fromn51 to n52 at t5t1 , and ~iii ! two quan-
tum deexcitation fromn52 to 0 att5t11t2 @see Fig. 3~d!#.
Then this process results in peaks around the diagonal
Here, n is the vibrational quantum number. The third pr
cess,~iii !, is allowed because of the anharmonicity. In th
case the contribution from Eq.~21! may not produce a pea
at exactly diagonal position because the frequency dif
ences betweenun50& and un51& and betweenun51& and
un52& are different. Consequently, thesplit off-diagonal
peakscould appear at~V15v10 and V25v21! as well as
~V15v21 and V25v10!, wherevb,a[(Eb2Ea)/\. How-
ever it is possible that this splitting is so small that th
cannot be clearly resolved in the case of weak anharmon
as well as of large broadening.

In addition to the contributions from the anharmonic p
tential, the contributions associated with polarizability e
pansion term such asa2Q2 are to be included. Then the thre
kinds of terms in Eqs.~12! should be considered also. Sinc
the two distinctive contributions, that are proportional to a
harmonicity @Eq. ~21!# and to the second derivative of th
polarizability @Eqs. ~12!#, are additive, it is likely that the
distinction of one over the other from the spectrum is dif
cult.

In Fig. 6, we present the COTRAS spectrum of a sin

,

FIG. 6. The square root of the COTRAS spectrum of a single anharm
oscillator with same frequency and damping constant in Fig. 4~a!. It is
assumed that]2a/]Q250. This is calculated by using Eq.~A6!.
No. 4, 22 January 1998
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anharmonic oscillator with the cubic anharmonicity, i.e.,

V~Q!5 1
2kQ21gQ3,

wherek is the force constant andg is the cubic anharmonic
constant~see the Appendix for detailed expressions for
model calculations!. Here, it is assumed that]2a/]Q2 is
negligibly small so that the spectrum is solely determined
the nonzero cubic anharmonicity. Now Fig. 6 should be co
pared with Fig. 4~a!, where g50 and ]2a/]Q2Þ0. Both
figures contain common peaks, but the relative intensities
different for each case. For example, the peak 3 along
diagonal line in Fig. 4~a! is as strong as the peak 1 on theV1

axis. However, when the spectrum is governed by the an
monicity, the diagonal peak 3 in Fig. 6 is much weaker th
the peaks on the axes, peaks 1 and 2. Therefore, for a g
mode, it may be possible to distinguish the two differe
cases by comparing the diagonal peaks and those on
axes, given that one can assume that one of the two
cesses, either the anharmonicity,g, or the second derivative
of the polarizability,]2a/]Q2, dominates.

E. Anharmonically coupled oscillators: Without
quadratic terms in the polarizability expansion

In order to clarify the anharmonic coupling effects o
the COTRAS spectrum, we assume that the vibrational
tential energy of the two harmonic oscillators can be writ
as

Case 1:V~Q1 ,Q2!5
1

2 (
j 51

2

mjv j
2Qj

21
g211

2
Q2Q1

2,

~22a!

Case 2:V~Q1 ,Q2!5
1

2 (
j 51

2

mjv j
2Qj

21
g122

2
Q1Q2

2.

~22b!

These two cases contain cubic anharmonic coupling te
whose anharmonicities are represented by the constantsg211

and g122. Furthermore, for the sake of clarity, we assum
that there are no quadratic terms in the polarizability exp
sion, that is to say,

a~Q1 ,Q2!5a01(
j 51

2 S ]a

]Qj
DQj .

Therefore, the usual diagonal peaks induced by the contr
tions such aŝ @@Qj

2(t11t2),Qj (t1)#,Qj (0)#& are ignored.
Therefore, the peaks for this simplified case are to be pu
related to the anharmonic coupling effects. Then, there
terms contributing to the signal such as
J. Chem. Phys., Vol. 108,
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^@@Q2~t11t2!,Q1~t1!#,Q1~0!#&,

^@@Q1~t11t2!,Q2~t1!#,Q1~0!#&,

^@@Q1~t11t2!,Q1~t1!#,Q2~0!#&,
~23!

^@@Q1~t11t2!,Q2~t1!#,Q2~0!#&,

^@@Q2~t11t2!,Q1~t1!#,Q2~0!#&,

^@@Q2~t11t2!,Q2~t1!#,Q1~0!#&.

In case 1, where there are cubic coupling ter
g211Q2Q1

2, theQ1 mode becomes the dominant contributio
to the 2D spectrum on theV1 andV2 axes as well as on the
diagonal line@see Fig. 7~a!#. In other words, the peak inten
sities associated withQ1 mode are stronger than any oth
ones. Once again we emphasize that, because it was ass
that there are no second-derivative terms in the polarizab
expansion, the spectral features appearing in Fig. 7~a! purely
originate from the anharmonic coupling. In case 2, where
anharmonic coupling term is dominated byg122Q1Q2

2, the
Q2-mode contributions to the spectrum on theV1 and V2

axes as well as on the diagonal line are dominant feature
can be seen in Fig. 7~b!. Furthermore, the combination peak
1 and 2 in Fig. 7 are very strong in both cases 1 and

FIG. 7. ~a! The square root of the COTRAS spectrum of two anharmo
cally coupled oscillators@Case 1 given in Eq.~22a!#. The frequencies and
damping constants of the two oscillators are identical to those in Fig. 4~b!.
~b! The square root of the COTRAS spectrum of Case 2 given in Eq.~22b!.
No. 4, 22 January 1998
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Therefore, by carefully examining these regions of the sp
trum one can obtain some qualitative information on the
harmonic mode coupling.

IV. SUMMARY AND A FEW CONCLUDING REMARKS

The main purpose of this paper was to propose a n
frequency-domain experiment measuring the coherent t
dimensional Raman scattering process. By using three fi
with different wave vectors and frequencies and measu
the signal withks53k12k22k3 and vs53v12v22v3 ,
the off-resonant two-dimensional Raman scattering spect
can be obtained in terms of the nonlinear Raman respo
function. Thereby one can make a direct comparison with
time-domain femtosecond 2D Raman spectroscopy inve
gated recently. We found that the COTRAS spectrum is
agonally symmetric. By comparing the frequency-dom
spectrum with that obtained from the femtosecond tim
domain measurement, it may be possible to study the slo
varying and almost static inhomogeneous distribution of
brational modes. Suppose that the vibrational frequencies
inhomogeneously distributed and the distribution is slow
changing in time so that the distribution function can
approximated asS(G,T), whereG represents the set of vi
brational mode parameters, such as the frequency
strength of interaction. Then the fifth-order response funct
should be given by the average over this distribution funct
as

R~5!~t1 ,t2!5E dG S~G,T5t11t2!R~5!~t1 ,t2 ;G!.

~24!

The time-domain experiment can measure the inhomog
ity for a fixed T, whereas the frequency-domain one me
sures the time-averaged quantity given by Eqs.~7! and~24!.
Therefore, if one finds a difference between the time-dom
spectrum and that obtained from the frequency-domain m
surement, this is likely to be an evidence of the slowly va
ing time-dependent inhomogeneous distribution.

In case of an harmonic oscillator, three peaks in
excitation–excitation frequency domain of the COTRA
spectrum are to be found, where the diagonal peak repres
the consecutive two quanta excitations so that two vib
tional coherent states are related to this process. When
harmonicity is present, the difference frequencies betw
the ground and first excited states and between the first
second excited states are different. As a result, one could
a pair of splitted peaks around the diagonal axis, depend
on the anharmonicity as well as the spectral broadening
case of polarizability coupling@see Eq.~17! and discussions
below Eq. ~17!#, the cross peaks appear even for two h
monic oscillators. The intensity of these peaks is prop
tional to the second derivative of the polarizability with r
spect to the two vibrational coordinates. Also if there is
anharmonic coupling between two modes, the cross pe
show up in the spectrum. From the numerical analysis, it w
found that the relative intensities of the diagonal peaks co
pared to the peaks along the axes are small when the an
J. Chem. Phys., Vol. 108,
c-
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monicities are the dominant mechanism for fifth-order R
man response. However, if both polarizability coupling a
anharmonic mode coupling contribute to the spectrum, i
difficult to distinguish the relative importance of each co
tribution without extensive numerical calculations. Therefo
it is desired to carry out a more detailed investigation
molecular dynamics simulation and quantum chemistry c
culations. Also it will be very interesting to conduct th
COTRAS experiment in the gas phase to get a detailed
formation on the mode couplings among the intramolecu
vibrational modes as discussed in this paper.
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APPENDIX

In this appendix we present the analytic expressions
the fifth-order Raman response functions associated with
polarizability- and anharmonic-coupling processes, that
denoted asRP andRA , respectively. See Ref. 18~c! for de-
tailed derivation of these results, where the Feynman rule
the unified path was used.18~a!,18~b!,22 The total response func
tion is given by a sum of the two contributions,R5RP

1RA . By defininga1
( j ) anda2

( jk) as

a1
~ j ![

]a

]Qj
,

~A1!

a2
~ jk ![

]2a

]Qj]Qk
,

we find that the two response functions are

RP52
1

\2 (
jk

a1
~ j !a1

~k!a2
~ jk !Gj~t2!@Gk~t11t2!

1Gk~t1!#,
~A2!

RA5
i

\3 (
jkl

gjkla1
~ j !a1

~k!a1
~ l !E

0

`

dtGj~t11t22t !

3Gk~ t !Gl~ t2t1!,

where the linear response function is

Gj~ t ![u~ t !
\

iM jz j
exp~2g j t/2!sin z j t. ~A3!

Here, u(t) is a heavy-side step function andz j

[A(v j
0)22g j

2/4. v j
0 andg j are the frequency and dampin

constant of thej th mode.gjkl is the corresponding cubic
No. 4, 22 January 1998
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anharmonic constant. From these results, the Fourier–Laplace transform of the polarizability coupled contribution is
be

R̃P~va ,vb!5
1

2 (
jk

a1
~ j !a1

~k!a2
~ jk !

M jMkz jzk
(
n51

4

~21!n
2V1nV2n1GGn2 iGnva2 iGvb2vavb

~G21V1n
2 22iGva2va

2 !~Gn
21V2n

2 22iGnvb2vb
2 !

, ~A4!

where

G[gk/2,

S G1

G2

G3

G4

V11

V12

V13

V14

V21

V22

V23

V24

D [S g j /2
g j /2

~g j1gk!/2
~g j1gk!/2

zk

2zk

zk

2zk

z j

z j

z j1zk

z j2zk

D . ~A5!

The Fourier–Laplace transform of the anharmonicity-coupled contribution to the response function is

R̃A~va ,vb!52(
jkl

gjkl

a1
~ j !a1

~k!a1
~ l !

4M jMkMlz jzkz l
(
n51

4

~21!n~ F̃1n2F̃2n! ~A6!

with

F̃mn[
G0@V2n

~m!~G2 iva!1V1n~Gm2 ivb!#1V0n~2V1nV2n
~m!1GGm2 iGmva2 iGvb2vavb!

~G0
21V0n

2 !~G21V1n
2 22iGva2va

2 !~Gm
2 1~V2n

~m!!222iGmvb2vb
2 !

. ~A7!
ra

J.

m

, S.

on.

m.

ec-

m.
.

Here, the coefficients are defined as

S G0

V01

V02

V03

V04

G
V11

V12

V13

V14

G1

V21
~1!

V22
~1!

V23
~1!

V24
~1!

G2

V21
~2!

V22
~2!

V23
~2!

V24
~2!

D
[S ~2g j1gk1g l !/2

2z j2zk1z l

2z j1zk1z l

2z j1zk2z l

2z j2zk2z l

gk/2
2zk

zk

zk

2zk

~gk1g l !/2
2zk1z l

zk1z l

zk2z l

2zk2z l

g j /2
z j

z j

z j

z j

D .

~A8!

The corresponding response function for COTRAS is

RCOTRAS5R̃~V1 ,V11V2!1R̃~V2 ,V11V2!,

whereR̃(v1 ,v2)5R̃P(v1 ,v2)1R̃A(v1 ,v2). We used Eqs.
~A4! and~A6! to numerically calculate the COTRAS spect
shown in Figs. 4, 5, 6, and 7.
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